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ABSTRACT
Anti-Lemons:
School Reputation, Relative Diversity, and Educational Quality*
Friedman (1962) observed that the ability of firms to acquire and maintain reputations for
quality is a key ingredient for the efficient provision of goods and services in a market
economy. This paper explores the implications of school reputation for skill acquisition and
labor market outcomes in an otherwise competitive market. We find that reputation effects
can explain several puzzling findings in the economics of education, including the fact that
competition can, but does not always, improve skill acquisition. This result follows from an
anti-lemons effect (in contrast to Akerlof’s lemons effect) that arises when schools can
enhance their reputation by positively selecting their students. This leads to excess demand
for “high quality” selective schools that drive out non-selective schools. This in turn reduces
“relative diversity”, a measure of ability dispersion in a school, leading to lower skill
acquisition.
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By and large, I’m going to be picking from the law schools that basically are the hardest to get into.
They admit the best and the brightest, and they may not teach very well, but you can’t make a sow’s
ear out of a silk purse. If they come in the best and the brightest, they’re probably going to leave
the best and the brightest, O.K.? —Antonin Scalia
“In a way you had more human diversity in the old Harvard,” a friend once told me. “It used to
be the only thing an incoming class shared was blue blood. But bloodlines are a pretty negligible
thing. It allows for an amazing variety in human types. You had real jocks and serious dopes, ...,
a few geniuses, and a very high percentage of people with completely average intelligence. But now
a majority of kids coming into Harvard share traits that are much more important than blood, race,
or class. On a deeper level...they’re very much alike. They’ve all got that same need to be the best,
or at least be declared the best by someone in authority.” —Andrew Ferguson in Crazy U

1. Introduction
Friedman (1962) observed that the ability of firms to acquire and maintain reputations for quality is a
key ingredient for the efficient provision of complex goods and services in a market economy.1 This paper
explores the implications of school reputation for the performance of an education market in which students
have different innate abilities and acquire skill as a function of their own effort and the productivity of the
school they attend. We find that the introduction of reputation effects into an otherwise competitive market
can explain several puzzling empirical results from the literature on the economics of education.
First, the evidence regarding the benefits of school competition is mixed. Some studies suggest significant
gains from the introduction of charter schools or vouchers,2 but others find less promising results.3 Second,
there is evidence that parents and students prefer schools with better peers.4 Beginning with Coleman
(1960), it has been hypothesized that this demand is due to the positive effect that good peers have upon
student performance. Yet, recent research suggests that such effects are very small or unstable,5 and that
attending selective schools may offer no net benefit.6 Third, education performance in major urban areas,
particularly for disadvantaged students, is poor relative to less densely populated areas, even though cities
such as New York and Chicago have made major investments into school reform.7
We find these patterns are consistent with a competitive labor market model in which employers use
school reputation to infer student skill, and students of different abilities acquire skills as a function of two
factors: the productivity of the schools they attend, and their own effort. If schools cannot select students
based upon their innate ability, then a free market tends to raise school productivity. However, if schools
1
2
3
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6
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See MacLeod (2007) for a review of the literature on reputation and quality assurance.
Angrist, Bettinger, Bloom, Kremer, and King (2002) and Abdulkadiroglu, Angrist, Dynarski, Kane, and Pathak (2011).
Krueger and Zhu (2004) and Hsieh and Urquiola (2006).
Black (1999) and Hastings and Weinstein (2008).
Oreopoulos (2003), Katz, Kling, and Liebman (2006), and Carrell, Sacerdote, and West (2010).
Cullen, Jacob, and Levitt (2006), Abdulkadiroglu, Angrist, and Pathak (2011), and Dobbie and Fryer (2011).
Bowen, Chingos, and McPherson (2009).
2

use an entrance exam to select students, then competition leads to stratification by ability, reduced student
effort, and in some cases lower school productivity.
The results follow from an anti-lemons effect that arises when firms can influence their reputation by
positively selecting their buyers. This builds upon Akerlof’s (1970) insight that if the quality of goods is
difficult to observe, then sellers with high quality goods exit the market, leaving behind only low quality
“lemons” for sale. In contrast, the perceived quality of a school depends upon the quality of its buyers
(as Judge Scalia’s quote above suggests). As a result selective sellers face excess demand and drive out
non-selective sellers with worse reputations.
Analogous phenomena are observed in other markets for service goods. For example, restaurants, social
clubs, and law firms may be perceived to be of high quality when they serve exclusive clients. What makes
education unique is that the industry’s output (student achievement) depends upon both firm (school)
productivity and buyer (student) effort—as Bishop (2006) has pointed out, schooling is not sufficient for
skill formation; students must also have a desire to learn.
We adapt Holmstrom (1999)’s model8 to capture the strength of such incentives through a concept we label
relative diversity: the extent to which students can convey their skill through individual-specific measures
of learning, as opposed to school membership. This matters because free entry by schools leads—via the
anti-lemons effect—to stratification by ability, and thereby to lower relative diversity and effort.
Such a link between stratification and study time is consistent with circumstantial evidence on student
behavior. Hoxby (2009) reports that the selectivity of U.S. colleges has increased over the past decades,
while Babcock and Marks (2010) find that during roughly the same period, average hours of study declined.
The anti-lemons effect also implies that parents prefer schools with better reputations, and value better
peers per se. As a result, the effects of school choice will depend on the details of its implementation. Finally,
greater population density facilitates stratification and strengthens the anti-lemons effect, making it harder
to improve education in densely populated urban areas.
Many of these implications differ from those implied by the well known Spence signaling model. In that
model selection works via the cost of attending school. In particular, low ability individuals might refrain
from attending a very selective school because of the high personal cost of study at that school. In practice,
the more common situation seems to be that these individuals cannot gain admission to such a school.
Our results have various policy implications. For example, the introduction of a standardized graduation
exam will raise learning, as suggested by Bishop (2006) and Woessmann (2007). Conversely, the introduction of standardized admissions tests will lead to stratification by ability,9 and lower student effort. The
8
9

Previous applications to labor economics include Gibbons and Murphy (1992) and Altonji and Pierret (2001).
As Andrew Ferguson suggests happened with the SAT in the second quote at the start of the paper; see also Lemann (1999).
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introduction of competition will more effectively improve performance if it is associated with restrictions on
schools’ ability to select students, e.g., most states require charter schools to use lotteries if oversubscribed.
Our agenda is as follows. Section 2 sets out a framework in which individuals choose among schools,
that in turn make two choices: how much value added to supply, and whether to base their admissions on
students’ backgrounds and their performance in an admissions test. Only students and schools (and not
employers) directly observe these measures of innate ability. Upon graduation, students enter a competitive
labor market that pays them its best estimate of their skill. This estimate is based on two signals: individuals’
performance on a graduation test, and the reputation of the school they attended, where a school’s reputation
is simply the expected skill of its graduates.10 We assume that no individual can single-handedly change
her school’s reputation. Section 3 introduces student and school preferences and characterizes the efficient
allocation. Sections 4 and 5 derive the equilibrium allocations. They begin with a benchmark system in
which students are randomly assigned to schools, and show that its performance is suboptimal relative to
the efficient allocation. They then analyze whether and how performance improves as one adds elements of
choice and competition. Sections 6 and 7 discuss further implications of the model.
2. Education and Wages
In this section we set up the basic elements of a framework linking ability and education to wages. We
show that a model of school reputation has robust testable implications that do not require solving for the
market equilibrium. Rather, we can make predictions regarding student effort and wages conditional upon
a given degree of school selectivity.
2.1. Time line. The timing of the model is as follows:
(1) In the first period, student innate ability is realized but not directly observed; it is revealed over time
as individuals, schools, and the labor market receive signals that lead them to update their beliefs.
Two such signals are an admissions test and family background, observed by individuals and schools
prior to enrollment. These measures are soft information that are not verifiable by employers.
(2) Schools choose value added and admissions standards, and then students are matched to schools.
(3) Students make consumption choices and choose study effort. Student skill is realized as a function
of student innate ability, student effort, and school value added.
(4) In the second period, students graduate and enter the labor market. The market observes two signals
of their skill: i) the reputation of the school each student attended, and ii) an individual-specific
10

More broadly, in a competitive labor market employers have incentives to learn about ability and use all available signals of
skill, including socioeconomic background, e.g., Farber and Gibbons (1996), Altonji and Pierret (2001), and Grogger (2011).
4

measure we term a graduation test. The labor market sets wage equal to expected skill given these
two signals. Individuals receive their wage and choose their second period consumption.
2.2. Innate ability and the admissions test. A large population of students is indexed by i; each
individual has innate log ability denoted by αi , distributed as follows:

αi ∼ N
where ρ =

1
σ2

0,

1
ρ


,

is the precision, and σ 2 is the variance. As is the norm in labor economics, we will work with

log variables and generally omit the term ’log’; we use lowercase terms for logs, and upper case for levels.
Students and schools observe a signal of innate ability we call an admissions test. Student i’s performance
on this test is given by:

τi = αi + τi ,
where τi ∼ N (0, ρ1τ ) and ρτ is this measure’s precision.
2.3. Family background. Let yi denote the log family income of student i. We assume it is normally distributed with mean ȳ. Let bi = yi − ȳ denote family background —the extent to which family income is above
or below the mean. Students and schools observe bi (e.g., private schools often use parental questionnaires
and interviews), which provides an additional signal of innate ability:
ζbi = αi + bi ,
where bi ∼ N (0, ρ1b ) and ρb is this signal’s precision; ζ measures the extent to which innate ability varies
with background.11
Together student i’s admissions test score and background define her characteristics at the time of admission to school, and are summarized by ψi = {τi , bi }, which has a bi-variate normal distribution with p.d.f.
given by f (ψi ) (we assume that τi and bi are independently distributed). As stated, we assume that these
two traits are observed by students and schools but not by employers.
2.4. Admissions policies. The innate ability of the students at a given school depends upon a combination
of student choice and school admissions policies. We consider three idealized types of schools characterized
by their admissions policies: non-selective schools, exam schools, and elite schools. For simplicity, in this
section we consider settings in which school markets consist of only one type of school.
11 In other words ζ allows for a general covariance between innate ability and background. The literature has often focused
on whether that covariance reflects a causal mechanism (e.g., Solon (1999) and Currie (2009)). For our purposes this is not
central—the existence of a correlation means that schools can use background as a signal of ability.
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By a non-selective school we mean one that accepts all students, regardless of their signals, τ or b. This
is in the spirit of public schools’ policies in many countries, and is consistent with the use of lotteries among
charter schools in the U.S. and voucher schools in Sweden. For now, we further simplify matters by assuming
students are randomly assigned to these schools. Hence expected ability at any such school, s, is:
α̂sN S = E{αi |si = s} = E{αi } = 0,

(2.1)

where the superscript N S stands for non-selective.
Second, exam schools use only the admissions test, τ , to select students. For example, many countries
feature selective public schools that admit students based only on test performance—background plays no
role in their selection mechanisms. We suppose the market is sufficiently thick for exam schools to be
completely stratified, namely all the students at school s have the same admissions score τs . This simplifies
the analysis, allowing us to use a linear updating rule. Specifically, by Bayes’ rule the expected innate ability
of an individual from an exam school s with admissions standard τs is (DeGroot (1972)):
α̂sEX

=
=

(2.2)

=

E{αi |si = s}
ρτ
ρ
τs + τ
E {αi }
ρτ + ρ
ρ +ρ
ρτ
τs ,
ρτ + ρ

where the superscript EX stands for exam. In (2.2),

ρτ
ρτ +ρ

is the weight assigned to the admission test

score τs . Intuitively, the more precise this measure, the greater the weight put on it as opposed to the
unconditional mean of ability, E {αi } = 0. The precision of α̂sEX is ρ (α|τ ) = ρτ + ρ.
Finally, elite schools use both the admissions test, τ , and the background signal, b, to select students. One
can think of these as resembling private schools, which in many countries can use any criterion (e.g., tests or
parental interviews) to select students. This can increase the amount of information conveyed to the market
through the admissions process. As before, suppose that the market is sufficiently thick to allow for perfect
selectivity—all individuals at school s have the same ability conditional upon the available information.
Hence, for all students that attend an elite school s the expected ability is:
α̂sEL

(2.3)

=

E{αi |si = s}

=

ρτ
ρb
ρ
τ
+
ζbi + b
E {αi }
i
ρb + ρτ + ρ
ρb + ρτ + ρ
ρ + ρτ + ρ

=

ρb

ρτ
ρb
τi + b
ζbi ,
τ
+ρ +ρ
ρ + ρτ + ρ
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where the superscript EL stands for elite. The weight placed on each signal again depends upon its precision.
The precision of α̂sEL is the sum of that of the two signals and the prior precision of ability: ρ(α|τ, b) =
ρb + ρτ + ρ.12 These results are summarized in the following proposition (all proofs are in the appendix).
Proposition 1. Suppose a student with characteristics ψi (admissions test τi and background bi ) attends
school in a system featuring only one type of school. Her expected ability conditional upon the type of school
she enrolls in satisfies:

School type:
Expected ability:

Non-Selective
S
α̂N
=0
s

Exam
α̂EX
=
s

ρτ
ρτ +ρ τs

Elite
α̂sEL =

ρτ
τ
ρb +ρτ +ρ i

+

ρb
ζbi
ρb +ρτ +ρ

Precision of estimate:
ρ
ρτ + ρ
ρ b + ρτ + ρ
Table 1. Expected ability by type of school system attended

2.5. Skill. In addition to implementing admissions policies, schools produce educational value added. Specifically, the skill of a student i who attends school s depends on: i) her innate ability, ii) her effort, and iii)
her school’s value added, with a multiplicative form:
Θi = Ai Ei Vsi .
It is more convenient to carry out the analysis in terms of log variables, accordingly let θi denote log skill:

(2.4)

θi = log(Θi ) = αi + ei + vsi ,

where αi = log (Ai ) is ability as defined above, ei = log (Ei ) is student study effort, and vsi = log (Vsi ) is
the value added that student i receives at school si .13 We assume a school provides the same value added,
vs , to each of its students, and that this level is observed by all actors.
2.6. Signals of skill: school reputation and the graduation test. The labor market observes two
signals of individual skill. First, employers see the identity of the school attended by each individual and
12 Notice that when an elite school selects individuals with expected ability α̂EL , it will draw students of various backgrounds,
s

e.g., those with good backgrounds will have lower admissions test scores. Formally, expression (2.3) implies that students at
an elite school will lie on a downward sloping line on the τ, ζb plane. This shows that pure selection can generate a trade-off
between test scores and background. Epple and Romano (1998) obtain a similar result. In their case the trade-off emerges from
peer effects and price discrimination.
13 This specification allows for complementarities between ability and value added. Moreover, it is consistent with the empirical
literature on the returns to education, where log wages are assumed to be an additively separable function of ability and
education (see Mincer (1974) and Card (1999)).
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correctly anticipate value added, vs , and average effort, ês , at the school. From Proposition 1, school identity
also provides a signal of innate ability, α̂s , the expected ability of a randomly selected graduate of school s.
We can thus define a school’s reputation as the publicly observed expected skill of its graduates:
Rs

= E{θi |si = s} = E{αi |si = s} + ês + vs
= α̂s + ês + vs .

The assumption of perfect competition in this continuum model implies that individual effort has no effect
upon school reputation:
∂Rsi
= 0.
∂ei

(2.5)

This reflects that an individual will be unable to affect the average study effort, ês , at school s. More
generally, schools’ reputations depend on the experience of large numbers of graduates/cohorts. Expression
(2.5) is a key ingredient because the benefit from attending a school with a good reputation will not stem
from any effect upon effort, but rather from the signal regarding innate ability that is transmitted to the
market.
Second, the labor market observes an individual-specific measure of skill. We label this measure a graduation test and identify it with the statistic ti :
ti = αi + ei + vsi + ti ,
where ti ∼ N (0, ρ1t ) is measurement error. Two aspects distinguish this measure from the admissions test,
τ : i) it is a measure of skill rather than just of innate ability, and ii) it is observed by all agents. As its name
indicates, this measure can be motivated using the highly publicized standardized high school graduation
exams in countries such as Germany. Other individual-specific measures are seen in other settings and
educational levels. For example, in the U.S. college graduates distribute letters of recommendation and lists
of honors received, while Economics Ph.D. students distribute “job market papers”.
Since the graduation test is an individual-specific measure, it responds to individual effort:
(2.6)

∂ti
= 1.
∂ei

Together with (2.5) this implies that study effort does not respond to rewards associated with school reputation, but does respond to rewards linked to individual-specific measures of performance.

8

2.7. Wages. Upon graduating from school si , an individual with characteristics ψi who attended school
s and obtained a graduation test score ti earns a wage w(si , ti ). Following Jovanovic (1979) we assume a
perfectly competitive labor market that sets an individual’s wage equal to the best estimate of her skill given
the two signals it observes. Hence we have:14
w (si , ti ) = E {θi |Rsi , ti } .

(2.7)

Given that school reputation, Rsi , and the graduation test, ti , are unbiased, normally distributed signals of
skill, a person’s wage will be a convex combination of these two measures:
Proposition 2. Suppose the labor market considers an individual i who attended school in a system featuring only one type of institution. If the student attended a school with reputation Rsi , and her graduation test
score is ti , then her wage satisfies:

School type:
Log wage:

Relative diversity:

Non-selective

Exam

Elite

wN S (si , ti ) =

wEX (si , ti ) =

wEL (si , ti ) =

π N S ti + (1 − π N S )Rsi

π EX ti + (1 − π EX )Rsi

π EL ti + (1 − π EL )Rsi

πN S =

ρt
ρt +ρ

π EX =

ρt
ρτ +ρt +ρ

π EL =

ρt
ρb +ρτ +ρt +ρ

Table 2. Wage determination given school reputation and the graduation test

Table 2 introduces the notion of relative diversity: the precision of the graduation test divided by the
precision of the market’s estimate of student skill. Relative diversity is the weight the market places upon
the graduation test (as opposed to school reputation) in setting wages. We use the term relative because this
weight depends upon the precision of the graduation test relative to the precision of the market’s estimate
of skill; an increase in the precision of the graduation test, or a decrease in school selectivity can lead to
greater relative diversity and increased effort.
Going from left to right, Table 2 illustrates that (keeping the precision of the graduation test fixed) relative
diversity is lower in systems in which schools implement more selective admissions. Since students can affect
∂ti
= 1 and
their testing performance but not their schools’ reputation ( ∂e
i

∂Rsi
∂ei

= 0), effort increases with

relative diversity: the extent to which an individual can affect the market’s impression through the signal
she can influence—the graduation test—is greater, and hence so is the incentive to study.
14 As discussed in footnote 13, we follow the norm in labor economics and carry out the analysis in terms of log wages.
9

2.8. Discussion: Education research. Proposition 2 implies that since wages increase with school reputation, students and parents will value selectivity and better peers per se–they will prefer schools with
higher achievement even if this advantage does not originate in higher value added or positive peer effects
(our setup does not even feature the latter). This result reconciles three important findings in the literature:
(1) There is clear evidence that parents prefer higher achievement schools. In some cases, this evidence
is direct. In the U.S., for instance, it comes from housing valuations (Black (1999)) and parental
reactions to information on school performance (Hastings and Weinstein (2008)). In other cases,
it can be inferred from reactions to school choice reforms. In Chile, for example, the unrestricted
distribution of school vouchers resulted in about 50 percent of all students transferring from the
public sector into private schools with higher test scores (McEwan, Urquiola, and Vegas (2008)).
(2) The evidence on whether higher achievement schools produce higher value added is mixed. For
example, private schools frequently have higher absolute achievement than public schools, but Neal
(2010) and Barrow and Rouse (2009) conclude that this advantage does not systematically extend to
value added. This is consistent with the literature studying whether attending a higher achievement
school raises testing performance, in which no uniform pattern emerges.15
(3) The evidence on the significance and magnitude of peer effects is mixed. Several studies suggest at
most small effects (e.g., Oreopoulos (2003), Katz, Kling, and Liebman (2006)), and recent work finds
that the magnitude and very direction of peer effects may be fragile with respect to, for example,
classroom composition (Carrell, Sacerdote, and West (2010)).
In short, Proposition 2 shows that a preference for environments with better peers can be rational even if
these are not associated with higher value added or learning spillovers.16
Proposition 2 also implies that if effort matters for learning, then selectivity—by lowering relative diversity—
will decrease skill accumulation. This is consistent with circumstantial and anecdotal evidence on student
behavior. In the U.S. the time college students spend studying has declined in the past decades. The dotted line in Figure 2.1 shows this evolution—equivalent to a decline from 40 to 27 hours per week. Hoxby
(2009) states that the selectivity of colleges increased over roughly the same period. Figure 2.1 provides one
illustration of this by plotting the “market share” of two elite institutions—Princeton and Yale—showing
a similar decline. This graph is purely illustrative, but it does show that study time is correlated with
college selectivity. Aside from the model presented here, we are not aware of a known explanation for these
15 Specifically, papers like Cullen, Jacob, and Levitt (2005, 2006), Clark (2010), and Abdulkadiroglu, Angrist, and Pathak

(2011) find little or no impact. Others, like Pop-Eleches and Urquiola (2011) and Jackson (2010) find positive effects.
16
This may also explain why even though there is clear evidence that absolute achievement can affect parental school choice, the
evidence that school value added does so is weaker (e.g., Rothstein (2006), Mizala and Urquiola (2008), and Deming, Hastings,
Kane, and Staiger (2011)).
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Time Use and Selectivity in U.S. Colleges
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Note: Selectivity = Normalized enrollment / U.S. college population
Study Time = Normalized time spent studying per week by the average U.S. college student
(Babcock and Marks (2011), Table 2)

Figure 2.1. College Selectivity and Study Time in the U.S.

phenomena.17 Anecdotally, students in Japan exert high effort to gain admission to elite schools like the
University of Tokyo, yet those who succeed are said to lower their study time once there.18
This also implies that if school choice reforms are associated with stratification, they may have ambiguous
effects on skill, as they may lower study time even if they raise school productivity (we model the latter
effect below). Consistent with this, the most extensive implementation of a voucher program, which took
place in Chile, had little impact on average achievement even while it resulted in extensive private school
entry and a highly stratified school system (Hsieh and Urquiola (2006)).
Proposition 2 implies that introducing precise individual-specific measures of skill raises learning, as
emphasized by Bishop (2006). It is consistent with Woessmann (2007)’s finding that at the country level,
the existence of standardized graduation or college admissions exams is correlated with better than expected
international testing performance. Few observers disagree that such high stakes examinations result in high
levels of effort. For instance, countries with such tests often display extensive private tutoring industries
that parents use to supplement their children’s learning at school (Dang and Rogers (2008)).

17

Babcock and Marks (2010) report the decline in study time with no explanation. As stated, in Figure 2.1 study time varies
from about 40 hours to 27 hours; it is normalized to 1 in 1980. We obtained the data on aggregate college enrollment in the U.S.
from the Integrated Post-secondary Education Data System "Fall Enrollment Survey" (IPEDS-EF:86-99) and the Digest of Educational Statistics (http://nces.ed.gov/programs/digest/d10/tables/dt10_198.asp). Princeton and Yale enrollment numbers
come from historical publications (details available upon request).
18
We have not found a documentary source on this; however, our colleague David Weinstein, an expert on Japan, sent us a
note stating that dozens of individuals have related to him this perception regarding the University of Tokyo.
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2.9. Discussion: Labor market research. Proposition 2 shows that conditional on years of schooling,
school reputation can affect wages. It implies that the identity of the school an individual attends may be
a relevant proxy for ability in a wage regression (along with standard controls like experience).19 While few
data-sets contain information on the schools students attended, several influential papers explore situations
in which the econometrician observes a measure correlated with ability that is not directly observed by the
labor market. For example, Farber and Gibbons (1996) know whether a student had a library card when
young, and Arcidiacono, Bayer, and Hizmo (2010) know a person’s Armed Forces Qualifying Test (AFQT)
score. Because they are not observed by employers, these measures cannot affect wages unless ability is
revealed to the market by other means. Proposition 2 implies that an educational system—to the extent it
contains selective institutions and graduation assessments—may perform this function.
For example, consider individuals who enter the labor market upon graduation from high school and
from college in the U.S. In the case of the former, there are few individual-specific measures of skill (ti ),
particularly given that the U.S. has no national high school exit exam. Moreover, these individuals tend to
come from non-selective schools. In contrast, college graduates come from a sector in which selectivity is
much more common, as are individual-specific measures such as letters of recommendation.
These observations suggest that the labor market will have substantial information regarding college
graduates’ ability, and little about high school graduates’ (beyond that conveyed by years of schooling). This
is consistent with the work by Arcidiacono, Bayer, and Hizmo (2010), which finds that AFQT performance
is reflected in wages immediately for college graduates, but only gradually for high school graduates.
A further set of results suggest that these findings at least partially reflect the more selective nature of
colleges, as opposed to simply greater availability of information of the type captured by the graduation
test. Namely, Saavedra (2009) and Hoekstra (2009) use regression discontinuity designs to show that college
selectivity and prestige have a significant and positive effect upon wages early in individuals’ careers. In the
first paper the result is for starting wages for college graduates in Colombia; in the second it is for wages
7-12 years after graduation in the U.S.
While our model features only two periods, in practice the labor market gains information about individual
ability over time. Thus, the correlation between unobserved measures of ability and wages should increase
with experience. This is illustrated by Farber and Gibbon’s (1996) finding that library card ownership when
young is uncorrelated with starting wages, but positively correlated with the wages of older workers. Note
that the increased availability of information on ability is equivalent to an increase in the precision of t.
This implies that the effect of school reputation on wages should diminish over time. This is consistent with
19

In results available upon request, we formally relate our model to a standard Mincer wage equation. One point that emerges
is that variation in selectivity is yet another source of bias in the estimation of the returns to education.
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Dale and Krueger’s (2002) finding that school selectivity has little impact upon wages 20 years into workers’
careers.20 Indeed, the results in Dale and Krueger (2002) are often viewed as showing that school identity
does not matter. Rather, these results, along with those on the wage effects early in individuals’ careers by
Saavedra (2009) and Hoekstra (2009), are consistent with the Bayesian learning model.
To summarize, a disparate set of studies from the education and labor economics literatures are consistent
with the joint hypothesis that wages are set in a competitive market, as in Jovanovic (1979), and that they
vary with signals of student skill, such as the reputation of an individual’s alma mater.
3. Preferences and the Efficient Allocation
This section sets out school and student preferences, and defines a Pareto-optimal allocation. To characterize this efficient allocation, we suppose that a social planner can set student effort and observe all
information seen by schools and employers. The result is a benchmark for comparison with later scenarios
in which individuals choose effort to maximize private returns, and in which wages are set by employers who
only observe school reputation and the graduation test.
Throughout, our goal is to study perfect competition and to explore whether reputation effects alone ensure
efficiency. We follow Aumann (1966) and model perfect competition by assuming a continuum of students
are matched to a continuum of schools that can perfectly tailor their characteristics to their customers. Our
analysis thus complements the work of Arnott and Rowse (1987) and Epple and Romano (1998, 2008) that
focuses on peer effects and monopolistic competition between relatively small numbers of schools.21 In these
models there is an efficient scale and hence each school has some market power; our framework assumes
perfect competition.
3.1. Schools. Schools are uniformly distributed over S = (0, n̄), where n̄ > 1 is the total number of schools
serving a population of students normalized to 1.22 School s chooses value added per student, vs , at per
capita cost

K(vs )
Qs ;

Qs is school productivity, which can be high or low: Qs ∈ {QH , QL }, where QH > QL .

The function K (v) > 0 satisfies K 0 (v), K 00 (v) > 0, and limv→−∞ K (v) = 0. Thus, for the same per
capita expenditure high productivity schools provide greater value added. The low productivity schools
are uniformly distributed over SL = (0, nL ]; the high productivity schools over SH = (nL , n̄ = nH + nL ).
We assume that there is an inelastic supply of schools with nH, nL > 1, so that each type can potentially
20 Additionally, Lange (2007) finds that approximately 20 percent of the variation in starting wages may be attributed to the

signaling effect of schools. Lange emphasizes that this signal is less important for more experienced workers. Finally, Oreopoulos
et al. (2006) suggest that the effect of school identity may be heterogeneous. They find that graduates entering into a slack
labor market have lower starting wages, but catch up over time. However, for those from the lowest ranked colleges, this catch
up is incomplete; for this subgroup there may be a long run effect of college identity.
21
For example, the empirical section of Epple and Romano (1998) considers 4-10 schools.
22 This is an open interval because we allocate students based on log ability; thus the support of ability is the open set (−∞, ∞).
13

supply the whole market. The design of school systems will endogenously determine which schools enter in
equilibrium, and whether the high productivity schools dominate the market.
We assume schools operate as publicly financed non-profits. Each receives a per capita payment of T Y ,
where Y is mean income and T ∈ [0, 1] is an income tax levied on each household.23 The financing follows
the student—effectively a Friedman-type voucher system if students are free to choose schools.
Individual i faces tax liability T Yi , resulting in a net family log income of log (1 − T ) + yi . It is convenient
to define the log tax liability by m = −log(1 − T ) ' T , and hence net log income is yi − m ' yi − T .
Since schools do not make profits, once the tax rate is set value added varies only with school productivity.
Formally, given the tax rate T the value added of school s with productivity Qs solves:
(3.1)

K (vs ) = T Y Qs .

This allows us to write value added as a function of the log tax rate:
(3.2)



vs = K̄ T Y Qs ' K̄ mY Qs ,

where K̄ = K −1 . We assume the approximation is accurate to allow for more elegant expressions.24
Finally, since schools are non-profit their pecuniary returns do not vary with the allocation of students. In
order to have schools make choices, we must endow them with preferences to break the resulting indifference.
We assume that schools value their reputation and enrollment, with preferences given by:25
(3.3)

Us = log(ns exp(Rs )) = log (ns ) + Rs .

3.2. Student preferences. Individuals care about consumption and effort; we follow Epple and Romano
(1998) in assuming preferences that take the standard Cobb-Douglas form:
U (C 0 , C 1 , E) =



C0
D(E)

γ0

C1

 γ1

,

where C 0 and C 1 are consumption in periods 0 and 1, respectively. Individuals have decreasing marginal
utility from income (γ0 + γ1 < 1), and D(E) is the disutility from effort/study that takes place in period 0.
23 To focus on the effects of reputation, we assume that schools charge a fixed fee and cannot make profits. In MacLeod and

Urquiola (2009) we show that for-profit, high productivity schools would charge higher tuition, in some cases capturing the
rents rather than supplying higher value added.
24 All the essential results hold without this simplification.
25
This assumption reflects that in practice rents accrue to selective schools; for example, high ability alumni might be more
able to donate. A preference for high ability students is consistent with some recent research, e.g., Hatfield, Kojima, and
Narita (2011). Turner (2012) documents that higher educational institutions extend greater financial aid to more able students
conditional on their Pell grant status. Pop-Eleches and Urquiola (forthcoming) document that in Romania more senior teachers
gravitate towards more able students.
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We suppose, as in the labor literature, that individuals maximize the expected value of log utility:
u(c0 , c1 , e) = γ0 (c0 − d(e)) + γ1 c1 ,

(3.4)

where ct = log (C t ), t = 0, 1; d (e) = log (D (exp (e))), and e = log (E). We assume lime→−∞ d (e) = −∞,
d0 (e) > 0, and d00 (e) > 0. We abstract from savings and borrowing, and hence individuals face period-specific
budget constraints:
c0i ≤ yi − m

(3.5)

and

c1i ≤ wi .

Thus, the relevant choices for an individual are effort, e, and the tax rate, m, which in turn determines value
added as a function of school productivity.

3.3. Allocations. An allocation specifies the tax rate and the distribution across schools of students and
student effort. We denote it by Γ = {m, eψs , f (ψ|s)}ψ∈Ψ,s∈S , where eψs is the effort chosen by students
with characteristics ψ at school s, and f (ψ|s) describes the distribution of students at school s. Let ns =
´
f (ψ|s) dψ ≤ 1 denote the number (density) of students at school s. A feasible allocation is one that
ψ∈Ψ
satisfies the budget constraint for schools (3.2) and in which the match of students to schools satisfies:
ˆ
(3.6)

ˆ

f (ψ) =

f (ψ|s) ds,

ns ≤ 1,

s∈S

and

n̄

ns ds = 1.
0

The first condition requires that the allocation be consistent with the aggregate distribution of types. The
second reflects the school capacity constraint. The third condition requires all students to attend school. An
allocation implies a unique payoff for each student, in which the budget constraints (3.5) hold with equality.
Consumption is c0ψs = yi − m in period 0.
The social planner observes all information available to schools and employers. Thus consumption in
period 1 equals the wage that would prevail if all schools were “elite” or perfectly selective (Section 2):26
c1 (ψ, t, s)
(3.7)

=
=

E {α|ψ, t} + eψs + vs
ρt

+

ρb

ρb
ρt
ρτ
τ+ t
ζb + t
(t − eψs − vs .) + eψs + vs .
τ
b
τ
b
+ρ +ρ
ρ +ρ +ρ +ρ
ρ + ρ + ρτ + ρ

We evaluate the efficiency of allocations after student characteristics are determined and at the time
students are assigned to schools.27 At this point individuals do not know their future graduation test

26 If schools are elite, reputation reveals all the information schools gather as part of admissions (Section 2).
27 See Holmström and Myerson (1983) for a discussion of efficiency as function of different amounts of information.
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realization, ti . Hence their expected period 1 consumption is:
(3.8)

c1ψs = α̂ψ + eψs + vs ,

where α̂ψ = E {α|ψ} is the expected innate ability given student characteristics (Section 2).
Thus, given a feasible allocation Γ, upon being admitted to school s a student’s payoff is:
(3.9)

u (ψ, s|Γ) = γ0 (yi − m − d (eψs )) + γ1 (α̂ψ + eψs + vs ) .

The expected utility of a student with characteristics ψ is thus:
ˆ
u (ψ|Γ) =

u (ψ, s|Γ) f (ψ|s) ds.
s∈S

Given this payoff, an allocation Γ is Pareto efficient if there does not exist another feasible allocation Γ0
such that u (ψ|Γ0 ) ≥ u (ψ|Γ) for all ψ ∈ <2 , with a strict inequality for a positive measure of ψ.
Proposition 3. A feasible allocation Γ is Pareto efficient if and only if (up to a set of measure zero):
1. The marginal cost of effort is set equal to the rate of time preference: eψs = e∗ where e∗ satisfies:
d0 (e∗ ) =

γ1
.
γ0

2. Students are allocated to high productivity schools: ns = 0 for s ∈ SL .
3. The optimal tax rate mH is independent of student characteristics and satisfies:
 γ0
1
.
K̄ 0 mH QH Y =
×
γ1
QH Y
The first condition is that the marginal cost of study equals the future return—implying that effort is
independent of background and ability. The second requires that only high productivity schools be utilized.
Finally, taxes are set so that the future marginal return is equal to the marginal cost. The optimal tax rate
depends on school productivity, but not on individual characteristics. Given that d00 > 0 and K̄ 00 < 0 it
follows that when students are more patient ( γγ01 is higher), they work harder and enjoy higher value added
at an efficient allocation. Similarly, greater school productivity or higher average family income result in
higher value added, with no effect on study effort.
4. School Choice with non-selective schools
Would competition achieve the efficient allocation? This section begins to address this question by studying two scenarios. First, a “public” system without choice: students are randomly assigned to schools and
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school productivity is randomly drawn. Second, a system in which students can request specific non-selective
schools and slots are allocated via lottery if there is excess demand. This approximates policy in U.S. charter
and Swedish voucher schools (Böhlmark and Lindahl (2012)). Together, these scenarios show that choice
can raise school productivity and expenditure on value added. As a preliminary, Section 4.1 defines incentive
compatible allocations and student preferences as a function of school reputation and relative diversity.

4.1. Incentive compatible allocations. Since students care only about effort and consumption (3.4)
characterizing their payoffs given an an allocation requires determining: i) the incentives for effort they face,
and ii) the wages they can expect upon graduation. Consider a student ψ = {τ, b} who attends school s
under allocation Γ = {m, eψs , f (ψ|s)}ψ∈Ψ,s∈S . Let wψs be her expected wage given this allocation. Section 2
showed how a school’s relative diversity, πs , affects students’ marginal incentives in a log normal framework.
Given our assumption that the labor market observes only school identity and the graduation test, and given
the linear relationship between skill and the graduation test, we have that

∂E{α|t,s}
∂t

is independent of ψ.

Thus we can define relative diversity as the marginal effect of effort upon wages:28
(4.1)

πs =

∂wψs
=E
∂eψs




∂E {α|t, s}
|ψ, s .
∂t

This motivates the following definition:

Definition 1. An allocation Γ is incentive compatible only if:
(4.2)

d0 (eψs ) = πs

γ1
.
γ0

Given a distribution f (ψ|s) and tax rate m, effort is determined by (4.2). Note that effort at school s
is independent of individual characteristics. Hence we drop dependence of effort upon ψ without loss of
generality and denote an incentive compatible allocation by Γ = {m, f (ψ|s)}ψ∈Ψ,s∈S .
Checking if an incentive compatible allocation is an equilibrium requires solving for the payoffs a student
with characteristics ψ obtains when allocated to school s. Consider first schools for which ns > 0; reputation
and relative diversity are well defined at these. Since a single student cannot affect these school traits, they
may be taken as given by the allocation. School reputation is thus:
Rs = α̂s + ês + vs ,

28 Proposition 2 works out this parameter for the cases considered below. In these, the effect of t is linear: ∂ 2 E {α |s, t } /∂t2 =
i
i
i
i

0, such that the marginal effect of study time is independent of student characteristics. Note also that relative diversity is well
defined as long as there are some students attending a given school.
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where ês is the expected effort for students at school s. For student ψ, the expected graduation test score is:
E {t|ψ} = α̂ψ + eψs + vs ,
where eψs is effort choosen by the student ψ as school s. The utility of a student ψ who chooses effort eψs
at school s under allocation Γ is:
(4.3)

u (ψ, s, eψs ) = γ0 {yi − m − d (eψs )} + γ1 {πs (α̂ψ + eψs + vs ) + (1 − πs ) Rs } .

It follows that optimal effort eψs satisfies the incentive compatibility condition, and hence expected school
effort solves: ês = eψs . Expression (4.3) has the following implications regarding student preferences:
(1) Students prefer higher value added:
∂u
= γ1 .
∂vs
(2) Students prefer more able peers and schools with better reputations:
∂u
∂u
=
= γ1 (1 − πs ) .
∂Rs
∂ α̂s
(3) The preference for relative diversity is ambiguous. By the envelope theorem small changes in relative
diversity have little impact upon effort at an incentive compatible allocation, hence we have:
∂u
= α̂ψ − α̂s ,
∂πs
i.e., a student prefers higher relative diversity if and only if her expected ability is higher than the
mean at her school.
When Friedman (1962) advocated for competition, he had in mind that reputation reflects value added, as in
point (1). The fact that student ability is imperfectly measured implies that reputation also reflects student
composition, and thus students also prefer more able peers. Finally, students with ability above their school
average prefer more “diverse” schools. Similarly, a more precise graduation test increases relative diversity,
which is preferred by more able students, but disliked by the less able. This may explain the controversy
surrounding the recent move by Princeton University to increase the variance in grades.29
Finally, for schools with no students (ns = 0) Bayes theorem provides no guidance on how to set reputation and relative diversity. This issues arises in all market with reputation effects—in the absence of past
29 Specifically, some students complained that a policy to reduce the number of A grades awarded hurt their employment and

graduate school prospects. Some implied they would rather be evaluated on the basis of their enrollment at Princeton than on
the basis of a grade point average with increased variation (see Type-A-Plus Students Chafe at Grade Deflation in the New
York Times, January 29, 2010).
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experience the market cannot rationally evaluate new entrants. For each case we consider we will have to
define appropriate off-equilibrium beliefs that support the equilibrium.

4.2. A public system. Consider now a “Public school” (PS) system without choice—at step 2 in the timeline (Section 2) students are randomly allocated to schools in the set S. This implies that each school has
the same: size, ns =
diversity, π N S =

ρt
ρ+ρt

1
n̄ ;

distribution of students, f P S (ψ|s) =

f (ψ)
n̄ ;

average ability, α̂s = 0; and relative

(Section 2). Hence effort at all schools satisfies:

γ1
d0 eN S = π N S .
γ0

(4.4)

Since π N S < 1, study time is lower than at the efficient allocation.
We assume school productivity is randomly drawn (e.g., the government might be unable to exclude low
productivity producers). The tax is set by the median voter, such that its level depends upon whether most
schools are of high or low productivity. To make things stark we suppose that nL > nH and

nL
nL +nH

> 21 .

Hence the median voter attends a low productivity school and sets the tax to solve:
 γ0
1
K̄ 0 mL QL Y =
.
×
γ1
QL Y
Thus value added at each type of school is given by
vs


= v L∗ = K̄ mL QL Ȳ , ∀s ∈ (0, nL ]

vs


= v LH = K̄ mL QH Ȳ , ∀s ∈ (nL , n̄),

i.e., value added is lower than at the first best for students fortunate to be in high productivity schools.
o
n
To summarize, let ΓP S = mL , f P S (ψ|s)ψ∈Ψ,s∈S denote the allocation under a public system (PS).
Relative to the first best, this setup has lower effort, financing, and average school productivity. Could
school choice improve matters?

4.3. Non-selective schools with choice. Now consider a system composed of non-selective schools that
allows for student choice—we label it PC for “Public choice”. Students can apply to any school they desire,
with oversubscribed slots allocated via lottery. If a school has no students, we suppose its relative diversity
is π N S and its reputation is Rs = 0. These beliefs are consistent with the market’s expectation that there is
no selection in the allocation of students to schools, as is necessary to allow new, higher productivity schools,
to compete with incumbents. Given this, a public choice equilibrium is defined as follows.
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n
o
Definition 2. A feasible, incentive compatible allocation ΓP C = mP C , f P C (ψ|s)ψ∈Ψ,s∈S with associated
individual payoffs u (ψ, s) is a public choice equilibrium if:
(1) A student cannot be made better off by choosing a school with excess capacity: let S 0 = {s|ns < 1}
be the set of schools with empty slots; then for every ψ ∈ Ψ and s ∈ S such that f P C (ψ|s) > 0 :
u (ψ, s) ≥ u0 (ψ) ≡ sups0 ∈S 0 u (ψ, s0 ).
(2) All desirable, oversubscribed schools randomly select students: for each s ∈ S 1 = {s|ns = 1} there
is a βs > 0 such that f P C (ψ|s) = βs f (ψ) for every ψ ∈ Ψ satisfying u (ψ, s) ≥ u0 (ψ).
(3) The median voter selects the tax rate mP C .
At over-subscribed schools ns = 1, mean ability is zero and relative diversity is π N S . Since students can
choose any school, it must be the case that all schools with ns ∈ (0, 1) yield the same payoff. From (4.3), if
two schools have different relative diversity, one will be oversubscribed, from which it follows—given lottery
admissions—that relative diversity and reputation must be the same at all schools. Additionally, given that
there is an excess supply of high productivity schools, the only possible equilibrium is for all schools to be
of high productivity and have the same reputation and relative diversity.30 Since the median voter attends
a high productivity school, taxes are set at: mP C = mH . This yields the following proposition:
Proposition 4. The Public school (PS) system is Pareto dominated by a Public choice (PC) equilibrium
characterized by feasible and incentive compatible allocations satisfying:
(1) Low productivity schools have no students: ns = 0 for s ∈ SL .
(2) For high productivity schools s ∈ SH , f P C (ψ|s) = ns f (ψ).
(3) Taxes are set at the efficient level for high productivity schools: mP C = mH , such that value added

at all schools with students is v H∗ = K̄ mH QH Y .
(4) Relative diversity at all schools with students is π N S , and hence study time is eP C = eN S .
Thus choice can improve school productivity. It does not achieve efficient effort because the market places
the weight π N S < 1 upon the graduation test, resulting in an incentive to study eN S < e∗ .
We have modeled the supply of schools in stark terms to highlight some ingredients that are necessary
for school choice to raise performance. Note that if parents are poorly informed (e.g., if they are unable to
identify high productivity schools) then choice might not raise performance. Second, given that students
value peer quality, successful entry will depend upon expectations regarding who will attend a given school.
For example, some charter schools rely on rules that ensure admission for the children of founding parents
30 If high productivity schools were in fixed supply and unable to cover the market, and further allowed to set tuition, their

owners would accrue a rent; see Epple and Romano (1998) and MacLeod and Urquiola (2009).
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to help fix initial expectations regarding student composition. In other cases, in the absence of past history,
successful entry depends upon the ability of entrants to manipulate the beliefs of parents rather than upon
a proven history of high performance.

5. School Choice with Selectivity: The Anti-Lemons Effect
Section 4 explored settings in which schools are non-selective. We now consider a “Free entry” (FE) system
in which, for simplicity, schools can choose to be non-selective or to operate as “elite” schools that exploit
all available information in admitting students (Section 2).
5.1. Optimal admissions standards. Before defining the strategies of elite schools, we note a key feature of selective systems in our setup—individuals prefer to attend more rather than less selective schools.
Specifically, consider an elite school s that admits a range of students: those whose expected ability α̂i is in
the interval [αs , ᾱs ], with a continuous distribution over this range given by hs (α̂), with hs (αs ) > 0. We
suppose that competition by more selective schools prevents the school from raising ᾱs . However, the school
is free to become more selective by increasing αs . Student utility at this elite school is given by:

(5.1)

u (ψ, eψs , s) = γ0 {yψ − m − d (eψs )} + γ1 {πs (α̂ψ + eψs + vs ) + (1 − πs ) Rs } .

By the envelope theorem, we can ignore the effect of a small increase in selectivity upon effort; similarly,
the effect on relative diversity is small since hs (.) has a continuous density. However, increasing selectivity
via αs has a first order positive effect upon reputation, and hence a school that enters with a slightly higher
minimum score would attract all students above this bound. Thus, we have the following proposition.
Proposition 5. Suppose that school s admits only students with expected innate ability α̂i ∈ [αs , ᾱs ] , with
a continuous distribution over this interval given by hs (α̂), with hs (α) > 0; then increasing selectivity, αs ,
raises the payoff of all students remaining in the school.
Hence, in equilibrium elite schools will choose to be perfectly selective, as we assumed in Section 2. In
other words, while schools always prefer a better reputation, given competition they will sort and specialize
in a specific student type, as in the Gabszewicz and Thisse (1979) model of vertical differentiation. Note
that this prediction is consistent with Figure 2.1. As the college population has grown there has not been a
corresponding increase in the size of two elite schools—Princeton and Yale.31
31 Bowen, Chingos, and McPherson (2009) show that this holds for major universities, including state institutions.
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In light of Proposition 5 we assume each school chooses an admission criteria acs ∈ {<, N S}. If acs = N S
the school is non-selective and uses a lottery if oversubscribed. If acs ∈ < then it operates as an elite school
and admits only students with expected ability acs = α̂s . Formally, the matching process is as follows:
(1) Schools s ∈ S decides whether to enter and then selects admissions criteria acs , correctly anticipating
the student response.
(2) Students choose the set of schools they prefer from those for which they meet the admissions criteria.
(3) Students are matched, with a lottery used at over subscribed schools. Students who are not admitted
to a school of their choice are randomly allocated to non-selective schools with excess capacity.
By construction, if school s chooses admissions criteria acs = α̂s and enrolls students, then its reputation is
Rs = α̂s + ês + vs , and its relative diversity is πs = π EL (Proposition 2). We suppose that this also defines
the market beliefs when there are no students at a school.
If a school sets strategy acs = N S and has no students in equilibrium, then we assume that its reputation
is the same as that of the non-selective schools with students, adjusting for differences in value added. If
there are no non-selective schools in equilibrium, then we assume that Rs = −∞, i.e., only the worst students
would attend non-selective schools. However, this does not preclude entry. If there is insufficient capacity
then excess students would be allocated to new entrants. Given that schools prefer some students rather
than none (3.3), anticipating this would result in the entry of some schools.

5.2. Equilibrium with only selective schools. In this setting there always exists an equilibrium featuring
only elite schools. To construct this allocation define the density function for expected ability:
ˆ
(5.2)

g (α̂) =

f (ψ) dψ,
ψ∈{ψ|E{α|ψ}=α̂}

and let G (α̂) be the associated cumulative distribution function. Given that there is an excess supply of
high productivity schools, there cannot be an equilibrium featuring low productivity schools.
´
Let 0 < ns ≤ 1 for s ∈ SH be any continuously differentiable function such that s∈SH ns ds = 1. This
defines the number of students allocated to school s. We now match students to schools as follows. Let α̂ (s)
´ s0
be the admissions standard for school s, and choose s0 such that −∞
ns ds = 12 . Set α̂ (s0 ) = 0—this is the
ability of the median student. For s ∈ (nL , n̄) let α̂ (s) be the solution to:
dα̂ (s)
ns
=
ds
g (α̂ (s))
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with the boundary condition α̂ (s0 ) = 0.32 This matches students to schools so that school s has entrance
requirement α̂ (s), with ns ≤ 1 students.
We can see that this is an equilibrium as follows. First, observe that for a school in s ∈ (0, nL ] to
successfully enter it must offer an admissions policy and value added that make students better off than at
the existing equilibrium. If it entered with an admissions policy of α̂s , it could not make any type strictly
better off since all are matched to high productivity schools. Under the belief that only the worst students
attend non-selective institutions, a school cannot successfully enter with a non-selective strategy.
Let f F E (ψ|s, ns ) be the assignment of students to schools we have just defined. Given that all students
attend high productivity schools, the median voter selects the high tax rate mH . Given that all schools are
perfectly selective, the relative diversity at each school is π EL (Proposition 2) , and effort is es = eEL , where
eEL is the corresponding solution to the incentive constraint (4.2). Thus:
Proposition 6. There exists a free entry (FE) equilibrium featuring only elite high productivity schools with

ns students at each school, as given by the incentive compatible allocation: ΓF E = mH , f F E (ψ|s, ns ) ψ∈Ψ,s∈S .
The fact that schools target particular strata of students means that any competition is within a given
segment. Note that the demand for schools that target high ability students here is not driven by value added,
but by reputation that rests upon selectivity. This result helps explain the stability of school rankings.33
Once a school is perceived to be selective, students will continue to rank it highly because of the expectation
that able students attend the school. This behavior persists even if value added does not vary across schools.
Proposition 6 offers a counterpart to Akerlof’s lemons effect. In his model, sellers stay out of the market
due to the presence of low quality sellers. In our case, the quality of the good is determined by the quality
of the buyers—selective sellers face excess demand from high quality buyers, leading to further entry by
selective sellers. In this case, it is the “low quality” sellers that are driven from the market, and thus we call
this an anti-lemons effect.
5.3. A hybrid equilibrium. In Akerlof’s model an equilibrium can feature some trade as long as the high
quality sellers are sufficiently motivated to sell. We have an analogous case in the anti-lemons setup when
there is some cost of attending an elite school. This allows for a hybrid equilibrium featuring both selective
and non-selective schools, a common outcome in education markets. For example, we could assume that elite
schools are private and charge tuition, whereas non-selectives are funded only via the tax (a realistic setup
32 The number of students with ability greater than or equal to α̂ (s) is 1 − G (α̂ (s)). We ensure there are n students at school
s
dG(α̂(s))

s by requiring
= ns . The existence and uniqueness of a solution require the standard conditions for the solution of an
ds
ordinary differential equation (Hirsch and Smale (1974)).
33 This may also explain why the perceived quality of universities is correlated with their age.
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in many countries.) In order to explore the effect of population density, we suppose that there are travel
costs associated with attending elite schools. For example, there might be a non-selective school in each
neighborhood, whereas elite schools might draw from a larger catchment area. Areas with lower population
density will have higher transportation costs associated with elite school attendance.
To build the hybrid equilibrium, we begin by noting that the most able students always wish to attend
elite schools. Hence if an equilibrium exists it will be characterized by a cutoff αEL : students with expected

innate ability above this α̂ ≥ αEL attend a selective school, and those below attend a non-selective school.
By the previous arguments, only high productivity schools will enter the market, and the tax rate will be
mH . Relative diversity at the elite schools is π EL (Proposition 2), and hence incentive compatible effort is
eEL as in the previous section.
In the non-selective sector the distribution of students is given by a normal distribution truncated at αEL .
The expected ability of an individual in this sector is:


Z αEL = E α|α̂ ≤ αEL .
In the appendix we discuss the properties of Z, and show for αEL < 0:
 cov (α, α̂)
αEL > Z αEL >
+ αEL .
αEL

(5.3)

This implies that controlling for value added and effort, the expected skill of a student from the non-selective
sector is always lower than that of the weakest student at an elite school.
The first order condition for effort in the non-selective sector is:



∗
d0 eN S αEL
=

(5.4)

γ1 N S ∗ EL 
π
α
,
γ0

where N S ∗ denotes this is a hybrid market. Relative diversity is given by:
(
π

N S∗

α

EL



=E

∂wN S

∗

 )
αEL , ti
|ψi .
∂ti

The term in brackets is the effect of the graduation test upon wages. Under the assumptions we have made,
this derivative exists, is a continuous function of the cutoff αEL , and is independent of ψi . The following
proposition describes the qualitative properties of relative diversity at the non-selective schools:
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Proposition 7. Consider students in non-selective schools when these co-exist with elite schools as defined

∗
by a cutoff αEL . Relative diversity, π N S αEL , is increasing in αEL and satisfies:

ρt
ρt
N S∗
EL
>
π
,
α
>
ρ + ρt
ρ + ρb + ρτ + ρt
limαEL →∞ π N S

∗


αEL =

ρt
;
ρ + ρt

limαEL →−∞ π N S

and

∗


αEL =

ρt
.
ρ + ρb + ρτ + ρt

Thus growth of the selective sector has a negative externality on the non-selective sector.
The final step it to provide conditions under which a hybrid equilibrium exists. Let the log transportation
cost of using an elite school be given by tcEL . For simplicity we assume that transportation costs reduce
school value added. For example, time otherwise devoted to instruction might have to be spent traveling to
school. Formally, we let value added be defined by:




K̄ mQs Y ,
if acs = N S,
vs =



K̄ mQs Y − tcEL , if acs ∈ <.
Given this, Proposition 8 provides necessary and sufficient conditions for the existence of a hybrid equilibrium:

Proposition 8. There exists a hybrid equilibrium featuring (high productivity) elite and non-selective schools,
a tax rate mH , and an ability cutoff level αEL , if and only if the reputational gain from attending the marginal
elite school is exactly offset by the lower effort and transportation costs. Formally, αEL satisfies:
(5.5)

1 − π N S αEL



αEL − Z αEL




= g αEL + tcEL ,

where





 γ 0
 γ0
∗
∗
g αEL = eN S αEL − d eN S αEL
− eEL − d eEL
γ1
γ1
is the net gain in effort from attending the non-selective sector.

The left hand side of (5.5) is the reputational gain from attending an elite school for the marginal individual
(ability αEL ). The right hand side is the loss in skill acquisition due to lower effort and travel costs. When
these are equal, students with ability α̂ > αEL strictly prefer being at a selective school, while students
with lower ability are better off at non-selective schools with a distribution of abilities given by a normal
truncated at αEL . Given that the reputational gain at the margin goes to zero with the entry of selective


schools (limαEL →−∞ αEL − Z αEL − g αEL = 0), it follows that if there is any cost, no matter how
small, from attending a selective school then a hybrid equilibrium exists.
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A natural question is how such an equilibrium changes with changes in transportation costs (or equivalently
an increase in population density). We can sign the effect of transportation costs upon the most selective
hybrid equilibrium:
Proposition 9. Suppose that transportation costs are strictly positive, then there is a stable hybrid equilib
rium characterized by αEL∗ tcEL , the smallest cutoff for which such an equilibrium exists. This equilibrium
has the feature that αEL∗ is increasing with transportation costs.
This result provides a potential explanation for the fact that cities like New York and Los Angeles display
low educational performance for low socioeconomic status students, despite having dense, highly competitive
school markets and high expenditure. Their high density lowers transportation costs, leading to increased
stratification, reduced incentives for students in non-selective schools, and reduced incentives for schools to
differentiate on productivity.34 This is consistent with the persistent inequality and segregation observed in
these settings (Cutler and Glaeser (1997)).

6. Exam Schools
Many jurisdictions respond to a demand for better schools by introducing exam schools. These are
selective schools with test based admissions, as discussed in Section 2. In our framework their introduction
can worsen performance. First, as with elite schools, the cream-skimming of non-selective schools by exam
schools lowers the relative diversity faced by all students, reducing effort. Second, if the size of the exam
sector is limited, then the most able students will strictly prefer to enroll in it, regardless of exam schools’
true value added. This prediction is consistent with recent results in Abdulkadiroglu, Angrist, and Pathak
(2011) and Dobbie and Fryer (2011). These papers find that students who just make it into exam schools
such as Boston Latin (Boston) or Bronx Science (New York) do not obtain higher test scores than those who
just miss gaining admission. Thus, the tremendous excess demand for slots at these prestigious institutions
cannot be explained in terms of superior value added, but is consistent with a desire by students to attend
a school with a high reputation.

7. Discussion
When Friedman (1962) argued for the importance of reputation effects in the market for education, his
goal was normative—he believed that competition and schools’ desire for good reputations would result in
34 As Bénabou (1993) shows, travel costs are indeed central to segregation—the benefit of a city is that is allows a large

population to be close to employment opportunities, which in turn allows for segregation.
26

more productive schools. We show that the introduction of reputation effects plays an important positive
role—it can help explain a set of empirical facts that at first seem unrelated to each other.
Our model has two basic ingredients. We begin with Jovanovic’s (1979) insight that individual productivity is known only imperfectly, and hence the market rationally updates its beliefs as new information
emerges. This implies that if schools are selective and can observe information not directly available to the
market, then employers will use school identity in setting wages. This prediction is consistent with the results
of Saavedra (2009) and Arcidiacono, Bayer, and Hizmo (2010). Moreover, this effect should diminish over
time, a prediction that is consistent with the findings of Dale and Krueger (2002). This ingredient explains
why students prefer schools with better peers even when, as recent research suggests, such schools do not
necessarily supply greater value added.
The second ingredient is the effect of reputation upon incentives.

Holmstrom (1999) shows that in a

competitive market a more precise estimate of individual skill may lead to lower investment in skills.35 We
use this idea to define a school’s relative diversity—a measure of ability dispersion relative to the market’s
information. We show that unfettered competition and choice, by reducing relative diversity, can in some
cases lead to lower student effort and skill accumulation. This prediction is consistent with the finding that
as U.S. colleges have become more selective, study time has declined. It is also consistent with the finding
that achievement is lower in disadvantaged neighborhoods in major urban areas (Cutler and Glaeser (1997)).
These two ingredients account for our finding that unfettered competition with reputation effects results in
less than first best skill acquisition. When schools can set admissions policies reputational concerns lead to an
anti-lemons effect: excessive entry by selective schools that cream-skim the best students from non-selective
schools.36 This results in lower effort, and in some cases, even lower average school productivity.
The model obviously has implications for school market design. Among the feasible systems we study, the
most efficient features school choice with randomized admissions, as is currently required for most charter
schools in the U.S. The model also predicts that system performance should increase with the quality of the
graduation test, and with the introduction of national exams in jurisdictions that do not have them. This is
consistent with the recommendations of Bishop (2006) and Woessmann (2007).
We note these policy implications abstract from some potential gains that selective systems may produce.
For example, there may be social value in signals of ability if they allow for better matching of specific
educational inputs to students, or the matching of individuals with particular skills to corresponding jobs.
Teasing out these countervailing effects is a challenging agenda for future research.
35

See Dewatripont, Jewitt, and Tirole (1999) for an extension to more general information structures. Coate and Loury (1993)
use this idea to show that affirmative action may not necessarily enhance outcomes for disadvantaged individuals.
36
Analogous phenomena have been observed in other markets. For example, Dranove et al. (2003) show that health report cards
can result in cream-skimming of patients by physicians, leading to under-provision of services to the most needy individuals.
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In summary, our results show that the introduction of school reputation into an otherwise perfectly
competitive labor market provides a surprisingly rich set of predictions that are consistent with existing
evidence. Much work remains to be done. The evidence on the impact of relative diversity needs to be
explored carefully. We have not addressed the issue of tuition policy, nor the role of for profits and nonprofits in the market for education. Our model assumes perfect competition and does not address issues
such as class and school size. A next step would be to integrate school reputation into a model with tuition
and monopolistic competition along the lines of Epple and Romano (1998).
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Appendix A. Proofs
Proof of Proposition 1:
Proposition 1 follows from: i) our assumptions regarding the distribution of innate ability, and ii) equations
(2.1), (2.2), and (2.3) for non-selective, exam, and elite schools, respectively.
Proof of Proposition 2:
Consider the non-selective schools first. The market estimates skill, θi , using two signals, ti and Rsi . When
schools are non-selective, the expected skill depends only upon the prior and hence E {θi |Rsi } = α̂sN S +ês +vs ,
with precision ρ. The graduation test t is a direct measure of skill, with precision ρt . Hence, Bayesian learning
implies column 2 of Table 2. The remaining cases are similar, and follow from the fact that for exam schools
we have E {θi |Rsi } = α̂sEX + ês +vs with precision ρτ +ρ; for elite schools we have E {θi |Rsi } = α̂sEL + ês +vs
with precision ρb + ρτ + ρ.
Proof of Proposition 3:
We use log linear payoffs repeatedly below. The preferences of individual ψ at school s are given by:
(A.1)

u (ψ, s) = (γ1 eψs − γ0 d (eψs )) + (γ1 vs − γ0 m) + ũ (ψ) ,

where the first term depends only upon effort, the second term only upon the tax rate and allocation to
schools, and the third term is independent of the allocation. Given this it follows immediately that condition
1 is necessary for any efficient allocation.
The second term is independent of student characteristics, hence it is immediate that at any efficient
allocation students should attend only high productivity schools, which implies condition 2. Hence, the only
issue is the level of tax. To maximize net value added we need to solve for s ∈ SH :

maxm −γ0 m + γ1 K̄ mY QH ,
which implies condition 3.
Given that the third term in preferences is independent of the allocation, and that each student is choosing
the same optimal parameters, then these conditions are also sufficient.
Proof of Proposition 4:
The first step is to observe that in equilibrium all schools that are not oversubscribed must give the same
utility to each type, which in turn implies that they must have the same relative diversity—otherwise a large
mass would wish to switch to these schools. Next if they all have the same relative diversity, then students
prefer the school with the highest reputation, and hence they must have the same reputation. But given
that over subscribed schools randomly select students, the distribution of students who are not admitted to
an oversubscribed school is the same as the distribution of those who are. Thus it must be the case that
α̂s = 0 and πs = π N S .
Given that the off-equilibrium beliefs for schools with no students entails no selection, then if a low
productivity school has students it will always be out-competed by a high productivity school. Since high
productivity schools can supply the whole market, then low productivity schools have no students. This
implies that the tax rate is set at mH .
From Proposition 2, the market measures skill via the graduation test and school reputation:
wN S (si , ti )

= π N S ti + (1 − π N S )Rsi
= π N S (ti − ês − vs ) + ês + vs .
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Thus, the payoff of a student with characteristics ψ who enters school s is:
uψs (c0ψs , c1ψs , eψs )

= γ0 {yψ − m − d (eψs )}

+ γ1 E π N S (tψs − ês − vH (m)) + ês + vH (m) |ψ .

From this expression one has that utility is additively separable in effort, and hence the incentive compatibility
constraint implies:

γ1
d0 eP C = π N S ,
γ0
and hence eP C = eN S , as in the benchmark non-selective system (Section 2).
Proof of Proposition 5
For individual i observe that (αi , α̂i , ti ) has a multivariate normal distribution with strictly positive
covariance matrix and zero means. Let f (αi , α̂i , ti ) be the corresponding probability density function, and
f (α̂i , ti ) the density when αi is integrated out. This implies:
´∞
α̂ (ti , s) f (α̂i , ti ) dti
E {E {αi |α̂i ∈ [αs , ᾱs ] , ti } |α̂i } = −∞´ ∞
f (α̂i , ti ) dti
−∞
where:

´ ´

 ᾱs ∞ αf (α, α̂, ti )h (α̂) dαdα̂ 
αs −∞
α̂ (ti , s) =
,


fs (ti )
ˆ ᾱs ˆ ∞
fs (ti ) =
f (α, α̂, ti )h (α̂) dαdα̂.
αs −∞
is the expected ability of an individual who attended school s and has graduation test score ti . When
computing her future wage, the student has to take into account the correlation between α̂i and ti . When
selecting a school the student computes the expected utility given the future expected distribution of graduation test scores ti . If for each realization of ti the effect of increasing selectivity is positive, then so will be
the effect of selectivity upon expected future wages at the time of admission.
Thus we have:
( ´∞
)
αf (α, αs , ti )h (αs ) dα
∂ α̂ (ti , s)
fs (αs , ti )
−∞
=
−
+ α̂ (ti , s)
∂αs
fs (ti )
fs (αs , ti )
fs (αs , ti )
{α̂ (ti , s) − E {αi |ti , α̂i = αs }} > 0.
fs (ti )

=
where

ˆ
fs (αs , ti )

∞

=

f (α, αs , ti )h (αs ) dα.
−∞

is the marginal distribution given (αs , ti ). The final inequality follows from h (αs ) > 0, and from the fact
that α̂i is a good signal for αi in the sense of Milgrom (1981).
Proof of Claims in Section 5.3
By definition we have:
α̂ = E {α|α̂} .
Let G be the σ − algebra generated by the realizations of α̂ and define the σ-algebra G (ᾱ) = {α̂ ≤ ᾱ}. Since
G (ᾱ) ⊂ G we have the following equations from the properties of conditional expectations, the fact that α̂
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has full support, and E {α̂} = 0:
Z (ᾱ) = E {α|α̂ ≤ ᾱ}

= E {α|G (ᾱ)}
= E {E {α|G} |G (ᾱ)}
= E {α̂|G (ᾱ)}
= E {α̂|α̂ ≤ ᾱ}
<

min {ᾱ, 0} .

This implies that Z (ᾱ) is monotonically increasing with ᾱ and
limᾱ→∞ Z (ᾱ) = 0.
This expected ability can be explicitly computed using results on conditional expectations of normal random
variables with truncation. From Birnbaum (1950) we have:
E{X|Q ≥ q} = µR(q),
2
2
where X and Q are standard normal random variables with variances σX
and σQ
, respectively; µ = E{XQ},
f (q)
R(q) = 1−F
(q) is the inverse Mills ratio, and f and F are the p.d.f. and c.d.f. for the standard normal
distribution. If X and Q have normal distributions, then:


E {Q} − q
cov {X, Q}
R
(A.2)
E {X|Q ≤ q} = E {X} −
.
σQ
σQ

Applying this to α and α̂ we get:
Z (ᾱ) = −

(A.3)



2
σα,
ᾱ
α̂
R −
,
σα̂
σα̂

2
where σα̂2 = var (α̂) and σα,
α̂ = cov (α, α̂). Since

α̂ = E {α|α̂} ,
then:
α = α̂ + ,
where  is normally distributed and uncorrelated with α̂; this implies by the Gauss Markov theorem that:
cov (α, α̂)
1=
,
σσ̂2
which implies σα̂2 = cov (α, α̂) , from which we can derive:
(A.4)

Z α

EL



= E{α|α̂ ≤ α

EL

p
αEL
} = − cov (α, α̂)R − p
cov (α, α̂)

!
,

f (z)
where R(z) = 1−F
(z) is the inverse Mills ratio.
From Gordon (1941) , section 3, page 11, we have for x > 0:
1
(A.5)
x + > R (x) > x.
x
This expression and (A.3) together imply for ᾱ < 0 expression 5.3.

Proof of Proposition 7
Let s̄ denote a school in the non-selective sector characterized by having students with ability α̂ ≤ αEL .
Let w(t, αEL ) be the expected wage of an individual from the non-selective sector with equilibrium cutoff
∂tis̄
αEL who enters the labor market with a graduation test score t. For student i at this school ∂e
= 1 and
is̄
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thus the level of effort, es̄ α̂, αEL , in the non-selective sector solves:
(
(
)

 )
∂w t, αEL
∂E α|t, α̂ ≤ αEL
γ1
γ1
0
EL
|α̂ = E
|α̂ .
= −d (es̄ (α̂, α ))− = E
γ0
∂t
γ0
∂t
We assume that in equilibrium value added and study time are known, and hence we can substitute tα =
∂tα
∂tis̄
= is̄ .
t − vs̄ − ês̄ for t, and observe that ∂e
 is̄ α ∂eis̄ EL
We can use (A.2) to compute E α|t , α̂ ≤ α
by letting X (tα ) = E {α|tα , α̂} and taking all expectations conditional upon tα , we have:


E α|tα , α̂ ≤ αEL
= E E {α|tα , α̂} |tα , α̂ ≤ αEL ,

= E X (tα ) |tα , α̂ ≤ αEL .
Using the Bayesian learning rule:
X (tα )

=

ρ+

ρb

ρb + ρτ
ρt
tα +
α̂,
τ
t
+ρ +ρ
ρ + ρb + ρτ + ρt

where α̂ = α+ˆ
, where ˆ is normally distributed with mean zero and precision ρb +ρτ . From these expressions
we compute:
E {X (tα )}

=
=
=

ρt
ρb + ρτ
tα +
E{α̂|tα }
τ
t
ρ+ +ρ +ρ
ρ + ρb + ρτ + ρt
ρb + ρτ
ρt α
ρt
tα +
t
b
τ
t
b
τ
t
ρ+ρ +ρ +ρ
ρ + ρ + ρ + ρ ρ + ρt
ρt α
t .
ρ + ρt
ρb

Let:
E{α̂|tα } =
var{α̂|tα }

=
=
=
≡

ρt α
t ,
ρ + ρt

var (α|tα ) + var (ˆ
) ,
1
1
+ b
,
ρ + ρt
ρ + ρτ
ρ + ρb + ρτ + ρt
ρb + ρτ (ρ + ρt )
σ̂t2

Finally the covariance:
cov (X (tα ) , E {α̂|tα }) =

ρb + ρτ
1
var(α̂|tα ) =
.
b
τ
t
ρ+ρ +ρ +ρ
ρ + ρt

We now use formula (A.2) to obtain:


t


E α|tα , α̂ ≤ αEL =

ρ
1
R
tα −
ρ + ρt
σ̂t (ρ + ρt )

ρt α
ρ+ρt t

− αEL

σ̂t


.

We can now determine the marginal effect of study effort for student i in the non-selective sector upon
future wages:

 t


ρ
α
EL
t
b
τ
t
−
α
∂w ti , αHS
t
ρ
ρ +ρ
ρ+ρ i
1 −
 ,
(A.6)
=
R0 
∂ei
ρ + ρt
(ρ + ρb + ρτ + ρt )
σ̂t
0
where tα
i is student’s i s signal less equilibrium effort and value added. From the inequalities (A.5) on R and
0
the fact that R (x) = R (x) (R (x) − x) one can show that R00 > 0 it follows that 1 > R0 > 0, from which we
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conclude:

and therefore:

∂w
ρt
>
t
ρ+ρ
(
∂w
ρt
>E
ρ + ρt


ti , αEL
ρt
,
>
b
∂ei
ρ + ρ + ρτ + ρt
 )
ti , αEL
ρt
,
|α̂ >
b
∂ei
ρ + ρ + ρτ + ρt

Notice as well from (A.6) that:

∂ 2 w ti , αEL
>0
∂ei ∂αEL
and we get that the marginal return from study time rises with αEL .
Finally, given the properties of the unconditional expectation and (A.5) it also the case that:


ρt
∂w(ti ,αEL )
(A.7)
|α̂ =
.
limᾱ→∞ E
∂ei
ρ + ρt


ρt
∂w(ti ,αEL )
(A.8)
.
limᾱ→−∞ E
|α̂ =
∂ei
ρ + ρb + ρτ + ρt
Proof of Proposition 8
Let αEL denote the equilibrium cutoff satisfying (5.5). From proposition 7 we know that when the
population is restricted to students with α̂ ≥ αEL then schools and students are making optimal choices.
We have two addition conditions to check:
1. Students from the elite sector do not wish to move to the non-selective sector.
2. A high productivity school cannot attract students by choosing to be perfectly selective with α̂s < αEL .
If a student
with ability α̂s > αEL chooses
a non-selective
school her payoff is given by (5.1) with πs =



NS
EL
π
α
and Rs = Z αEL +vH mH +eN S αEL . Notice that it follows that that ∂u/∂ α̂s = γ1 πs < γ1 .
However, the person’s payoff, uEL , when matched to an elite school satisfies ∂uEL /∂ α̂s = γ1 , and hence we
have single crossing in types and all types α̂s > αEL would prefer elite schools.
The same single crossing argument implies that students with αs < αEL would be better off at a nonselective school, and hence they would not choose elite schools if offered the possibility. The fact that only
high productivity schools enter, and the tax rate is set at mH follows from our arguments above. Thus, αEL
defines a hybrid equilibrium.
Conversely, suppose there is a hybrid equilibrium characterized by a cutoff αEL . Note that
 EL


1 − π N S αEL
α − Z αEL − g αEL − tcEL
is a continuous function of αEL . Hence, if
 EL


1 − π N S αEL
α − Z αEL > g αEL + tcEL ,
then a student of type slightly lower than αEL would 
prefer to be in a selective
school,
hence αEL does

 and
EL
EL
NS
EL
EL
EL
<g α
+ tc , then a student
not define an equilibrium. Similarly, if 1 − π
α
α −Z α
with type slightly higher than αEL would prefer to be in the non-selective sector. Thus (5.5) is necessary
for the existence of a hybrid equilibrium.
Proof of Proposition 9
Let m (α) = (α − Z (α))−g (α) . We know that m (α) is continuous, limα→−∞ m (α) = 0 and limα→∞ m (α) =
∞. which implies via the intermediate value theorem the existence of a unique αEL (tc) > −∞ solving:


αEL tcEL = min α|m (α) ≥ tcEL .
The continuity of m (·) ensures that m αEL tcEL



= tc.
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Let tc > tc0 then one has that:
{α|m (α) ≥ tc} ⊂ {α|m (α) ≥ tc0 } ,
which implies:
min {α|m (α) ≥ tc}

≥ min {α|m (α) ≥ tc0 } ,

αEL (tc) ≥ αEL (tc0 )

Hence αEL tcEL is increasing with tcEL .
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