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1. Introduction 

This paper proposes an analytical framework exploring the effects of ideologically motivated 

disrespect: the phenomenon that for ideological reasons, certain individual characteristics are 

less respected by one side of the ideological spectrum than by the other side.  

An extreme example is Adolf Hitler’s Nazi ideology, explicitly regarding those with certain 

characteristics (e.g., being of Jewish descent, disabled, or gay) as less worthy, whereas 

individuals conforming to the Nazi ‘Aryan’ ideal were particularly highly valued. In other 

examples, ideologically motivated disrespect is more indirect. Given an ideological divide 

between pro- and anti-immigration values, immigrants may feel less respected by those with 

strong anti-immigration values, while some non-immigrants – for example those who fear 

losing their jobs to immigrants – may feel more highly respected by anti-immigrants. Or 

consider a divide between Enlightenment values on the one hand, such as critical thinking, 

scientific reasoning, freedom of speech and tolerance, and on the other hand respect for 

tradition, orthodox religion, and/or autocratic leaders; the talents, trained skills, mindsets 

and/or lifestyles of groups such as intellectuals, journalists, and LGBTQ people may then be 

more highly esteemed by those leaning towards Enlightenment values, while for example 

clergy, the police, authoritarian parents, and the uneducated may receive more respect from 

those leaning towards the other side.  

People plausibly seek company with those respecting them – while peers also influence each 

other’s ideological views. Below, we present a formal model exploring how ideologically 

motivated disrespect for certain individual characteristics affects such relationships. We find 

that if strictly positive shares of the population face ideologically motivated disrespect, the 

views of almost everyone – even those equally respected by all, who may well constitute a 

majority – can become highly polarized in the steady state. Those with characteristics more 

respected by one side end up supporting that side; the views of most others become equally 

polarized, but which side they turn to is determined by the composition of their peer group.1  

In our framework, segregation patterns and who leans to what side depend on which 

characteristics are ideologically disrespected by which side. Consider, for example, a case 

 
 

1 As an illustrative example, Muslims are more often viewed unfavorably by US Republicans than by Democrats, 

leaning heavily Democratic (Pew Research 2023); evangelical Christians, who are viewed more unfavorably by 

Democrats, tend to lean Republican (Pew 2023; 2024); Jews, however, who are much more similarly viewed by 

Republicans and Democrats, still lean strongly Democratic (Pew 2023). 
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where being poor is initially less respected by the right, being wealthy is less respected by the 

left, and educational attainment is equally respected by both sides. If an exogenous 

ideological shift occurs whereby income and wealth are no longer subject to ideologically 

motivated disrespect, but instead high education becomes more respected on the left while 

low education becomes more respected on the right, our model predicts that the new 

equilibrium is less divided according to economic status but more divided according to 

education levels. Nevertheless, even the views and social interaction of those not themselves 

directly exposed to ideologically motivated disrespect can change dramatically – via the 

influence from more directly affected peers.   

The degree of equilibrium polarization depends strongly on how often individuals are exposed 

to non-peers’ views: Even a small frequency of such exposure limits polarization 

substantially. If cross-cutting contact is already rare, however, a further reduction can 

drastically increase polarization.  

Our assumptions are fairly general and, we believe, plausible. In the short run, peer groups 

and ideological views are considered fixed: one cannot simply choose an ideological 

conviction that would be pleasant for oneself. We place no restrictions on individuals’ initial 

views or peer group affiliations.  

Short-run utility depends on self-respect and social respect (Crocker and Wolfe 2001; 

Pyszczynski et al. 2004; Lieberman 2013).2 Here, we assume that the respect given to a 

person is assumed to depend on that person’s vector of exogenous characteristics such as 

ethnicity, religion, rural/urban background, social class, talents, health, sexual orientation, 

education and other human capital, financial wealth, or personality traits. While we do not 

include the person’s ideological position among the characteristics inviting respect or 

disrespect, the ideological position of the person providing respect will matter. That is, 𝑗’s 

respect for 𝑖 depends on 𝑖’s characteristics and 𝑗’s ideological view (where we allow 𝑖 = 𝑗); 

not, for example, the difference between 𝑖’s and 𝑗’s views. 3  

 
 

2 Similar ideas has by now been widely explored in the economics literature; e.g., Akerlof and Kranton 2000; 

Brekke et al. 2003; Santos-Pinto and Sobel 2005; Benabou and Tirole 2006, 2016; Nyborg et al. 2006; Brekke 

and Nyborg 2008, 2010; Corneo and Jeanne 2009; Shayo 2009; Ellingsen and Johannesson 2011; Nyborg 2011; 

Bursztyn and Jensen 2017; Benabou et al. 2018; Bonomi et al. 2021; Falk 2021. 
3 For example, a disabled person during WWII would likely be disrespected by Nazi irrespectively of whether 

the disabled person himself had Nazi sympathies or not. 
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In our model, two dynamic social mechanisms interact in the long run: migration between 

peer groups and social learning of ideological views. Every now and then, people reconsider 

their peer group affiliation, preferring peers respecting them more. Furthermore, ideological 

views are fixed in the short run but gradually influenced by others, predominantly one’s peers 

(Algan et al., 2026). In line with the literature on biased learning, motivated beliefs, and 

psychological reactance (Brehm 1966; Babcock and Loewenstein 1997; Hart et al. 2009; 

Deffains et al. 2016; Eil and Rao 2011; Rosenberg and Siegel 2018), such learning is taken to 

be reluctant (Brekke et al. 2010): one is less likely to be persuaded by views that would, if 

adopted, reduce one’s utility. When judging others’ positions, individuals make judgement 

errors; reluctance implicitly gives less weight to errors threatening one’s self-respect, 

allowing ideological views to move potentially far beyond their initial range.4 

Unlike Desmet and Wacziarg (2021), Bonomi et al. (2021), and Desmet et al. (2025), we 

assume that ideological views can be sorted along a one-dimensional, continuous scale 

ranging from 0 (left) to 1 (right), which could, for example, represent the traditional left – 

right axis, support for democracy versus support for totalitarianism, or equal rights versus 

oppression of some group. 5 This assumption is relaxed in Appendix 4, demonstrating that our 

main results still hold with disagreement along several dimensions.  

All our main results, however, are based on the presence of ideologically motivated 

disrespect. Individuals with certain sets of exogenous characteristics, henceforth called the L 

type, are more respected by observers to the left; individuals with certain other sets of 

characteristics, called the R type, are more respected by observers to the right; the remaining 

individuals, the O type, are equally respected by observers on both sides. Over time, L and R 

types gradually self-select into different peer groups, while O types, who may well constitute 

a majority, have no reason for social migration. For O types, social learning of ideological 

views is unbiased; for L types, learning is biased towards the left, for R types towards the 

right.  

 
 

4 The related mechanisms in Rabin and Schrag (1999) and Fryer et al. (2019) involve biased perception of 

signals about binary states but unbiased Bayesian updating of factual beliefs. Ours assumes unbiased perception 

of signals about continuously distributed opinions but biased updating of one’s own normative beliefs. 
5 In a companion paper (Nyborg and Brekke 2026), we explore the case of different fairness views in an unequal 

economy relying on private provision of public goods, where, for a given contribution, the rich are less respected 

by egalitarians than by libertarians, while the reverse hold for the poor. 
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Ideological polarization occurs when ideological views cluster around the extremes rather 

than the middle ground (see Brady and Han 2006; Lee 2015).6 In our steady state, only peer 

groups happening to consist exclusively of O types, if such groups exist at all, may hold 

intermediate views; everyone else is ideologically polarized, including the initially unaffected 

O’s as well as the L and R types. This ideological polarization is more extreme if meetings 

across peer groups are rare and if reluctance is stronger. A larger share of O’s slows down the 

process but does not affect equilibrium polarization. Since most individuals could be O types, 

this prediction is consistent with empirical findings that characteristics such as race and 

gender account for only a small share of heterogeneity in individual values (Desmet et al. 

2017, Desmet and Wacziarg 2021, Desmet et al. 2025).  

Our steady state is also characterized by affective polarization, i.e., proponents of each side 

having low esteem for their opponents and avoiding social contact with them (see Iyengar et 

al. 2019, Brown and Enos 2021). No peer group includes both left-leaning and right-leaning 

individuals, and there is mutual disrespect: all left-leaning individuals, including the O’s, have 

low respect for their R opponents, whereas all right-leaning individuals have low respect for 

their L opponents. Nevertheless, the presence of the O’s limits affective polarization: While 

O’s in mixed peer groups are just as disrespectful towards opponents as their peers, no-one is 

particularly disrespectful towards O’s.  

The main novelty of our approach is to demonstrate how ideologically motivated disrespect 

triggers social dynamics that help people protect their self-image and social image, causing 

segregation and polarization as by-effects. In contrast to most related approaches, homophily 

is not assumed but emerges endogenously. Desmet and Wacziarg (2021), Axelrod et al. 

(2023), and Desmet et al. (2025) assume that individuals are drawn towards those with similar 

views; in Törnberg et al. (2021), individuals are draws towards those with a similar social 

identification; different but relatedly, Törnberg (2022) assumes that individuals are more 

influenced by socially similar others, while Bonomi et al. (2021) assume that voters, after 

choosing their social identity, slant their beliefs towards the group they identify with. Below, 

people are assumed to seek self-respect and social respect rather than similarity, and respect is 

 
 

6 Examples include the current divide between US Republicans and Democrats (Lee, 2015; Alesina et al. 2020); 

the debate on slavery in the 19th century (Brady and Han 2006; Hetherington 2009); the political situation in 

Germany between the first and second World Wars (Caprettini et al., 2024); Brexit (Hobolt et al. 2021); 

Norway’s 1972 referendum on whether to join the EU predecessor EEC (Holst 1975); and conflicts on LGBTQ 

rights (Hadler and Symons 2018; Castle 2019). 
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not assumed to depend on similarity. Furthermore, our reluctant social learning mechanism 

allows ideological views to move potentially far beyond their initial range.  

While the framework of Corneo and Jeanne (2009) does not deal with segregation and 

polarization, it assumes, like ours, that individuals care about social esteem as well as self-

esteem, and that esteem depends on endogenous values; peer groups play no role in their 

model, however, and values are instilled by parents, not learnt from peers. Shayo (2009) and 

Sambanis and Shayo (2013) discuss endogenous group choice based on social identity but do 

not explore endogenous ideological views. Similarly, Schelling’s (1978) segregation model 

does not involve changing attitudes, predicting segregation but not polarization. Brown et al. 

(2022) show that polarization and segregation may result when individuals compromise 

between their own and peers’ attitudes; their analysis, however, is based on the idea that 

attitudes are represented by statistical distributions rather than single ideal points. Bonomi et 

al. (2021) suggest that social identification increases political disagreement by distorting 

individuals’ factual beliefs. Although this bears resemblance to our reluctance mechanism, it 

involves an element of limited rationality not required here, since we assume that social 

learning concerns normative opinions rather than facts.7  

We abstract from possible macro level effects of increased polarization such as political 

unrest and instability, less general trust, less efficient intergroup collaboration and cooperation 

on public goods, more bullying and violence, and so on. Keeping that in mind, polarization 

enhances welfare in our framework by limiting L’s and R’s exposure to disrespectful views. A 

normative case for curbing polarization must therefore rest on effects outside our model rather 

than within it. 

Nevertheless, turning to policy implications, the first thing to note is of course that in the 

absence of ideologically motivated disrespect there would be no polarizing force at all in our 

model. The deep social divide characterizing our equilibrium is triggered by people’s wish to 

protect their self-respect and social respect, not by normative disagreement as such. 

In the presence of ideologically motivated disrespect, however, any policies increasing 

exposure to non-peers’ views may reduce polarization. Examples of such policies could 

include organizing social encounters or local public debates involving diverse groups 

 
 

7 Still, note that if ideological positions are based on factual beliefs (e.g., views on climate policies being based 

on climate change denial), our model could explain the observation that people’s factual beliefs are correlated 

with their political views (Alesina et al., 2020) if we replaced reluctant social learning of ideological beliefs by 

reluctant learning of facts. 
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(Braghieri et al., 2026; Fang et al. 2025; Benabou et al. 2018); subsidizing non-partisan 

activities such as sports; labor market regulations prohibiting hiring/firing of employees based 

on their opinions or job irrelevant personal characteristics; education policies influencing 

which groups attend the same schools and colleges; media policies such as subsidizing 

bipartisan mass media, regulating social media algorithms and personalized ideological 

advertising, or incentivizing people to familiarize themselves with opponent media (Levy 

2021; Akbiyik et al., 2024); and cultural policies encouraging cross-cutting exposure to 

narrative arts like literature and screenplay. Indeed, the introduction of national radio and TV 

appear to have made people’s news consumption broader and less locally fragmented, thus 

reducing polarization (Campante and Hojman 2013; Angelucci et al., 2024); conversely, 

although evidence is mixed (Zhuravskaya et al., 2020; Boxell et al. 2024), the introduction of 

the internet may have increased polarization through less consumption of cross-cutting media 

like local newspapers and national TV programmes, higher consumption of more fragmented 

media (Mutz 2024), and/or fewer offline encounters (Enikolopov et al. 2024).  

Our model also predicts that in the presence of ideologically motivated disrespect, equilibrium 

polarization is increasing in the degree of reluctance. While this may be less straightforward 

to influence through policy, schools may train students’ curiosity and tolerance; academic 

training may help students judge others’ views less self-defensively; conversely, politicians 

acting aggressively towards their opponents may possibly raise reluctance by reducing 

supporters’ openness to opponents’ views.  

Below, we present our formal model, starting with the short run. We then turn to the dynamic 

mechanisms of social learning and migration, respectively, before merging all parts into an 

integrated dynamic model. For simplicity, we initially assume that all social learning occurs 

within peer groups, yielding a prediction of extreme ideological polarization, subsequently 

modifying this to allow encounters across peer groups. Finally, we extend the model to allow 

the option of exerting costly effort to gain respect, before concluding. 

2. Preferences for respect 

We begin with the static part of our model. Let each individual 𝑖’s ideological view be 

indexed by 𝑞𝑖 ∈ [0,1]. Views are fixed convictions in the short run but evolve endogenously 

over time through social learning. While normative disagreement is one-dimensional, we 

extend the analysis to two dimensions in Appendix 4. 
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Each individual belongs to one of a set of non-overlapping social peer groups, where 𝑖 ∈ 𝐺 

denotes that individual 𝑖 belongs to peer group 𝐺. Peer groups are considered fixed in the 

short run but may change endogenously over time due to social migration. Let 𝑞𝐺 denote the 

average ideological view 𝑞𝑖 for members of peer group 𝐺.  

Each individual 𝑖 has an exogenously fixed vector of characteristics 𝜃𝑖, such as social class, 

wealth, and cultural background. 8 Each individual’s specific combination of characteristics 

will not matter below; the crucial assumption is that every feasible set of characteristics 𝜃𝑖 can 

be classified as belonging to one (and only one) of three sets or types, 𝐿 (respected by the 

left), 𝑅 (respected by the right), and O (equally respected by all).  

Individuals care about their self-respect (or self-image), 𝐼𝑖, as well as their social respect from 

peers (social image), 𝑆𝑖. Both 𝑖’s self-respect and social respect depend on 𝑖’s vector of 

exogenous characteristics 𝜃𝑖 (where for every 𝑖, either 𝜃𝑖 ∈ 𝐿,  𝜃𝑖 ∈ 𝑅, or 𝜃𝑖 ∈ 𝑂). Self-respect 

also depends on 𝑖’s own ideological view 𝑞𝑖, while social respect depends on 𝑖’s peers’ 

average ideological view 𝑞𝐺 (where 𝐺 is 𝑖’s peer group). Individual utility 𝑈𝑖 is assumed to be 

linearly separable for simplicity:  

(1) 𝑈𝑖 = 𝐼𝑖(𝜃𝑖 , 𝑞𝑖) + 𝑆𝑖(𝜃𝑖, 𝑞𝐺). 

In Section 7, we add the option to exert costly effort to increase one’s respect, but since this 

does not affect the dynamics, we start with the simplest specification here. Thus, individuals 

have no choices to make in the short run; they must simply take their own and others’ 

judgements as given. If, for example, a person is gay but holds a very conservative ideological 

view, he may regard himself less favorably than he would had his views been liberal; in the 

short run, however, there is nothing he can do about this.  

The following formalizes our main assumption concerning types and ideologically motivated 

disrespect. 

Assumption 1:  

(i) 𝐼𝑖 is decreasing in 𝑞𝑖 for 𝜃𝑖 ∈ 𝐿, increasing in 𝑞𝑖 for 𝜃𝑖 ∈ 𝑅, and is independent of 

𝑞𝑖 for 𝜃𝑖 ∈ 𝑂. 

 
 

8 In practice, the boundary between views and characteristics may be blurred; for example, evangelical 

Christianity can be a deeply rooted identity for some but a chosen attitude for others. Below, we disregard this 

and use 𝜃𝑖 for i’s characteristics that are fixed throughout and 𝑞𝑖 for views that are fixed only in the short run but 

influenced by others through social learning in the long run.     
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(ii) 𝑆𝑖 is decreasing in 𝑞𝐺 for 𝜃𝑖 ∈ 𝐿, increasing in 𝑞𝐺 for 𝜃𝑖 ∈ 𝑅, and is independent of 

𝑞𝐺 for 𝜃𝑖 ∈ 𝑂, where 𝐺 is 𝑖’s peer group. 

It follows that utility 𝑈𝑖 is decreasing in 𝑞𝑖 and 𝑞𝐺 for 𝜃𝑖 ∈ 𝐿, increasing in 𝑞𝑖 and 𝑞𝐺 for 𝜃𝑖 ∈

𝑅, and is independent of 𝑞𝑖 and 𝑞𝐺  for 𝜃𝑖 ∈ 𝑂.  

Note that since an individual’s type – L, R, or O – is determined by a whole vector of 

characteristics 𝜃𝑖, a type need not necessarily correspond to a readily observable set of 

characteristics. If, for example, being gay is more highly respected by the left while being 

wealthy is more highly respected by the right, then the type of a wealthy, gay person is 

determined by which of these opposing effects matters most for his self- and social respect. 

The assumption that both social respect and self-respect vary in the same direction with the 

observer’s view corresponds to the consistency criterion of Corneo and Jeanne (2009); we 

disregard individuals whose received respect is non-monotonic in the observer’s ideological 

view. 

Survey data confirms that the respect toward a person can vary systematically with the 

respondent’s own ideology (see Iyengar et al. 2019). Assumption 1 also implies that some 

individuals may hold self-devaluing views. Internalized devaluation of one's own group is 

well documented, most robustly at the implicit level (Jost and Banaji 1994).  

3. Social learning of ideological views 

Let us now turn to the long-run dynamics. We first consider how ideological views are learnt 

from others over time, keeping peer groups fixed for the moment. Social migration is added to 

the picture in the next section.  

Ideological views represented by 𝑞𝑖 are convictions that cannot simply be chosen. However, 

since value judgements are inherently subjective and cannot be deduced from facts and logic 

alone, it seems plausible that they are at least to some extent instilled by others such as 

parents, school, friends and role models – for example through observation of others’ 

behaviors and statements, shared deliberation and reflection, or explicit ethical debate.  

Let us begin with discrete time, using a superscript 𝑡 to denote the time period; when moving 

to continuous time below, we omit this. For simplicity, we also assume for the moment that 

all social learning takes place within peer groups; this assumption will be relaxed later. 

Consider first the case of unbiased social learning. Assume that each period, 𝑖 meets with a 

random individual 𝑗 in her social group (a new random draw for each period) and adjusts her 
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ideological view 𝑞𝑖
𝑡 a fraction 𝛿 > 0 in the direction of what 𝑖 perceives to be 𝑗’s view, 𝑞̃𝑗𝑖

𝑡 . 

Since i can hardly observe j’s ideological position 𝑞𝑗
𝑡 perfectly, let this perception be 

established with some noise, although unbiased: 𝐸𝑞̃𝑗𝑖
𝑡 = 𝑞𝑗

𝑡. To avoid truncating the 

distribution of 𝑞̃𝑗𝑖
𝑡 , we assume that the distribution is symmetric and has support in [0,1].9 

With unbiased learning, the change in 𝑖´s view would thus be  

(2) 𝛥𝑞𝑖
𝑡 = 𝑞𝑖

𝑡+𝛥𝑡 − 𝑞𝑖
𝑡 = 𝛿(𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)Δ𝑡 

where 𝑖, 𝑗 ∈ 𝐺𝑖
𝑡 (where 𝐺𝑖

𝑡 is 𝑖’s peer group in period 𝑡). If we now move to continuous time 

by letting the time step approach zero, 𝑖´s view is pulled towards an average of all 𝑞̃𝑗𝑖
𝑡  

observed during any fixed time interval, converging to the group average 𝑞𝐺
𝑡 . 10 Thus, we get 

the continuous process 

(3) 𝑞̇𝑖
𝑡 = 𝛿(𝑞𝐺

𝑡 − 𝑞𝑖
𝑡). 

That is, each member of the group gradually adjusts their view toward the group average, 

eventually leading to 𝑞𝑖
𝑡 ≈ 𝑞𝐺

𝑡  for all group members. Averaging over all 𝑖, this means that 

with unbiased social learning within a fixed group, the average ideological view of the group 

stays unchanged: 

(4) 𝑞̇𝐺
𝑡 = 𝛿(𝑞𝐺

𝑡 − 𝑞𝐺
𝑡 ) = 0. 

Note that since all group members’ views converge towards the initial group average 𝑞𝐺
0, in-

group variation is gradually reduced. Hence, if the initial average view in group 𝐺, 𝑞𝐺
0, is 

different for two peer groups, ideological disagreement is gradually reduced within each 

group but not between groups (given unbiased social learning and no migration).  

However, when uncertain observation of others’ views is combined with reluctant social 

learning, groups’ average ideological view can change beyond their initial values over time, 

moving potentially all the way to the extremes. The idea here is that although individuals 

gradually learn their ideological view from others, they have a slight reluctance to pay 

attention to views that would be to their disadvantage; and due to this, errors in the perception 

of others’ ideological views do not cancel out over time. Let us again begin with discrete 

time. 

 
 

9 This implies that the distribution’s variance must depend on 𝑞̃𝑗𝑖
𝑡 , approaching 0 as 𝑞̃𝑗𝑖

𝑡  approaches 0 or 1. We 

return to this in the discussion of migration below. 
10 Convergence is uniform on compact time intervals, in mean square and hence in probability. Further details 

are given in our Online Appendix. 

https://folk.universitetetioslo.no/karineny/workinprogress_files/OnlineAppendix_PolarizationPaper1.pdf
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Definition (unbiased and reluctant social learners): Let 1 > 𝛿 > 0 and 1 > 𝑟 > 0. Assume 

that in each period 𝑡, 𝑖 meets with a random individual 𝑗 in her social group (a new random 

draw for each period). An unbiased social learner 𝑖 then adjusts her ideological view 𝑞𝑖
𝑡 a 

fraction 𝛿 in the direction of what 𝑖 perceives to be 𝑗’s view, 𝑞̃𝑗𝑖
𝑡 . A reluctant social learner 𝑖 

adjusts her ideological view 𝑞𝑖
𝑡 a fraction 𝛿 in the direction of 𝑞̃𝑗𝑖

𝑡  when doing so weakly 

increases 𝑈𝑖
𝑡, but adjusts her ideological view 𝑞𝑖

𝑡 only a fraction 𝛿(1 − 𝑟) in the direction of 

𝑞̃𝑗𝑖
𝑡  otherwise. 

Below, we assume that social learning is reluctant.  

Consider, now, the situation where individual 𝑖 meets 𝑗. If 𝜃𝑖 ∈ 𝐿, 𝑖 is reluctant to adopt an 

increase in 𝑞𝑖
𝑡, but if instead 𝜃𝑖 ∈ 𝑅, she is reluctant to adopt a decrease in 𝑞𝑖

𝑡. Hence, if 𝜃𝑖 ∈

𝑅, we have  

𝛥𝑞𝑖
𝑡 = {

𝛿(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)Δ𝑡 𝑖𝑓 𝑞̃𝑗𝑖
𝑡 ≥ 𝑞𝑖

𝑡

𝛿(1 − 𝑟)(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)Δ𝑡 𝑖𝑓 𝑞̃𝑗𝑖
𝑡 < 𝑞𝑖

𝑡 

= 𝛿(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)Δ𝑡 + {
0 𝑖𝑓 𝑞̃𝑗𝑖

𝑡 ≥ 𝑞𝑖
𝑡

−𝛿𝑟(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)Δ𝑡 𝑖𝑓 𝑞̃𝑗𝑖
𝑡 < 𝑞𝑖

𝑡.
 

Similarly, for 𝜃𝑖 ∈ 𝐿:  

𝛥𝑞𝑖
𝑡 = 𝛿(𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)Δ𝑡 + {

0 𝑖𝑓 𝑞̃𝑗𝑖
𝑡 < 𝑞𝑖

𝑡

−𝛿𝑟(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)Δ𝑡 𝑖𝑓 𝑞̃𝑗𝑖
𝑡 ≥ 𝑞𝑖

𝑡.
 

To simplify notation, let (𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
−

 denote the negative part of (𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡), and let 

(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
+

denote the positive part. 11 A more concise way to write the change over time in 

𝑞𝑖
𝑡, for either type is then  

(5) 𝛥𝑞𝑖
𝑡 = 𝛿(𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)Δ𝑡  {

  + 𝑟𝛿(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
−

Δ𝑡 𝑖𝑓 𝑖 ∈ 𝑅

  − 𝑟𝛿(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
+

Δ𝑡 𝑖𝑓 𝑖 ∈ 𝐿.
 

We can now introduce a measure of expected learning biases. Let 𝐵𝑖𝑗
+𝑡 = 𝐸(𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)

+
> 0 

be the expected positive part. Similarly, let 𝐵𝑖𝑗
−𝑡 > 0 be the expected negative part. 

Furthermore, to indicate that, for example, 𝜃𝑖 ∈ 𝑅 and 𝜃𝑗 ∈ 𝐿 and hence the expectation must 

 
 

11 That is, (𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
−

= 0 if 𝑞̃𝑗𝑖
𝑡 > 𝑞𝑖

𝑡 and −(𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡) if 𝑞̃𝑗𝑖
𝑡 < 𝑞𝑖

𝑡. Similarly, (𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
+

= (𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡) if 𝑞̃𝑗𝑖
𝑡 >

𝑞𝑖
𝑡 and 0 if 𝑞̃𝑗𝑖

𝑡 < 𝑞𝑖
𝑡. Note that both the negative and the positive parts are positively signed. 
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be taken over 𝜃𝑖 ∈ 𝑅 and 𝜃𝑗 ∈ 𝐿, let us write 𝐵𝑅𝐿
+𝑡 = 𝐸[(𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)

+
|𝜃𝑖 ∈ 𝑅 and 𝜃𝑗 ∈ 𝐿]. These 

variables are proportional to the expected size of the learning biases in the various cases. 

Since an individual 𝜃𝑖 ∈ 𝑅 is only reluctant to adopt the perceived view of 𝑗 if 𝑞̃𝑗𝑖
𝑡 < 𝑞𝑖

𝑡, only 

𝐵𝑅𝑅
−𝑡  and 𝐵𝑅𝐿

−𝑡 matter for 𝜃𝑖 ∈ 𝑅; similarly, only 𝐵𝐿𝐿
+𝑡 and 𝐵𝐿𝑅

+𝑡 matter for 𝑖 ∈ 𝐿.  

For simplicity, we first consider the case where the set of type O is empty. Now, let us again 

move to continuous time and drop the superscript 𝑡. Let 𝑠𝐺 be the share of 𝑅 types in group 𝐺. 

The probability that an 𝑅 type meets another 𝑅 type is then 𝑠𝐺. We noted above that without 

reluctance 𝑞̇𝐺 = 0; hence we can now restrict ourselves to consider the effects of reluctance, 

which is different for L and R types. The dynamic effect of reluctance on 𝑅 types’ views is 

then 

(6) 𝑞̇𝑅
𝑟 = 𝑠𝐺𝑟𝛿𝐵𝑅𝑅

− + (1 − 𝑠𝐺)𝑟𝛿𝐵𝑅𝐿
− , 

where 𝑞̇𝑅
𝑟  is the change in the average ideological view due to reluctance for 𝜃𝑖 ∈ 𝑅. 

Similarly, for 𝜃𝑖 ∈ 𝐿 we have 

(7) 𝑞̇𝐿
𝑟 = −𝑠𝐺𝑟𝛿𝐵𝐿𝑅

+ − (1 − 𝑠𝐺)𝑟𝛿𝐵𝐿𝐿
+ . 

The dynamic for the group’s average view 𝑞̇𝐺 is only due to reluctance and can thus be 

written as the weighted average of the two, which gives 

(8) 𝑞̇𝐺 = 𝑟𝛿[𝑠𝐺
2𝐵𝑅𝑅

− + (1 − 𝑠𝐺)𝑠𝐺(𝐵𝑅𝐿
− − 𝐵𝐿𝑅

+ ) − (1 − 𝑠𝐺)2𝐵𝐿𝐿
+ ] ≡ 𝑟𝛿Π𝐺 . 

Hence, 𝑟𝛿Π𝐺, as defined by eq. (8), is a measure of the total effect of reluctance in social 

group 𝐺. 

Assumption 2 below specifies our assumptions concerning the probability distribution of 𝑞̃𝑗𝑖.   

Assumption 2. Let the probability distribution for 𝑞̃𝑗𝑖 be binary, symmetric, and unbiased 

with 𝐸(𝑞̃𝑗𝑖) = 𝑞𝑗, and with support on [0,1]. Specifically, let 𝑞̃𝑗𝑖 = 𝑞𝑗 ± 𝜙𝑑𝑗  with equal 

probability, where 𝑑𝑗 = 𝑚𝑖𝑛(𝑞𝑗, 1 − 𝑞𝑗) is the distance between 𝑞𝑗 and the border of [0,1], 

and 0 < 𝜙 ≤ 1. 

While a binary distribution simplifies the problem, we also discuss the case of a uniform 

distribution in Appendix 1.12  

 
 

12 Note that the distribution has narrower support near the border, to avoid 𝑞̃𝑗𝑖  outside [0,1]. If we assumed the 

same noise at all levels of 𝑞𝑗 and potentially 𝑞̃𝑗𝑖  outside [0,1], Proposition 1 below would be much easier to 

prove. 



 

 

13 
 

We now allow the set of O types to be non-empty. Note that while O players are themselves 

effectively unbiased in their learning (since their self-respect is unaffected by their own 

ideological position), types L and R behave reluctantly when meeting an O player whenever 

they perceive the O player’s view to be pulling in the “wrong” direction. The resulting bias 

measure will be denoted 𝐵𝑅𝑂
−  and 𝐵𝐿𝑂

+ , defined in a similar fashion as above.  

Let (1 − 𝛼𝐺) denote the share of O’s in group G, and let us now interpret 𝑠𝐺 as the share of 

R’s among the non-O’s in the group (i.e., among the remaining share 𝛼𝐺; for example, if 𝑠𝐺 =

0.5 there are equally many R’s and L’s in group G). As there is no reluctance among 𝑂’s, the 

dynamic equation becomes  

(8′) 𝑞̇𝐺 = 𝑟𝛿(1 − 𝛼𝐺)[𝑠𝐺
2𝐵𝑅𝑅

− + (1 − 𝑠𝐺)𝑠𝐺(𝐵𝑅𝐿
− − 𝐵𝐿𝑅

+ ) − (1 − 𝑠𝐺)2𝐵𝐿𝐿
+ ] ≡ 𝑟𝛿Π𝐺  

We can now state our Proposition 1, which will be an important building block towards our 

main results: If there is no migration, and the strength of individuals’ learning reluctance is 

limited, then if there are more R’s than L’s in the peer group, everyone in the group holds the 

extreme view 𝑞𝑖 = 1 in the only asymptotically stable steady state. Conversely, if there are 

more L’s than R’s in the peer group, everyone in the group holds the opposite extreme view 

𝑞𝑖 = 0 in the only asymptotically stable steady state.  

Proposition 1. Assume that the composition and size of social groups are fixed, and that 

learning is reluctant. Then for any 𝛼𝐺 ∈ (0,1], in a stable state of eq (8’), all 𝑖 ∈ 𝑅 in a given 

peer group hold the same view 𝑞𝑖 = 𝑞𝑅, all 𝑖 ∈ 𝐿 in the group hold the same view 𝑞𝑖 = 𝑞𝐿, 

and all 𝑖 ∈ 𝑂 in the group hold the same view 𝑞𝑖 = 𝑞𝑂. Moreover, for 𝑟 <
2

5
, and given 

Assumption 1 - 2, 

I. For all values of 𝑠𝐺, state a: 𝑞𝐿 = 𝑞𝑅 = 0 and state b: 𝑞𝐿 = 𝑞𝑅 = 1 are stable states for 

which 𝑞̇𝐿 = 𝑞̇𝑅 = 𝑞̇𝐺 = 0. 

II. If 𝑠𝐺 <
1

2
 , only state a is asymptotically stable, while for 𝑠𝐺 >

1

2
 , only state b is 

asymptotically stable.  

III. For 𝑠𝐺 =
1

2
 , all states with 𝑞𝑅 − 𝑞𝐿 < 𝜙 min(𝑑𝐿 , 𝑑𝑅) are stable states, but none of 

them are asymptotically stable.  

IV. There are no further stable states.  

Proof: See Appendix 1.  

To see the main intuition of the proof (which is itself rather tedious), note that when people 

learn from each other within a fixed group, this reduces the heterogeneity in 𝑞𝑖 within each 
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type, and in the case of limited reluctance also between types. Still, however, reluctance pulls 

𝑅 types towards higher 𝑞𝑖 and 𝐿 types towards lower 𝑞𝑖. The relative strength of these forces 

depends on whether there are more L than R types. This drives the group average 𝑞𝐺 towards 

zero if the majority of non-O’s consists of L types but towards one if the majority of non-O’s 

consists of R types.13  

A striking feature of Proposition 1 is that even R’s would agree to 𝑞𝑖 = 0 in a group where the 

majority is L’s, while even L’s would agree to 𝑞𝑖 = 1 when the majority are R’s. Note that 

Proposition 1 is driven by the assumed presence of ideologically motivated disrespect, more 

precisely the first part of Assumption 1: As people are only reluctant to accept views that 

lower their utility, reluctance plays no role if self-image is independent of 𝑞𝑖, as is the case for 

O’s. If everyone were O’s (i.e., no ideologically motivated disrespect), their views would still 

converge to the group average 𝑞𝐺, but this average would stay constant at its initial level. 

Thus, the result that the average view gradually becomes more extreme would not hold in the 

absence of ideologically motivated disrespect.  

4. Choosing one’s peers  

Let us now allow migration between peer groups. In contrast to ideological view updating, 

which is basically an inference, changing one’s peer group is a choice. Nevertheless, inspired 

by evolutionary game theory (Weibull 1995), we assume that individuals revise their peer 

group affiliation only every now and then, and that they do so myopically, not taking into 

account that migration might affect their own future ideological view. 14 

Assumption 3: When reconsidering at time t which peer group 𝐺 to be part of, 𝑖 prefers the 

group that would give the highest utility 𝑈𝑖
𝑡. 

 
 

13 Appendix 1 also analyzes the case with a uniform distribution (with the same support) but with no O-types. 

The main difference is that in this case, there is an asymptotically stable state with an average view 𝑞 ≈
1

2
 in an 

interval around 𝑠𝐺 =
1

2
  (Theorem A1-2.) When such a stable state exists, we can provide numerical bounds for 

the width of this interval around 𝑠𝐺 =
1

2
, demonstrating that the interval is small: for example, if 𝑟 < 0.1, the 

relevant interval is contained in 𝑠𝐺 ∈ (
1

2
− 10−5,

1

2
+ 10−5). Outside of this interval, result II in Proposition 1 

holds.   
 
14 We do not believe that rational foresight would change our main results, except that a coordination problem 

may arise since individuals would not know in advance which groups would end up having high and low 𝑞𝐺. 

When social group membership is revised myopically and only occasionally, group composition and thus 𝑞𝐺  are 

stable in the short run.   
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O types have no incentives to migrate, as their utility is independent of 𝑞𝐺. As migration thus 

only involves L and R types, we first consider the case with only L and R types, then 

demonstrating that the main results are still valid when O types are present.  

Assume now that there are only two equally large peer groups, 𝐴 and 𝐵, and that the 

population consists of equally many 𝐿 and 𝑅 types. We will relax these assumptions later, but 

for now they simplify the calculations below considerably, as we will only need one state 

variable: knowing the number of 𝐿 types in social group A, the number of 𝑅 and 𝐿 in each 

peer group follows. Also, let individuals disregard the potential effect of their own migration 

on 𝑞𝐺 in either peer group.  

In the current framework, the only reason why individuals care about social group affiliation 

is their preference for social respect from their peers. When revising which peer group they 

want to be part of, 𝐿 types thus prefer the social group with lower 𝑞𝐺, while 𝑅 types prefer the 

group with higher 𝑞𝐺. For example, a single mother may prefer to be surrounded by liberal 

peers, while a wealthy person may prefer conservative peers.  

The share of each type within a peer group can now vary over time. Let us again move to 

continuous time by shortening period length towards zero.15 Let 𝑠𝐺 denote the share of 𝑅 

types in group 𝐺 ∈ {𝐴, 𝐵} at a given moment in time (still assuming no O types). Note that if 

𝑞𝐴 > 𝑞𝐵, 𝑅 types prefer group 𝐴, so only the share of 𝑅 types who are in 𝐵, 1 − 𝑠𝐴, have 

incentives to move. Denoting by 𝜌 > 0 the share of individuals who revise their 

neighborhood affiliation in each period, this can now be expressed as  

(9) 𝑠𝐴̇ = −𝑠𝐵̇ = {
(1 − 𝑠𝐴)𝜌(𝑞𝐴 − 𝑞𝐵) when 𝑞𝐴 ≥ 𝑞𝐵

𝑠𝐴𝜌(𝑞𝐴 − 𝑞𝐵) when 𝑞𝐴 < 𝑞𝐵
 . 

Eq. (9) shows that for migration to come to a rest, i.e., 𝑠̇𝐴 = 0, we must have either 𝑞𝐴 = 𝑞𝐵, 

or complete segregation between Ls and Rs: 𝑠𝐴 = 1 and 𝑞𝐴 ≥ 𝑞𝐵 or 𝑠𝐴 = 0 and 𝑞𝐴 < 𝑞𝐵.  

When looking for possible stable equilibria, we must also take into account the dynamics of 

the ideological view updating, which is what we now turn to.  

5. Total dynamics 

Let us now bring the elements above together in a complete dynamic model. Eq. (9) above 

describes the dynamic development in the share of each exogenous type in each peer group. 

 
 

15 For details, see the Online Appendix.  

https://folk.universitetetioslo.no/karineny/workinprogress_files/OnlineAppendix_PolarizationPaper1.pdf


 

 

16 
 

Eq. (8) describes the dynamics of ideological views caused by reluctant social learning in 

fixed groups, but without taking into account the direct effect of migration on the average 

ideological view in each peer group. 

Writing eq. (8) separately for groups 𝐴 and 𝐵 (still for the moment ignoring the short-run 

changes in 𝑞𝐴 and 𝑞𝐵 as a direct result of migration, as well as the O’s), using the measure 

𝑟𝛿Π𝐺 of the total effect of reluctance in social group 𝐺 defined in that equation, we have:  

(10) 𝑞𝐴̇ = 𝑟δΠ𝐴  

(11) 𝑞𝐵̇ = 𝑟𝛿Π𝐵.  

The set of equations (9) - (11) has one interior solution, 𝑞𝐴 = 𝑞𝐵 and 𝑠𝐺 =
1

2
,  which is 

unstable: a slight deviation causing the ideological views in the two peer groups to differ, say 

𝑞𝐴 > 𝑞𝐵, would attract 𝑅s to 𝐴 and 𝐿s to 𝐵. Thus, if ignoring the direct effects of migration 

on 𝑞𝐺, reluctance would pull views gradually towards a higher 𝑞𝐴 (for example, the wealthy 

attracted to A would be reluctant to adopt more liberal views), while the opposite happens in 

𝐵. This process would only stop at the border where 𝑞𝐴 = 1 and 𝑞𝐵 = 0 and where 𝑠𝐴 = 1: L 

and R types would be in different peer groups; 𝐿 types would hold the view 𝑞𝑖 = 0 (e.g., 

extremely liberal), while 𝑅 types would hold the view 𝑞𝑖 = 1 (e.g., extremely conservative). 

Migration increases 𝑞𝐴 directly to the extent that 𝑅s moving from 𝐵 to 𝐴 hold a higher 𝑞𝑖 than 

the 𝐿s migrating in the other direction. Thus, to consider the full effects of migration, an extra 

term (𝑞𝑅𝐵 − 𝑞𝐿𝐴)𝑠̇𝐴, where 𝑞𝜃𝐺  denotes the average 𝑞𝑖 among type 𝜃 = 𝐿, 𝑅 in peer group 

𝐺 = 𝐴, 𝐵, must be added to expression (10), similarly for eq. (11). 16  

Inserting for 𝑠̇𝐴 from eq. (9) in the case where the 𝑅 dominated group is 𝐴, and hence 𝑞𝐴 ≥

𝑞𝐵, gives 

(12) 𝑞̇𝐴 = 𝑟𝛿Π𝐴 + 𝜌(1 − 𝑠𝐴)(𝑞𝐴 − 𝑞𝐵)(𝑞𝑅𝐵 − 𝑞𝐿𝐴).   

Similarly, for the 𝐿 dominated group, 𝐵,  

(13) 𝑞𝐵̇ = 𝑟𝛿Π𝐵 + 𝜌𝑠𝐵(𝑞𝐴 − 𝑞𝐵)(𝑞𝐿𝐴 − 𝑞𝑅𝐵). 

These additional terms do not affect the equilibrium, however, because 𝑠̇𝐴 = (𝑞𝐿𝐵 − 𝑞𝑅𝐴) = 0 

when the dynamic process has come to a rest (eq. (9)), and similarly for 𝑠̇𝐵.  

 
 

16 To see this, note that during a time interval Δ𝑡, 𝑠̇𝐴Δ𝑡 R-types will move into A, and at the same time equally 

many L-types will move from A to B. The resulting change in 𝑞𝐴 will be Δ𝑞𝐴 = (𝑞𝑅𝐵 − 𝑞𝐿𝐴)𝑠̇𝐴Δ𝑡. Letting Δ𝑡 →
0, we get the given equation.  
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Outside of the steady state, the term (𝑞𝐿𝐴 − 𝑞𝑅𝐵) can in general be either positive or negative, 

depending on whether the 𝐿s in 𝐴 on average hold higher or lower 𝑞𝑖 than the 𝑅s in 𝐵. Since 

we have not imposed any restrictions on the relationship between individuals’ initial 

ideological view 𝑞𝑖 and their exogenous type, it is conceivable that migration temporarily 

contributes to reductions in 𝑞𝐴 and increases in 𝑞𝐵. Nevertheless, over time, reluctance pushes 

𝐿s towards gradually lower 𝑞𝑖 and 𝑅s towards gradually higher 𝑞𝑖 (see Appendix 1), so such 

reverse movements cannot persist over time. 

Intuitively, the average 𝑞𝑖 in a given peer group is influenced by two factors, reluctance and 

migration. In the steady state, migration is by definition zero. Hence, the only possible 

asymptotically steady state is when reluctance has pushed the average 𝑞𝑖 to one of its 

boundaries, 0 or 1, and thus cannot push it any further.  

As mentioned above, O types do not migrate. Nor do they contribute to the direction of the 

movement of 𝑞𝐺 within each group, since their social learning is unbiased (Proposition 1). 

Hence the above discussion is equally valid with O types present, now interpreting 𝑠𝐺 as the 

share of 𝑅 types among the non-O’s in group 𝐺. Thus, one group will have no L types and 

agree on the view 𝑞𝐺 = 1, while the other group will have no R types and agree on the view 

𝑞𝐺 = 0.  

We summarize the above discussion in a Proposition, establishing that there is extreme 

segregation and polarization in the long-run equilibrium: 

Proposition 2. In the only asymptotically steady states, no group has both L and R members. 

Any group with 𝐿 members has 𝑞𝐺 = 0; any group with 𝑅 members has 𝑞𝐺 = 1. If there are 

groups with only O types, these groups can have 0 ≤ 𝑞𝐺 ≤ 1.  

Since a given social group can either be the one with 𝑅 types or the one with 𝐿 types, there are 

two asymptotically stable states. 

Proof: See Appendix 2.  

Just like Proposition 1, Proposition 2 relies on the presence of ideologically motivated 

disrespect: The second part of Assumption 1 implies that if 𝑞𝐺 differs between two groups, L 

and R types migrate in different directions. Once this occurs, then Proposition 1, driven by the 

first part of Assumption 1, implies that views are gradually pushed to opposite extremes. If 

everyone were an O type, corresponding to no ideologically motivated disrespect, social 

image would be independent of 𝑞𝐺 and there would be no incentive to migrate; furthermore, 

self-image would also be independent of 𝑞𝐺 and reluctance would thus play no role.  
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So far in our analysis of migration, we have assumed two equally sized peer groups and equal 

shares of L’s and R’s. In Appendix 3, we show that even with unequal shares of 𝐿 and 𝑅 

types, unequal and possibly endogenous social group sizes, and/or more than two social 

groups, there is no asymptotically stable state without extreme ideological polarization, 

meaning that the first paragraph of Proposition 2 still holds.  

Note that in equilibrium, there is not only ideological but also affective polarization: First, 

people are not interacting socially with their opponents. Moreover, even though ideological 

views are not subject to respectability judgements, opponents have low regard for each other: 

in equilibrium, the view being held by 𝑅 types is maximally disrespectful towards 𝐿 types; 

similarly, the view being held by 𝐿 types is maximally disrespectful towards 𝑅 types.  

The presence of 𝑂 types limits both kinds of polarization somewhat. First, if there exist 

groups with only 𝑂’s, the average view 𝑞𝐺 in such groups stays constant over time, limiting 

ideological polarization. Secondly, 𝑂 types limit affective polarization – not because they 

judge others any differently than their 𝐿 or 𝑅 peers (they do not), but because the O’s 

characteristics are judged less harshly by their opponents.  

The highly polarized and segregated steady states described in Proposition 2 display a striking 

feature: No other combinations of ideological views and sorting into peer groups can improve 

utility 𝑈𝑖 for any individual 𝑖. This can easily be seen by recalling eq. (1): 𝑈𝑖 = 𝐼𝑖(𝜃𝑖, 𝑞𝑖) +

𝑆𝑖(𝜃𝑖 , 𝑞𝐺). Assumption 1 implies that for any 𝜃𝑖 ∈ 𝐿, self-respect 𝐼𝑖 is maximized if 𝑖’s 

ideological conviction corresponds to 𝑞𝑖 = 0, while her social respect 𝑆𝑖 is maximized if her 

peers’ average view corresponds to 𝑞𝐺 = 0, both of which hold in equilibrium. Similarly, for 

𝜃𝑖 ∈ 𝑅, self-respect is maximized if 𝑖’s ideological conviction corresponds to 𝑞𝑖 = 1, while 

his social respect is maximized if his peers’ average view corresponds to 𝑞𝐺 = 1, both of 

which hold in equilibrium. For 𝜃𝑖 ∈ 𝑂, utility depends on neither 𝑞𝑖 nor 𝑞𝐺, so no other 

combination of ideological views and sorting into groups can improve their utility. Hence, the 

polarized steady state is Pareto-optimal within our framework. 

This is not, of course, a claim that extreme polarization and segregation are welfare improving 

in practice. First, we have abstracted from any preferences for respect from non-peers, which 

would work in the opposite direction. More importantly, our model abstracts from macro level 

consequences of polarization such as mistrust, instability, political unrest and so on, which 

can presumably have substantial negative welfare consequences. Nevertheless, it is worth 

noting that, through limiting exposure to views critical to one’s personal characteristics, the 

social processes we describe help people feel self-respect as well as respect from peers. This 
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helps explains why polarization is self-reinforcing: appeals to interact across the divide ask 

individuals to accept disrespect without private compensation, thus tending to fail.  

As observed by, e.g., Desmet and Wacziarg (2021), Bonomi et al. (2021), Desmet et al. 

(2025), and Besley and Persson (2025), allowing for multi-dimensional disagreement can 

sometimes have non-trivial implications. In Appendix 4, we extend our model to introduce 

ideological disagreement and ideologically motivated disrespect along two dimensions. Doing 

so, however, does not fundamentally alter our conclusions: strong ideological and affective 

polarization still prevail. As before, equilibrium views are extreme; as before, no-one is in a 

peer group with opponents, and as before, all non-O’s (along either dimension) are strongly 

disrespected by their opponents. 

6. Exposure to non-peers’ views 

Above, we simplified the analysis by assuming that learning of ideological views occurs only 

within peer groups. However, individuals from different peer groups may attend the same 

schools, colleges and universities; they may meet at work, in sports, and as neighbors; they 

may consume the same news and entertainment media, read the same novels and watch the 

same movies, be influenced by pop stars or successful athletes, and even participate in direct 

ideological debates with their opponents. Thus, it seems implausible that all learning of 

ideological views would occur within peer groups.  

For simplicity, let us go back to the assumption of only two peer groups. Recall that in eq. 

(5), we modelled the change over time in an individual’s ideological view 𝑞𝑖
𝑡 as the sum of 

two parts: the unbiased learning from meeting a random peer group member 𝑗, plus a term 

reflecting reluctance. Now, assume instead that with probability 𝜅, where 0 < 𝜅 <
1

2
, the 

random other person 𝑗 meets is from the other peer group (𝐺𝑖
𝑡 ≠ 𝐺𝑗

𝑡,), while with probability 

(1 − 𝜅) the other is from one’s own peer group (𝐺𝑖
𝑡 = 𝐺𝑗

𝑡).  

This will not affect migration directly, compared to the situation where 𝜅 = 0; however, it 

will change the dynamics of social learning. As established in Proposition 3 below, we find 

that when meetings across peer groups do occur, i.e., 𝜅 > 0, ideological polarization is less 

than extreme in equilibrium but increases in reluctance 𝑟. Moreover, from a starting point 

with moderate to large polarization, polarization is decreasing in 𝜅.  

While we relegate the proof of Proposition 3 to Appendix 5, the intuition can be understood as 

follows. Remember that when 𝑖 meets 𝑗, 𝑖 is reluctant to learn from 𝑗 if adopting 𝑗’s believed 
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view 𝑞̃𝑗𝑖 would reduce 𝑖’s self-respect. But such judgements are uncertain, so 𝑖 will 

sometimes make errors. Reluctance means that over time, implicitly self-serving errors are 

given larger weight in 𝑖’s learning process, pushing polarization towards the extremes.  

The variance of 𝑞̃𝑗𝑖, however, decreases as views move towards the extremes (Assumption 2). 

Judgements then become less erroneous, leaving less room for the polarizing effect described 

above.  

When 𝜅 > 0, there is in addition an anti-polarizing force: ideological views are partly learnt 

from one’s opponents, although reluctantly so. This force becomes stronger towards the 

extremes, since the difference between 𝑞𝐴 and 𝑞𝐵 is then large. Consequently, at some point 

before we get to 𝑞𝐴 = 1 and 𝑞𝐵 = 0, the learning effect of meeting opponents from the other 

group outweighs the polarizing effect of uncertainty combined with reluctance.  

Proposition 3 identifies two equilibria when 𝜅 > 0, and these may in fact exist under the same 

conditions. However, such multiple equilibria exist only within a small range of 𝜅 values; 

they are very similar in terms of ideological views, and both are asymptotically stable.  

Proposition 3. Assume that 𝜅 > 0. Then,  

i) ideological polarization is incomplete in equilibrium.  

ii) Assuming 𝑞𝐵 < 𝑞𝐴, the equilibrium solution is 𝑞𝐴 = 1 − 𝑞𝐵, with: 

• 𝑞𝐵 =
2𝜅(1−𝑟)

𝑟𝜙(1−𝜅)+4𝜅(1−𝑟)
 if 𝜅 <

𝑟

2−𝑟
 , and 

• 𝑞𝐵 =
𝜅(2−𝑟)

𝑟𝜙(1−𝜅)+2𝜅(2−𝑟)
 if 𝜅 >

𝑟

2
. 

If 
𝑟

2
< 𝜅 <

𝑟

2−𝑟
, both equilibria exist. 

iii) Both equilibria are asymptotically stable. 

Proof: See Appendix 5. 

𝑞𝐵 is concave and increasing in 𝜅 for both equilibria. A small increase in 𝜅 can thus have a 

large effect when 𝜅 is small: starting from a situation with low 𝜅 and thus close to full 

polarization, minor increases in contact across peer groups may reduce polarization 

substantially. Figure 1 shows 𝑞𝐵 as a function of 𝜅, assuming 𝑟 = 0.1 and 𝜙 = 0.4. With 

these parameters, 𝑞𝐵 exceeds 0.4 already when 𝜅 =
𝑟

2
= 0.05 (the left dashed threshold line).   
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Figure 1: Equilibrium values of 𝑞𝐵 as functions of 𝜅. 

Policies stimulating meetings across groups would thus help reduce polarization, and so 

would policies reducing reluctance. Note, however, that the latter presupposes that 𝜅 > 0: if 

one never met people from other peer groups, it would not matter for ideological view 

formation whether one would, hypothetically, have listened to them.  

7. Exerting effort to gain respect 

In the framework presented above, individuals are stuck with their image in the short run and 

can do nothing to improve it, which may seem unreasonable. Thus, let us consider what 

would happen if individuals could exert costly effort to improve their self-respect and/or 

social respect.  

Let 𝑒𝑖 = 𝑒𝑖
𝐼 + 𝑒𝑖

𝑆 denote the effort 𝑖 exerts to gain respect, where 𝑒𝑖
𝐼 is effort to improve self-

respect and 𝑒𝑖
𝑆 is effort to improve one’s social respect, and let us rewrite eq. (1) as follows: 

(1′) 𝑈𝑖 = 𝐼𝑖
𝑒(𝑒𝑖

𝐼 , 𝜃𝑖 , 𝑞𝑖) + 𝑆𝑖
𝑒(𝑒𝑖

𝑆, 𝜃𝑖 , 𝑞𝐺) − 𝑐𝑖(𝑒𝑖; 𝜃𝑖), 

where the functions 𝐼𝑖
𝑒 and 𝑆𝑖

𝑒 are concave and strictly increasing in 𝑒𝑖, while 𝑐 is increasing 

and strictly convex in 𝑒𝑖. 
17 

From Assumption 1 we can now establish Corollary 1, which demonstrates that the basic 

foundation for the dynamics above remains the same: 

 
 

17 As demonstrated in Nyborg and Brekke (2026), main conclusions hold even if 𝐼𝑖
𝑒 and 𝑆𝑖

𝑒 are concave but only 

weakly increasing in 𝑒𝑖. Since this would make the proof a bit more cumbersome, however, we keep to the 

simplest approach here.   
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Corollary 1: Utility 𝑈𝑖 is decreasing in 𝑞𝑖  and 𝑞𝐺 for 𝜃𝑖 ∈ 𝐿, increasing in 𝑞𝑖 and 𝑞𝐺 for 𝜃𝑖 ∈

𝑅, and independent of 𝑞𝑖 and 𝑞𝐺 for 𝜃𝑖 ∈ 𝑂. 

Proof: Let  

𝑓𝑖(𝑞𝑖, 𝑞𝐺) = max
𝑒𝑖

[𝐼𝑖
𝑒(𝑒𝑖

𝐼 , 𝜃𝑖 , 𝑞𝑖) + 𝑆𝑖
𝑒(𝑒𝑖

𝑆, 𝜃𝑖 , 𝑞𝐺) − 𝑐𝑖(𝑒𝑖; 𝜃𝑖)], where 𝑒𝑖 = 𝑒𝑖
𝐼 + 𝑒𝑖

𝑆. 

Then by the envelope theorem 
𝜕𝑓𝑖

𝜕𝑞𝑖
=

𝜕𝐼𝑖

𝜕𝑞𝑖
  and  

𝜕𝑓𝑖

𝜕𝑞𝐺
=

𝜕𝑆𝑖

𝜕𝑞𝐺
. By Assumption 1 the Corollary 

follows. ∎ 

Thus, the option to improve image through short-term effort involves no changes to the above 

dynamics, as individual utility varies with ideological views in the same way as before. By 

adding more structure to how effort affects image, however, we can derive further 

conclusions. 

Since 𝑂 types’ image is unaffected by ideological views, it is natural to assume that their 

effort is independent of ideological views too. If so, the sorting of 𝑂 types has no impact on 

effort. For simplicity, and without loss of generality, let us thus assume that there are no 𝑂 

types. Moreover, assume that when a good image becomes harder to get, it is also optimal to 

work harder to get it (see Nyborg and Brekke 2026 for an application where this follows 

endogenously). Formally, let 𝑒𝑖
∗ be the utility-maximizing effort level for person 𝑖, that is, 

𝑒𝑖
∗ = arg max

𝑒𝑖

[𝐼𝑖
𝑒(𝑒𝑖

𝐼 , 𝜃𝑖 , 𝑞𝑖) + 𝑆𝑖
𝑒(𝑒𝑖

𝑆, 𝜃𝑖 , 𝑞𝐺) − 𝑐𝑖(𝑒𝑖; 𝜃𝑖)], where 𝑒𝑖 = 𝑒𝑖
𝐼 + 𝑒𝑖

𝑆, and add 

Assumption 4:  

Assumption 4:  

(i) 𝑒𝑖
∗ is non-decreasing in 𝑞𝑖 for 𝜃𝑖 ∈ 𝐿 but non-increasing in 𝑞𝑖 for 𝜃𝑖 ∈ 𝑅. 

(ii) 𝑒𝑖
∗ is non-decreasing in 𝑞𝐺 for 𝜃𝑖 ∈ 𝐿 but non-increasing in 𝑞𝐺 for 𝜃𝑖 ∈ 𝑅. 

It now follows that the long-run equilibrium of Proposition 2 (that is, the equilibrium arising 

in the extreme case with no learning across peer groups) not only represents the strongest 

possible segregation and ideological polarization – it also represents an absolute effort 

minimum in the sense defined below.  

Definition (absolute effort minimum). A combination of sorting and ethical views is an 

absolute effort minimum if there is no other combination of ethical views and sorting into 

social groups that would yield strictly lower optimal effort 𝑒𝑖
∗ for any individual 𝑖.  

Proposition 4. The long-term equilibrium described in Proposition 2 is an absolute effort 

minimum. 
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Proof: Proposition 2 shows that 𝑞𝑖 = 1 and 𝑞𝐺 = 1 for all 𝑖 ∈ 𝑅 while 𝑞𝑖 = 0 and 𝑞𝐺 = 0 for 

all 𝑖 ∈ 𝐿 in equilibrium. For an 𝑅 type, effort is non-increasing in both 𝑞𝑖 and 𝑞𝐺 by 

Assumption 4, hence effort achieves a minimum when 𝑞𝑖 = 1 and 𝑞𝐺 = 1. Similarly, effort is 

minimal for 𝐿 types, as effort for them is non-decreasing in both 𝑞𝑖 and 𝑞𝐺. ∎   

8. Discussion 

Before turning to the conclusions, let us briefly and informally discuss a few possible 

modifications. First, could benefits of trade between diverse peer groups modify or prevent 

polarization? If there was a profit to be gained by interacting with one’s opponents, some 

people may choose to join or stay in a peer group giving them lower social respect in order to 

seek such profit. Proposition 1, however, establishes that ideological polarization arises even 

in the absence of segregation (assuming 𝑟 <
2

5
). Hence, such individuals would gradually 

adopt the ideological view held by the majority of their group, regardless of their own type; 

segregation of L and R types would be incomplete, but extreme polarization (in the absence of 

meetings across groups) would remain. 

However, if benefits of trade instead cause more meetings between individuals from different 

peer groups, which seems plausible, such benefits would help limit polarization. Moreover, if 

individuals are better positioned to reap such gains when they have a reasonable 

understanding of their opponents’ way of thinking, benefits of trade could conceivably also 

reduce learning reluctance.  

Note that a cost of migration does not necessarily prevent polarization (Nyborg and Brekke 

2026). Clearly, it cannot reverse polarization: In a polarized equilibrium, no-one wants to 

move anyway, so introducing a migration cost at that point would change nothing. What if a 

fixed, strictly positive migration cost is introduced before segregation is complete? So far, we 

have only specified the direction in which 𝑞𝐺 affects utility, depending on the individual’s 

type (𝐿, 𝑅, or 𝑂). Assume now that there is heterogeneity in the size of such utility changes 

within each type, such that individual benefits of moving between groups differ between 

individuals of similar type. A migration cost would then prevent some marginal potential 

movers – those who are close enough to indifference between peer groups – from moving. 

This would not hinder polarization, however, again due to Proposition 1: polarization arises 

even when segregation is limited.  

In our framework, people are assumed to care about social respect from their peers but not 

from non-peers. Simply assuming that respect from non-peers matters as well would not 
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change our main results, as long as peers’ views still count more than those of non-peers. 

Nevertheless, encounters with non-peers would then be associated with disutility for L’s and 

R’s – meaning that policies to increase cross-cutting encounters would be more unpopular the 

more polarized society is. We speculate that by also endogenizing 𝜅 (the probability of 

meeting non-peers) and/or 𝑟 (the degree of reluctance), while allowing for benefits of cross-

cutting meetings as discussed above, the model could display multiple equilibria. 

Nevertheless, we leave such extensions for future work. 

9. Conclusions 

Above, we have demonstrated how ideologically motivated disrespect can push society 

towards ideological and affective polarization. In equilibrium, the views of almost everyone 

are polarized, including those not faced with disrespect, and opponents do not interact. 

However, homophily – the tendency to interact with those similar to oneself – is not assumed 

but emerges endogenously: individuals seek respect, not similarity, and similarity is not 

assumed to matter for respect.  

In our framework, equilibrium patterns of segregation and polarization are determined by 

which individual characteristics – or combinations of characteristics – are ideologically 

disrespected by which side. Those directly affected by ideological disrespect seek peers 

respecting them more; to protect their self-image, they hesitate to adopt views causing self-

devaluation. Those not directly affected, who may well be the majority, are influenced by 

their peers; hence, over time, they too become polarized.  

Given that ideologically motivated disrespect is present, two key parameters determine the 

level of equilibrium polarization in our model: first, the probability that a random meeting is 

with a non-peer; second, the degree of reluctance in social learning. In the complete absence 

of cross-cutting meetings, polarization is extreme; however, even very infrequent cross-

cutting contact can reduce equilibrium polarization substantially.  

The fundamental assumption driving our results is that ideologically motivated disrespect is 

present – that is, certain combinations of exogenous individual characteristics like family 

background, ethnicity, or sexual orientation are less respected by one side of the ideological 

spectrum than the other. If respect for such characteristics did not vary systematically with the 

observer’s ideological position – i.e., in the language of our model, if everyone were an 𝑂 

type – neither homophily, segregation, nor polarization would arise from the social dynamics 

described above.  
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Appendix 1: On asymptotically stable states in the case without 

migration 

In the case without migration, reluctance pulls in the direction of increasing 𝑞𝑖 for 𝑅 types while 

decreasing it for 𝐿 types; this drives the group average 𝑞𝐺
𝑡  towards zero if the majority is in 𝐿 but 

towards 1 if the majority is in 𝑅. However, since all 𝑅 (𝐿) within a given group are subject to the same 

dynamic, they become increasingly homogenous over time. The purpose of the present Appendix is to 

explore whether there may exist steady states in which both types within the same group converge to 

different views (given no migration).  

Let us simplify notation by writing 𝑠𝐺 = 𝑠 for the share of 𝑅 individuals in the group, and suppress the 

explicit notation of time. Without loss of generality, let 𝛿 = 1, which only affects the speed of 

convergence but not the direction or state to which it converges.  

We first establish that in a stable state all 𝑅 will have homogenous views, and so will all 𝐿: 

Lemma A1-1: Ideological views 𝑞𝑖
𝑡 converge to one common view 𝑞𝑅 for all 𝑖 ∈ 𝑅 and one common 

view 𝑞𝐿 for all 𝑖 ∈ 𝐿, finally 𝑞𝑖
𝑡 converge to 𝑞𝑂 = 𝑠𝑅𝑞𝑅 + (1 − 𝑠𝑅)𝑞𝐿 for 𝑖 ∈ 𝑂.   

Proof: We prove this by first considering the effect of two different 𝑅 individuals conditional on 

meeting the same 𝑗 and forming the same belief of 𝑗′𝑠 view. Then we take the unconditional 

expectation.  

From (5), if 𝑖 ∈ 𝑅 meets an individual 𝑗, then  

(𝐴1 − 1) 𝛥𝑞𝑖
𝑡 = (𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)Δ𝑡 + 𝑟(𝑞̃𝑗𝑖

𝑡 − 𝑞𝑖
𝑡)

−
Δ𝑡  

If we consider two different 𝑅 individuals 𝑖, 𝑖′, with 𝑞𝑖
𝑡 > 𝑞

𝑖
′

𝑡 , meeting the same 𝑗, and perceiving 

the same 𝑞̃𝑗𝑖
𝑡  then  

(𝐴1 − 2) 𝛥 (𝑞𝑖
𝑡 − 𝑞

𝑖
′

𝑡 ) = − ((𝑞𝑖
𝑡 − 𝑞

𝑖
′

𝑡 ) + 𝑟 ((𝑞̃𝑗𝑖
𝑡 − 𝑞𝑖

𝑡)
−

− (𝑞̃𝑗𝑖
𝑡 − 𝑞

𝑖
′

𝑡 )
−

)) Δ𝑡 

≤ −(1 − 𝑟) (𝑞𝑖
𝑡 − 𝑞

𝑖
′

𝑡 )  Δ𝑡 < 0 

Thus, contingent on meeting the same 𝑗 and perceiving the same 𝑞̃𝑗𝑖
𝑡 , the views of the two 𝑅 

individuals move closer together. As we move to continuous time and infinite population, the 

randomness concerning which 𝑗 one meets cancels out, and we are left with the unconditional 

expectation 
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(𝐴1 − 3) 
𝑑

𝑑𝑡
|𝑞𝑖

𝑡 − 𝑞𝑖´
𝑡 | < −(1 − 𝑟)|𝑞𝑖

𝑡 − 𝑞𝑖´
𝑡 |. 

The same argument applies to any two 𝐿 individuals. 

A similar argument applies to O-types, but as noted above ideological views tend to the group average 

in the absence of reluctance. Hence with a share (1 − 𝑎) of O-types and 𝑠𝑅 being the share of 𝑅 types 

among the remaining, we get 𝑞𝑂 = (1 − 𝑎)𝑞𝑂 + 𝑎(𝑠𝑅𝑞𝑅 + (1 − 𝑠𝑅)𝑞𝐿), which implies 𝑞𝑂 = 𝑠𝑅𝑞𝑅 +

(1 − 𝑠𝑅)𝑞𝐿. ∎ 

Lemma A1-1 implies that eventually all 𝑅 will hold approximately the same view, and similarly with 

all 𝐿. Hence, to consider asymptotic stability we can limit attention to the case where all 𝐿 within a 

given group hold exactly the same view 𝑞𝐿, while all 𝑅 hold the same view 𝑞𝑅.  

Under this assumption, the dynamic of the view of the two types are (from eqs. (6) and (7) in the 

main text): 

(𝐴1 − 4) 𝑞̇𝑅 = (1 − 𝑠)(𝑞𝐿 − 𝑞𝑅) + 𝑠𝑟𝐵𝑅𝑅
− + (1 − 𝑠)𝑟𝐵𝑅𝐿

−  

and  

(𝐴1 − 5) 𝑞̇𝐿 = 𝑠(𝑞𝑅 − 𝑞𝐿) − 𝑠𝑟𝐵𝐿𝑅
+ − (1 − 𝑠)𝑟𝐵𝐿𝐿

+ . 

We will be particularly interested in the dynamics of how the different groups differ and how the 

average evolves. Note that these can be simplified as  

(𝐴1 − 6)  𝑞̇𝑅−𝑞̇𝐿 = −(𝑞𝑅 − 𝑞𝐿) + 𝑟(𝑠(𝐵𝑅𝑅
− + 𝐵𝐿𝑅

+ ) + (1 − 𝑠)(𝐵𝑅𝐿
− + 𝐵𝐿𝐿

+ )) 

And, if we let 𝑞 denote the average ethical view in the entire group (recall that group composition is 

still assumed to be fixed),    

(𝐴1 − 7) 𝑞̇ = 𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿 = 𝑟((𝑠2𝐵𝑅𝑅
− − (1 − 𝑠)2𝐵𝐿𝐿

+ ) + 𝑠(1 − 𝑠)(𝐵𝑅𝐿
− − 𝐵𝐿𝑅

+ )). 

We note that if (𝑞𝑅 − 𝑞𝐿) is large and 𝑟 is small, the first term in (A1-6) will dominate and 𝑞̇𝑅−𝑞̇𝐿 ≈

−(𝑞𝑅 − 𝑞𝐿). Hence the difference in view between types will decline over time. Eventually they will 

become rather similar, and then 𝐵𝑅𝑅
− ≈ 𝐵𝐿𝐿

+  and 𝐵𝑅𝐿
− ≈ 𝐵𝐿𝑅

+ , and by (𝐴1 − 7) the average 𝑞𝑖 will 

decline with a 𝐿 majority and increase with a 𝑅 majority. The following proof makes this argument 

precise. Note in particular that the biases are only approximately equal, thus there is a possibility that 

reluctance will pull harder on one group than the other. 

Recall that in the main text, we assumed that the distribution of 𝑞̃𝑗𝑖 is symmetrical, unbiased and has 

support in [0,1]. Two alternative distributions that satisfy this are:   

Alternative assumptions on the probability distribution of 𝒒̃𝒋𝒊 



 

 

27 
 

(a) Binary distribution:   𝑞̃𝑗𝑖 = 𝑞𝑗 ± 𝜙𝑑𝑗  with equal probability  

(b) Uniform distribution: 𝑞̃𝑗𝑖 ∼ 𝑈(𝑞𝑗 − 𝜙𝑑𝑗 , 𝑞𝑗 + 𝜙𝑑𝑗) 

where 𝑑𝑗 = 𝑚𝑖𝑛(𝑞𝑗, 1 − 𝑞𝑗) is the distance between 𝑞𝑗 and the border of [0,1], and 0 < 𝜙 ≤ 1. 

Binary distribution 

We first consider the case of a binary distribution. Here we have the following theorem: 

Theorem A1-1: If 𝑟 <
2

5
, the only asymptotically stable states are 𝑞 = 0 if 𝑠 <

1

2
 and 𝑞 = 1 if 𝑠 >

1

2
. 

First, we establish that if the two types hold sufficiently different views, their views will approach 

each other.  

Lemma A1-2: With a binary distribution, if 𝑞𝐿 ≤
1

2
, 𝑞𝑅 > (1 + 𝜙)𝑞𝐿 and 𝑟 <

2

5
 then 𝑞̇𝑅−𝑞̇𝐿 < 0. 

Proof: Let Δ = 𝑞𝑅 − 𝑞𝐿.  Note first that by the assumption of the lemma, Δ > 𝜙𝑞𝐿. Moreover, 𝜙𝑞𝑅 =

𝜙𝑞𝐿 + 𝜙Δ < (1 + 𝜙)Δ. Given the binary distribution, 𝐵𝑅𝑅
− =

𝜙

2
𝑞𝑅 <

(1+𝜙)

2
Δ  and 𝐵𝐿𝐿

+ =
𝜙

2
𝑞𝐿 <

1

2
Δ 

We have also assumed that views are so different that 𝑅 are always reluctant when meeting a 𝐿 type so 

𝐵𝑅𝐿
− = Δ 

For the last bias, note that the perceived level of 𝑞𝑅 is 𝑞𝑅 ± 𝜙𝑑𝑅, and 𝑑𝑅 = min(𝑞𝑅 , 1 − 𝑞𝑅). For the 

last bias there are two cases: 

𝐵𝐿𝑅
+ = {

Δ                                                              𝑓𝑜𝑟 𝑞𝑅 − 𝜙𝑑𝑅 > 𝑞𝐿

1

2
(𝑞𝑅 + 𝜙𝑑𝑅 − 𝑞𝐿)                              𝑓𝑜𝑟 𝑞𝑅 − 𝜙𝑑𝑅 ≤ 𝑞𝐿

 

Note that, 𝜙𝑑𝑅 ≤ 𝜙𝑞𝑅 < (1 + 𝜙)Δ. It follows that 𝐵𝐿𝑅
+ <

(2+𝜙)

2
Δ.     

Let 𝑞 = 𝑠𝑞𝑅 + (1 − 𝑠)𝑞𝐿. 

  𝑞̇𝑅−𝑞̇𝐿 = −Δ + 𝑠𝑟(𝐵𝑅𝑅
− + 𝐵𝐿𝑅

+ ) + (1 − 𝑠)𝑟(𝐵𝑅𝐿
− + 𝐵𝐿𝐿

+ ) 

< −Δ + 𝑠𝑟 (
(1 + 𝜙)

2
+

(2 + 𝜙)

2
) Δ + (1 − 𝑠)𝑟 (1 +

1

2
) Δ = (1 − 𝑟 (

3

2
+ 𝜙)) Δ  < 0    if      𝑟 <

2

5
 ∎ 

We next want to extend this to the case with an O-type. Disregarding reluctance for the moment, then 

𝑞̇𝑅 = 𝑎(1 − 𝑠)(𝑞𝐿 − 𝑞𝑅) + (1 − 𝑎)(𝑞𝑂 − 𝑞𝑅) and 𝑞̇𝐿 = 𝑎𝑠(𝑞𝑅 − 𝑞𝐿) + (1 − 𝑎)(𝑞𝑂 − 𝑞𝐿)  and it 

follows that 𝑞̇𝑅−𝑞̇𝐿 = (𝑞𝐿 − 𝑞𝑅) = −Δ, in the absence of reluctance. Hence  

𝑞̇𝑅−𝑞̇𝐿 = −Δ + 𝑟(𝑎𝑠(𝐵𝑅𝑅
− + 𝐵𝐿𝑅

+ ) + (1 − 𝑠)𝑎(𝐵𝑅𝐿
− + 𝐵𝐿𝐿

+ ) + (1 − 𝑎)(𝐵𝑅𝑂
− + 𝐵𝐿𝑂

+ ) 
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Now we claim reluctance when meeting an O type is less than the average reluctance when meeting an  

𝐵𝑅𝑂
− ≤ 𝑠𝐵𝑅𝑅

− + (1 − 𝑠)𝐵𝑅𝐿
− , and similar for 𝐵𝐿𝑂

+ . 

Next, we need to show that when the views of the two types are sufficiently close, then everyone will 

move toward the view most favorable to the majority.  

Lemma A1-3: With a binary distribution, if 𝑞𝐿 ≤
1

2
,  𝑞𝑅 ≤ (1 + 𝜙)𝑞𝐿,  then 𝑞̇ = 𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿 <

0, if 𝑠 <
1

2
, and 𝑞̇ > 0 if 𝑠 >

1

2
. 

Proof: Consider first the case with no O-types. As before 𝐵𝑅𝑅
− =

𝜙

2
𝑑𝑅 and 𝐵𝐿𝐿

+ =
𝜙

2
𝑑𝐿. Moreover,  

𝐵𝐿𝑅
+ =

1

2
(𝑞𝑅 − 𝑞𝐿 + 𝜙𝑑𝑅), while 𝐵𝑅𝐿

− =
1

2
(𝑞𝑅 − 𝑞𝐿 + 𝜙𝑑𝐿).  Remember from eq. (A1-7) that  

𝑞̇ = 𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿 = 𝑠𝑟(𝑠𝐵𝑅𝑅
− + (1 − 𝑠)𝐵𝑅𝐿

− ) − (1 − 𝑠)𝑟(𝑠𝐵𝐿𝑅
+ + (1 − 𝑠)𝐵𝐿𝐿

+ ) 

= 𝑠𝑟 (𝑠
𝜙

2
𝑑𝑅 + (1 − 𝑠)

1

2
(𝑞𝑅 − 𝑞𝐿 + 𝜙𝑑𝐿)) − (1 − 𝑠)𝑟 (𝑠

1

2
(𝜙𝑑𝑅 + 𝑞𝑅 − 𝑞𝐿) + (1 − 𝑠)

𝜙

2
𝑑𝐿) 

=
𝜙𝑟

2
(𝑠2𝑑𝑅 − (1 − 𝑠)2𝑑𝐿 − 𝑠(1 − 𝑠)(𝑑𝑅 − 𝑑𝐿)) =

𝜙𝑟

2
(2𝑠 − 1)(𝑠𝑑𝑅 + (1 − 𝑠)𝑑𝐿)   

We see that 𝑞̇ > 0 for 𝑠 >
1

2
 and  𝑞̇ < 0 for 𝑠 <

1

2
.     

Now, if a share (1 − 𝑎) are of type O, and the remaining are L or R, where 𝑠 is the share of these 

being of type R, then the total dynamics becomes:  

𝑞̇ = (1 − 𝑎)𝑞̇𝑂 + 𝑎(𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿) 

As above, there would be no movement in the average in absence of reluctance, so only consider the 

effect of reluctance, which is limited to the term 𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿. Note here that R and L types are so 

close that reluctance only applies in one of the two points in the binary distribution. With O types in 

between, reluctance when meeting an O-type also only applies in one of the two points in the support 

of the distribution. Hence the reluctance part of 𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿 becomes  

𝑠𝑟(𝑎𝑠𝐵𝑅𝑅
− + 𝑎(1 − 𝑠)𝐵𝑅𝐿

− + (1 − 𝑎)𝐵𝑅𝑂
− ) − (1 − 𝑠)𝑟(𝑎𝑠𝐵𝐿𝑅

+ + 𝑎(1 − 𝑠)𝐵𝐿𝐿
+ + (1 − 𝑎)𝐵𝐿𝑂

− ) 

= 𝑎𝑠𝑟(𝑠𝐵𝑅𝑅
− + (1 − 𝑠)𝐵𝑅𝐿

− ) − (1 − 𝑠)𝑟(𝑠𝐵𝐿𝑅
+ + (1 − 𝑠)𝐵𝐿𝐿

+ ) + (1 − 𝑎)𝑟(𝑠𝐵𝑅𝑂
− − (1 − 𝑠)𝐵𝐿𝑂

− ) 

The first part of this is calculated above, so we focus on the last term 

𝑠𝐵𝑅𝑂
− − (1 − 𝑠)𝐵𝐿𝑂

− =
𝑠

2
(𝑞𝑅 − 𝑞𝑂 + 𝜙𝑑𝑂) −

1 − 𝑠

2
(𝑞𝑂 − 𝑞𝐿 + 𝜙𝑑𝑂) 

=
1

2
((2𝑠 − 1)𝜙𝑑𝑂) 
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We have here used the fact that in the long run 𝑞𝑂 = 𝑠𝑅𝑞𝑅 + (1 − 𝑠𝑅)𝑞𝐿. Combining this with the 

calculation above, for the case with no O-types, we find  

𝑞̇ =
𝜙𝑟

2
(2𝑠 − 1)𝑎(𝑎𝑠𝑑𝑅 + 𝑎(1 − 𝑠)𝑑𝐿 + (1 − 𝑎)𝑑𝑂)   

As above the direction of the movement is determined by the sign of 2𝑠 − 1, that is, 𝑞 increases if 

there are more R than L types and vice versa. ∎ 

Recall the claim of the theorem we want to prove: If 𝑟 <
2

5
, the only asymptotically stable states are 

𝑞 = 0 if 𝑠 <
1

2
 and 𝑞 = 1 if 𝑠 >

1

2
. 

Proof of Theorem A1-1: Note first that we have chosen 𝑠 to be the share of 𝑅 and 𝑞 = 1 to represent 

the view implicitly most self-serving to 𝑅 types. Alternatively we could use 𝑠̌ = 1 − 𝑠 as the share of 

𝐿 and 𝑞̌ = 1 − 𝑞 denoting the view most favorable to 𝐿 types. Here 𝐿 will have a higher 𝑞̌ than 𝑅. As 

the model is symmetric, Lemma A1-2 would still be valid, with 𝑠̌ and 𝑞̌ replacing 𝑠 and 𝑞 and with 𝑅 

and 𝐿 changing roles. Now, by this extension of Lemma A1-2, we know that for 𝑞̌𝑅 ≤
1

2
 and 𝑞̌𝐿 >

(1 + 𝜙)𝑞̌𝑅 , the difference in view between the two groups will be declining when 𝑠̌ <
1

2
. But 𝑞̌𝑅 ≤

1

2
 is 

equivalent to 𝑞𝑅 ≥
1

2
. From Lemma A1-2 we already know that the conclusion holds for 𝑞𝑅 ≤

1+𝜙

2
 . 

Thus by this symmetry we conclude that the conclusion holds everywhere. The same symmetry 

argument extends the conclusions of Lemma A1-3 to hold everywhere.   

Thus, using the lemmas above, we see that by Lemma A1-1 the views of all 𝑅 will tend toward a 

common view, and the same for the 𝐿. If the two types hold sufficiently different views, they will tend 

toward each other by Lemma A1-2. Thus, we know that they will hold sufficiently similar views for 

Lemma A13-3 to apply. Note that the inequalities 𝑞̇𝑅−𝑞̇𝐿 < 0 and 𝑞̇ < 0 for 𝑠 <
1

2
, are strict, and 

hence the movement will go back toward the stable state after a small deviation. The states are thus 

asymptotically stable. ∎ 

Note that the theorem does not state what happens when 𝑠 =
1

2
. However, from the proof of Lemma 

A1-3 we see that 𝑞̇ = 0 if 𝑞𝐿 <
1

2
 and  𝑞𝑅 ≤ (1 + 𝜙)𝑞𝐿, and by symmetry this also applies with 𝑞𝐿 <

1

2
 

and  𝑑𝐿 ≤ (1 + 𝜙)𝑑𝑅. Thus any state satisfying these conditions are stable. With a slight deviation 

from this state we still have 𝑞̇ = 0, thus there is no movement back to the original stable state so none 

of these stable states are asymptotically stable.  

Uniform distribution 
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With a uniform distribution we will need to use a numerical approximation to get a better picture of 

the asymptotically stable states. We start by proving a key result:  

Lemma A1-4: With a uniform distribution and no 𝑂 types, if (𝑞𝑅 − 𝑞𝐿) = Δ ≤ min(𝑑𝐿, 𝑑𝑅) then for 

𝑞𝐿 < 𝑞𝑅 ≤
1

2
, 

𝑞̇ =
𝜙𝑟

4
(2𝑠 − 1)(𝑠𝑑𝑅 + (1 − 𝑠)𝑑𝐿) +

𝑠(1 − 𝑠)𝑟

4𝜙𝑑𝑅𝑑𝐿
Δ3 

Proof: Remember from A1-7 that  

𝑞̇ = 𝑠𝑞̇𝑅 + (1 − 𝑠)𝑞̇𝐿 = 𝑠𝑟(𝑠𝐵𝑅𝑅
− + (1 − 𝑠)𝐵𝑅𝐿

− ) − (1 − 𝑠)𝑟(𝑠𝐵𝐿𝑅
+ + (1 − 𝑠)𝐵𝐿𝐿

+ ) 

With a uniform distribution, 𝐵𝑅𝑅
− =

𝜙

4
𝑑𝑅 and 𝐵𝐿𝐿

+ =
𝜙

4
𝑑𝐿. By the assumption of the lemma, 𝑞𝑅 is 

inside the support of the distribution around 𝑞𝐿 and similarly the other way around. It follows from the 

properties of a uniform distribution that 𝐵𝐿𝑅
+ =

1

2

(Δ+𝜙𝑑𝑅)2  

2𝜙𝑞𝑅
  and 𝐵𝑅𝐿

− =
1

2

(Δ+𝜙𝑑𝐿)2  

2𝜙𝑑𝐿
.  We collect terms: : 

𝑠𝑟(𝑠𝐵𝑅𝑅
− ) − (1 − 𝑠)𝑟(1 − 𝑠)𝐵𝐿𝐿

+ =
𝜙𝑟

4
(𝑠2𝑑𝑅 − (1 − 𝑠)2𝑑𝐿),   and 

𝑠𝑟((1 − 𝑠)𝐵𝑅𝐿
− ) − (1 − 𝑠)𝑟(𝑠𝐵𝐿𝑅

+ ) =
𝑠(1 − 𝑠)𝑟

4𝜙𝑑𝐿𝑑𝑅

(𝑑𝑅(Δ + 𝜙𝑑𝐿)2 − 𝑑𝐿(Δ + 𝜙𝑑𝑅)2), 

Now 𝑑𝑅(Δ + 𝜙𝑑𝐿)2 − 𝑑𝐿(Δ + 𝜙𝑑𝑅)2 = +Δ3 − 𝜙2𝑑𝑅𝑑𝐿Δ 

For 𝑞𝐿 < 𝑞𝑅 ≤
1

2
, 𝑞𝐿 = 𝑑𝐿  𝑎𝑛𝑑 𝑞𝑅 = 𝑑𝐿 so  

𝑞̇ =
𝜙𝑟

4
(𝑠2𝑞𝑅 − (1 − 𝑠)2𝑞𝐿) +

𝑠(1 − 𝑠)𝑟

4𝜙
(−𝜙2Δ +

Δ3

𝑞𝑅𝑞𝐿
) 

=
𝜙𝑟

4
(2𝑠 − 1)(𝑠𝑞𝑅 + (1 − 𝑠)𝑞𝐿) +

𝑠(1 − 𝑠)𝑟

4𝜙𝑞𝑅𝑞𝐿
Δ3                                     ∎ 

Note that the lemma implies that 𝑞̇ > 0 when 𝑠 ≈
1

2
, indicating that there is an area 𝑠 ∈ [

1

2
− 𝜖, 1] 

where the average 𝑞 is increasing for 𝑞𝐿 < 𝑞𝑅 ≤
1

2
. Using the transformation with 𝑠̌ and 𝑞̌ as in the 

proof of the theorem, we conclude, by symmetry, that there is an area 𝑠 ∈ [0,
1

2
+ 𝜖] where the average 

𝑞 is decreasing for 
1

2
≤ 𝑞𝐿 < 𝑞𝑅. Hence there will be a stable equilibrium with  𝑞𝐿 <

1

2
< 𝑞𝑅 in the 

interval 𝑠 ∈ [
1

2
− 𝜖,

1

2
+ 𝜖].  

Lemma A1-5: If for some 𝐾 ≥ 1,  Δ >
𝜙

𝐾
𝑚𝑖𝑛(𝑑𝑅 , 𝑑𝐿) and 𝑟 <

4

5+3𝐾
, then 𝑞̇𝑅−𝑞̇𝐿 < 0. 
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Note that the lemma allows us to conclude that in the long run: Δ ≤
𝜙

𝐾
𝑚𝑖𝑛(𝑑𝑅 , 𝑑𝐿). Thus the larger we 

may choose 𝐾 the smaller we can assume Δ to be. On the other hand, a higher 𝐾 implies that we must 

assume smaller reluctance as 𝑟 <
4

5+2𝐾
. Let 𝑞𝐺

ℎ = 𝑞𝐺 + 𝜙𝑑𝐺 and 𝑞𝐺
𝑙 = 𝑞𝐺 − 𝜙𝑑𝐺 denote the high and 

low border of the support of the uniform distribution, for each group 𝐺.  

Proof: Note that the condition implies that 𝜙𝑞𝐿 < 𝐾Δ. And 𝜙𝑑𝑅 ≤ 𝜙𝑞𝑅 = 𝜙(𝑞𝐿 + Δ) < (𝐾 + 𝜙)Δ. 

Moreover,  

𝐵𝑅𝐿
− = {

(𝑞𝑅 − 𝑞𝐿) 𝑓𝑜𝑟 𝑞𝐿
ℎ < 𝑞𝑅

1

2

(𝑞𝑅 − 𝑞𝐿
𝑙 )2  

𝑞𝐿
ℎ − 𝑞𝐿

𝑙 <
𝐾 + 1

2
Δ    𝑓𝑜𝑟 𝑞𝐿

ℎ ≥ 𝑞𝑅

 

The inequality follows as for 𝑞𝐿
ℎ ≥ 𝑞𝑅 then 

𝑞𝑅−𝑞𝐿
𝑙   

𝑞𝐿
ℎ−𝑞𝐿

𝑙 ≤ 1. Next, in a similar fashion. 

𝐵𝐿𝑅
+ = {

(𝑞𝑅 − 𝑞𝐿)                           𝑓𝑜𝑟 𝑞𝑅
𝐿 > 𝑞𝐿

1

2

(𝑞𝑅
ℎ − 𝑞𝐿)2  

𝑞𝑅
ℎ − 𝑞𝑅

𝑙 <
(𝐾 + 1 + 𝜙)

2
Δ      𝑓𝑜𝑟 𝑞𝑅

𝐿 ≤ 𝑞𝐿

 

Let 𝑞 = 𝑠𝑞𝑅 + (1 − 𝑠)𝑞𝐿 

(𝐴1 − 8)  𝑞̇𝑅−𝑞̇𝐿 = −(𝑞𝑅 − 𝑞𝐿) + 𝑠𝑟(𝐵𝑅𝑅
− + 𝐵𝐿𝑅

+ ) + (1 − 𝑠)𝑟(𝐵𝑅𝐿
− + 𝐵𝐿𝐿

+ ) 

≤ −Δ + 𝑠𝑟 (
𝜙

4
𝑑𝑅 +

3 + 𝐾

4
Δ) + (1 − 𝑠)𝑟 (

3 + 𝐾

4
Δ +

𝜙

4
𝑑𝐿) 

≤ −Δ (1 −
2 + 2𝐾 + 2𝜙

4
𝑟) +

𝑟𝜙

4
𝑑̅ ≤ −Δ (1 −

2 + 3𝐾 + 3𝜙

4
𝑟) < 0 𝑓𝑜𝑟 𝑟 <

4

5 + 2𝐾
     ∎  

                                    

Theorem A1-2: With a uniform distribution, and with 𝑟 <
1

2
, and 𝐾 =

4−5𝑟

2𝑟
 there are 𝑠 and 𝑠 such that   

1

2
−

𝜙

8𝐾3 ≤ 𝑠 <
1

2
< 𝑠 ≤

1

2
+

𝜙

8𝐾3, and such that 𝑞 = 0 is asymptotically stable for 𝑠 ∈ [0, 𝑠). And 𝑞 = 1 

is asymptotically stable for 𝑠 ∈ (𝑠, 1]. For 𝑠 ∈ 𝐼 ⊂ (𝑠, 𝑠) there is a stable state with 𝑞𝐿 <
1

2
< 𝑞𝑅.  

Proof: Lemma A1-5 shows that with 𝑟 <
1

2
<

4

5+2
 we can ensure that Δ satisfies the conditions of 

Lemma A1-4. Lemma A1-4 implies that under the conditions of the lemma, 𝑞̇ > 0 when 𝑠 ≈
1

2
.  That 

is, there is an area 𝑠 ∈ [
1

2
− 𝜖, 1] where the average 𝑞 is increasing if 𝑞𝐿 < 𝑞𝑅 ≤

1

2
, and 𝑞𝑅 − 𝑞𝐿 is 

sufficiently small. Using the transformation with 𝑠̌ and 𝑞̌ as in the proof of the theorem, we conclude, 

by symmetry, that there is an area 𝑠 ∈ [0,
1

2
+ 𝜖] where average 𝑞 is decreasing for 

1

2
≤ 𝑞𝐿 < 𝑞𝑅. 
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Hence there will be a stable equilibrium with  𝑞𝐿 <
1

2
< 𝑞𝑅 in the interval 𝑠 ∈ [

1

2
− 𝜖,

1

2
+ 𝜖].  Outside 

this interval the term 
𝜙𝑟

4
(2𝑠 − 1)(𝑠𝑑𝑅 + (1 − 𝑠)𝑑𝐿) will dominate.  

It remains to show the bounds on the interval. We can utilize Δ ≤
𝜙

𝐾
𝑚𝑖𝑛(𝑞𝑅 , 𝑞𝐿) when 𝑞𝐿 < 𝑞𝑅 ≤

1

2
 to 

give an estimate of the interval around 
1

2
 where there exists an intermediate asymptotically stable state. 

Since Δ <
𝜙

𝐾
𝑞𝐿, it follows:  

𝑠(1−𝑠)𝑟

4𝜙𝑞𝑅𝑞𝐿
Δ3 <

𝜙𝑟

4
(

𝑠(1−𝑠)

𝐾2 Δ) <
𝜙𝑟

4
(

𝑠(1−𝑠)𝜙

𝐾3 ) 𝑞. Hence  

𝑞̇ <
𝜙𝑟

4
[(2𝑠 − 1) +

𝜙

𝐾3
𝑠(1 − 𝑠)] 𝑞 

Consider the sign of the expression inside brackets. This can be simplified as (2𝑠 − 1) + Φ𝑠(1 − 𝑠) 

with Φ =
𝜙

𝐾3. Note that (2𝑠 − 1) + Φ𝑠(1 − 𝑠) is negative for 𝑠 <
1

2
−

√Φ2+4−2

2Φ
≤

1

2
−

𝛷

8
=

1

2
−

𝜙

8𝐾3. To 

see this, Let 𝑓(Φ) =
√Φ2+4−2

2Φ
 then 𝑓(Φ) = 𝑓(0) + 𝑓 (Φ′) Φ with 0 ≤ Φ′ ≤ Φ. Using L’Hopital 

we find lim
Φ→0

𝑓(Φ) = 0. Moreover  𝑓′(Φ) =
√Φ2+4−2

Φ2√Φ2+4
  which is declining and lim

Φ→0

𝑓′(Φ) =
1

8
, using 

L’Hopital. Thus18 𝑓(Φ) ≤
𝛷

8
 . This gives the approximation that 𝑞 is declining for 𝑠 <

1

2
−

𝜙

8𝐾3.  ∎ 

If we choose 𝑟 = 0.1, then 𝐾 = 17.5.  Now, with 𝜙 = 0.5 we find 
𝜙

8𝑁3 = 1.17 ⋅ 10−5. In this case 𝑞 is 

declining for 𝑠 <
1

2
−

𝜙

8𝐾3 ≈
1

2
− 1.17 ⋅ 10−5.  

Note that since we have to revert to approximations, we cannot prove that there is an intermediate 

stable state for all 𝑠 ∈ (𝑠, 𝑠), only that this is true in a subset 𝐼 which must include 𝑠 =
1

2
. 

Appendix 2: Proof of Proposition 2 

Proof: In a stable state, 𝑠̇𝑅𝐴
𝑡 = −𝑠̇𝑅𝐵

𝑡 = −𝑠̇𝐿𝐴
𝑡 = 𝑠̇𝐿𝐵

𝑡 = 0 and  𝑞̇𝐴
𝑡 = 𝑞̇𝐵

𝑡 = 0. Migration adds a term 

(𝑞𝐿𝐵 − 𝑞𝑅𝐴)𝑠̇𝑅𝐴 to (10) and similarly to (11). But as 𝑠̇𝑅𝐴
𝑡 = 0 in a stable state, this addition vanishes in 

the stable state; thus any stable state would also be a stable state without migration. Proposition 1 

shows that, without migration, assuming 𝐴 is a group with a 𝐿 majority, there is only one stable state:  

𝑞𝐴 = 0. In this case 𝐵 would be a group with a 𝑅 majority, with 𝑞𝐵 = 1 as the only stable state. Since 

𝑞𝐴 = 0 and 𝑞𝐵 = 1, then when we allow migration the 𝑅s in 𝐴 will migrate to 𝐵, while the 𝐿s in 𝐵 

migrate in the other direction. As long as one group has slightly higher average 𝑞𝐺, 𝑅-types will 

 
 

18 This estimate is rather precise as 𝑓′′(Φ) ≈ 0 around Φ = 0, (|𝑓′′(Φ)|<0.0001 for Φ < 0.1, evaluated 

numerically).  
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migrate towards that group. With a small perturbation from the stable state with 𝑞𝑖 = 𝑞𝑅 = 1, 𝑅-types 

will have incentives to migrate toward the group with a majority of 𝑅-types. Hence this stable state is 

asymptotically stable.  Thus, the only stable state is when all 𝑅s are in one group and all 𝐿s in the 

other. Exactly the same argument applies with groups 𝐴 and 𝐵 interchanged.  

If 𝐴 has an equal share of each type, there is an additional stable state as discussed in Proposition 1, 

Part III, in which 𝑅 and 𝐿 within the same group converge to different but less extreme views. 

However, this state is asymptotically unstable: any slight deviation making the average view in one 

group lower than the other initiates a migration toward one of the asymptotically steady states 

discussed above. ∎ 

Appendix 3: Generalization 

Proposition 3-1. With unequal shares of 𝑅’s and 𝐿’s, and with several groups of exogenous or 

endogenous and potentially different size, there is no asymptotically stable state without complete 

segregation and polarization.  

Proof: Note first that by Proposition 2, groups would either hold view 𝑞𝐺 = 0, 𝑞𝐺 =
1

2
  or 𝑞𝐺 = 1. One 

intermediate group with 𝑞𝐺 =
1

2
  and equally many 𝑅 and 𝐿 cannot coexist with groups with either 

𝑞𝐺 = 0 or 𝑞𝐺 = 1, due to migration, as 𝑅 types would move to groups with 𝑞𝐺 = 1 and 𝐿 types would 

move to groups with 𝑞𝐺 = 0.  The intermediate alternative requires equally many 𝑅 and 𝐿 types in all 

groups, which is impossible if the shares of 𝑅 and 𝐿 types in the population are different, and the state 

where 𝑞𝐺 =
1

2
 is not asymptotically stable either. We are left with the two extremes, 𝑞𝐺 = 0 and 𝑞𝐺 =

1. To avoid social migration in a situation with both 𝑅 and 𝐿 types in at least one of the groups, both 

groups must hold the same ideological view, e.g. 𝑞𝐺 = 0 in both groups. But if the average view in 

one group changes slightly, migration would start; and once 𝑅 types constitute the majority in one 

group, 𝑞𝐺 = 0 is no longer a stable situation in that group. Hence the only stable state is when the two 

types are segregated in different groups, and 𝑅 types hold the view 𝑞𝑖 = 1 while 𝐿 types hold the view 

𝑞𝑖 = 0. Group size, which could potentially be endogenous to migration, does not matter for the 

argument above. Note also that the presence of 𝑂 types does not affect the argument. ∎ 

Appendix 4: Disagreement along two dimensions 

We now add another dimension of ideological disagreement called Up – Down. For example, while 

the Left – Right axis could corresponds to the traditional conflict between right- and left-wing 

redistribution preferences, Up – Down may correspond to authoritarian versus enlightenment ideas. 

Let 𝑧𝑖 ∈ [0,1] be individual 𝑖’s ideological view along the Up – Down dimension, such that if 𝑧𝑖 = 0, 𝑖 

holds the most extreme Down position, while if 𝑧𝑖 = 1, 𝑖 holds the most extreme Up position. Let 𝑧𝐺 
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similarly be the average ideological position of 𝑖’s peer group along the Up – Down dimension. The 

utility function eq. (1) is now modified to  

(𝐴4 − 1) 𝑈𝑖 = 𝐼𝑖(𝜃𝑖, 𝑞𝑖, 𝑧𝑖) + 𝑆𝑖(𝜃𝑖, 𝑞𝐺 , 𝑧𝐺). 

Let us now assume (as before, with 𝑂1 replacing O) that 𝜃𝑖 is element in one of three disjoint sets 𝐿, 

𝑂1, or 𝑅, depending on whether 𝑖’s characteristics are less, equally or more highly respected by 

observers with a higher 𝑞𝑖, and that 𝜃𝑖 is also element in one of three disjoint sets 𝐷, 𝑂2, or 𝑈, 

depending on whether 𝑖’s characteristics are less, equally or more highly respected by observers with 

higher 𝑧𝑖. While still assuming that the utility function satisfies Assumption 1 for views along the first 

dimension (with 𝑂1 replacing O), we add a similar assumption for the second dimension:  

Assumption 4-1:  

(i) 𝐼𝑖 is decreasing in 𝑧𝑖 for 𝜃𝑖 ∈ 𝐷, increasing in 𝑞𝑖 for 𝜃𝑖 ∈ 𝑈, and is independent of 𝑧𝑖 for 

𝜃𝑖 ∈ 𝑂2. 

(ii) 𝑆𝑖 is decreasing in 𝑧𝑖 for 𝜃𝑖 ∈ 𝐷, increasing in 𝑧𝐺 for 𝜃𝑖 ∈ 𝑈, and is independent of 𝑧𝐺 for 

𝜃𝑖 ∈ 𝑂2, where 𝐺 is 𝑖’s peer group. 

When 𝑖 meets 𝑗, they now influence each other along both ideological dimensions. Assume that 𝑗′𝑠 

influence on 𝑞𝑖 is independent of 𝑧𝑖 and 𝑧𝑗. The dynamic development in the two dimensions will then 

be independent, implying that we can extend Proposition 1: for a fixed peer group, 𝑞𝐺 converges to 1 

if there are more R than L, and to 0 if there are more L than R; similarly, 𝑧𝐺 converges to 1 if there are 

more U than D, and to 0 if there are more D than U.  

Let us now add more structure by assuming that 𝜃𝑖 = (𝜃1, 𝜃2)𝑖 ∈ [−1,1]2, and that 𝜃𝑖 ∈ 𝐿 if 𝜃1𝑖 < 0, 

𝜃𝑖 ∈ 𝑅 if 𝜃1𝑖 > 0, and 𝜃𝑖 ∈ 𝑂1 if 𝜃1𝑖 = 0; similarly, 𝜃𝑖 ∈ 𝐷 if 𝜃2𝑖 < 0, 𝜃𝑖 ∈ 𝑈 if 𝜃2𝑖 > 0, and 𝜃𝑖 ∈ 𝑂2 

if 𝜃2𝑖 = 0. That is, we now consider not only if someone’s characteristics are respected more when 𝑞𝑖 

and/or 𝑧𝑖 increases, but also by how much.  

Next, we turn to the stable states in the case with social migration. For simplicity, we say that an 

individual is in 𝐿𝐷 when 𝜃𝑖 ∈ 𝐿 ∩ 𝐷; similarly for 𝐿𝑈, 𝑅𝐷 and 𝑅𝑈. We assume that all sets are non-

empty: there exist individuals with each of these four combinations.  

Assume now that there is at least some slight correlation between who is disrespected by those on the 

Right and those Upwards, i.e., 𝜃1 and 𝜃2 are positively correlated: if an individual is in R, they are also 

more likely to be U than D. (Note that assuming a non-negative correlation implies no loss of 

generality; if the correlation is negative, we can just change the sign of 𝜃1 with a corresponding 

reinterpretation of R and L.) Furthermore, let 𝐸𝜃𝑖 ≈ 0, so the population is about evenly split in R and 

L and in U and D. There will then be more individuals with 𝑅𝑈 and 𝐿𝐷 than with 𝐿𝑈 or 𝑅𝐷.  
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Consider first the case with only two groups. With a majority of the population contained in the sets 

RU and LD, we claim that the only stable equilibria will be such that one group includes all LD and 

have 𝑞𝐺 = 𝑧𝐺 = 0, while the other includes all RU and with 𝑞𝐺 = 𝑧𝐺 = 1. To see this, suppose it was 

not the case. Like in the one-dimensional case, 𝑞𝐺 = 𝑧𝐺 = 0.5 cannot be stable. Nor can both groups 

having exactly the same average values be a stable state, as any small deviation will initiate migration. 

If there are for example more U’s than D’s in total, there may be a majority of U’s in both groups, 

yielding 𝑧𝐺 = 1 for both. However, if a deviation occurs so that 𝑧𝐺 becomes slightly less than 1 in one 

of the groups, this will attract the D’s to that group; eventually, they become a majority and by 

Proposition 1, 𝑧𝐺 = 0. This logic implies that with only two groups, one of them attracts all LD and 

have 𝑞𝐺 = 𝑧𝐺 = 0, and the other attracts all RU and have 𝑞𝐺 = 𝑧𝐺 = 1. 

The more interesting case, however, is the case with many groups of endogenous size. Our claim is 

now that there will be groups in all four corners, i.e. there will also be groups with 𝑞𝐺 = 1 and 𝑧𝐺 = 0, 

and groups with 𝑞𝐺 = 0 and 𝑧𝐺 = 1. To see this, consider first a state where there are only groups 

with 𝑞𝐺 = 𝑧𝐺 = 0 and groups with 𝑞𝐺 = 𝑧𝐺 = 1. Now, a small perturbation in a group with 𝑞𝐺 = 𝑧𝐺 =

0, such that 𝑧𝐺 = 𝜖 > 0, will cause LU to be attracted to the group, while LD and RD leave. This small 

group will soon have a majority of U’s over D’s and by the extension of Proposition 1 they will 

converge to 𝑧𝐺 = 1. By the same proposition, the group will remain at 𝑞𝐺 = 0. In a similar fashion we 

will also get a group with 𝑞𝐺 = 1 and 𝑧𝐺 = 0.  

Appendix 5: Proof of Proposition 3 

Proposition 3. Assume that 𝜅 > 0. Then,  

iv) ideological polarization is incomplete in equilibrium.  

v) Assuming 𝑞𝐵 < 𝑞𝐴, the equilibrium solution is 𝑞𝐴 = 1 − 𝑞𝐵, with: 

• 𝑞𝐵 =
2𝜅(1−𝑟)

𝑟𝜙(1−𝜅)+4𝜅(1−𝑟)
 if 𝜅 <

𝑟

2−𝑟
 , and 

• 𝑞𝐵 =
𝜅(2−𝑟)

𝑟𝜙(1−𝜅)+2𝜅(2−𝑟)
 if 𝜅 >

𝑟

2
. 

If 
𝑟

2
< 𝜅 <

𝑟

2−𝑟
, both equilibria exist. 

vi) Both equilibria are asymptotically stable. 

Proof: Let 𝐴 be the social group with 𝑅 types (and possibly 𝑂 types), such that in equilibrium 𝑞𝐵 ≤

1

2
≤ 𝑞𝐴 and 𝑠𝐴 = 1 while 𝑠𝐵 = 0.  

Assume for the moment that views in peer groups A and B are sufficiently different to ensure that 

members of A are always reluctant when meeting someone from B and vice versa. Then, with 
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continuous time, incorporating reluctance and adding the direct effect of migration on 𝑞𝐺 (see eqs. 

(12) - (13) and the discussion thereof), the equilibrium condition now becomes    

(𝐴5 − 1) 𝑞̇𝐴 = 𝛿𝜅(1 − 𝑟)(𝑞𝐵 − 𝑞𝐴) + 𝑟𝛿(1 − 𝜅)Π𝐴 = 0. 

The first term reflects the effect of meeting someone from the other group with probability 𝜅, while 

the second term is as above but adjusted for the lower probability of meeting someone from one’s own 

group. Thus, in equilibrium  

(𝐴5 − 2) 𝜅(1 − 𝑟)𝛿(𝑞𝐴 − 𝑞𝐵) = 𝑟𝛿(1 − 𝜅)Π𝐴.  

(𝐴5 − 3) 𝜅(1 − 𝑟)𝛿(𝑞𝐵 − 𝑞𝐴) = 𝑟𝛿(1 − 𝜅)Π𝐵. 

This rules out 𝑞𝐴 = 1 and 𝑞𝐵 = 0, since if 𝑞𝐴 = 1 we must have Π𝐴 = 0. Similarly for B. 

Consequently, we no longer get complete polarization.  

Now, recall that Π𝐺 = [𝑠𝐺
2𝐵𝑅𝑅

− + (1 − 𝑠𝐺)𝑠𝐺(𝐵𝑅𝐿
− − 𝐵𝐿𝑅

+ ) − (1 − 𝑠𝐺)2𝐵𝐿𝐿
+ ]. Inserting 𝑠𝐺 from above, 

i.e., 𝑠𝐴 = 1 and 𝑠𝐵 = 0, this implies that Π𝐴 = 𝐵𝑅𝑅
−  while Π𝐵 = −𝐵𝐿𝐿

+ .   

Next, recall from above  (e.g. Proof of Lemma A1-2) that 𝐵𝑅𝑅
− =

𝜙

2
min(𝑞𝑅 , 1 − 𝑞𝑅), while 𝐵𝐿𝐿

+ =

𝜙

2
min(𝑞𝐿, 1 − 𝑞𝐿) . Thus Π𝐴 = 𝐵𝑅𝑅

− =
ϕ

2
(1 − 𝑞𝐴) while Π𝐵 = −𝐵𝐿𝐿

+ = −
𝜙

2
𝑞𝐵.  The equilibrium 

conditions (𝐴5 − 2) and (𝐴5 − 3) can now be written 

 (𝐴5 − 4) 𝜅(1 − 𝑟)𝛿(𝑞𝐴 − 𝑞𝐵) = 𝑟𝛿(1 − 𝜅)
ϕ

2
(1 − 𝑞𝐴) 

(𝐴5 − 5)  𝜅(1 − 𝑟)𝛿(𝑞𝐴 − 𝑞𝐵) = 𝑟𝛿(1 − 𝜅)
ϕ

2
𝑞𝐵. 

As the left-hand side is identical in both these equations, this implies that 𝑞𝐵 = 1 − 𝑞𝐴, so 𝑞𝐴 − 𝑞𝐵 =

1 − 2𝑞𝐵, and the second condition can be rewritten 
𝜅(1−𝑟)

(1−𝜅)𝑟
(1 − 2𝑞𝐵) =

ϕ

2
𝑞𝐵. 

Solving yields 

 (𝐴5 − 6) 𝑞𝐵 =

𝜅(1−𝑟)

𝑟(1−𝜅)

ϕ

2
+2

𝜅(1−𝑟)

𝑟(1−𝜅)

=
2𝜅(1−𝑟)

𝜙𝑟(1−𝜅)+4𝜅(1−𝑟)
. 

Next, as 𝑞𝐴 = 1 − 𝑞𝐵 we can see, after some computation, that 𝑞𝐴 − 𝑞𝐵 > 𝜙𝑞𝐵 iff 𝜅 <
𝑟

2−𝑟
.  

So far, we have considered the case where individuals in A are always reluctant when meeting 

someone from B and vice versa. However, if 𝑞𝐴 − 𝑞𝐵 < 𝜙𝑞𝐵, then a person from A will be reluctant 

when meeting someone from B only if the perceived position of the other happens to be 𝑞𝐵 − 𝜙𝑞𝐵 but 
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not if it happens to be 𝑞𝐵 + 𝜙𝑞𝐵. Thus the probability of reluctance is 
1

2
, and the equilibrium 

conditions becomes  

(𝐴5 − 7)  𝜅 (1 −
𝑟

2
) 𝛿(𝑞𝐴 − 𝑞𝐵) = 𝑟𝛿(1 − 𝜅)

ϕ

2
(1 − 𝑞𝐴)  

(𝐴5 − 8)  𝜅 (1 −
𝑟

2
) 𝛿(𝑞𝐴 − 𝑞𝐵) = 𝑟𝛿(1 − 𝜅)

ϕ

2
𝑞𝐵, 

where the only difference from (𝐴5 − 2) and (𝐴5 − 3) above is the (1 −
𝑟

2
) rather than (1 − 𝑟) on the 

left hand side. By the same reasoning as above, we cannot have full polarization. Hence part i) of the 

Proposition.  

Solving as above, we get  

 (𝐴5 − 9) 𝑞𝐵 =
2𝜅(1−

𝑟

2
)

𝜙𝑟(1−𝜅)+4𝜅(1−
𝑟

2
)

=
𝜅(2−𝑟)

𝑟𝜙(1−𝜅)+2𝜅(2−𝑟)
. 

This solution satisfies the requirement 𝑞𝐴 − 𝑞𝐵 < 𝜙𝑞𝐵 iff 𝜅 >
𝑟

2
. 

As the thresholds for 𝜅 are overlapping, both the value of 𝑞𝐵 specified in (𝐴5 − 6) and the value 

specified in (𝐴5 − 9) define an equilibrium if  
𝑟

2
< 𝜅 <

𝑟

2−𝑟
. Thus the second part of the Proposition.  

Finally, to see that the solution is asymptotically stable, note first that in general, the solution to a 

linear system of the form 𝒙̇ = 𝐴𝒙 + 𝒛, where A is a matrix and 𝒛 a vector, will be of the form 𝒙(𝑡) =

𝒙∗ + (𝒙(0) − 𝒙∗)𝑃𝑒Λt𝑃−1 where 𝒙∗ is the stable state, P is a matrix of eigenvectors and Λ is the 

diagonal matrix of eigenvalues. It follows that the stable state is asymptotically stable if all 

eigenvalues are negative. The system above can be written 

 [
𝑞̇𝐴

𝑞̇𝐵
] = [

−(𝜅(1 − 𝑟̂)𝛿 + 𝑟𝛿(1 − 𝜅)
ϕ

2
) 𝜅(1 − 𝑟̂)𝛿

𝜅(1 − 𝑟̂)𝛿 (𝜅(1 − 𝑟̂)𝛿 + 𝑟𝛿(1 − 𝜅)
ϕ

2
)
] [

𝑞𝐴

𝑞𝐵
] + [𝑟𝛿(1 − 𝜅)

ϕ

2

0
], 

where 𝑟̂ = 𝑟 or 𝑟̂ =
𝑟

2
 depending on whether 𝑞𝐴 − 𝑞𝐵 > 𝜙𝑞𝐵 or not. Here it can easily be verified that 

the matrix has eigenvalues 𝜆1 = −𝑟𝛿(1 − 𝜅)
ϕ

2
< 0 and 𝜆2 = − (2𝜅(1 − 𝑟̂)𝛿 + 𝑟𝛿(1 − 𝜅)

ϕ

2
) < 0. As 

both eigenvalues are negative, the system is asymptotically stable. ∎ 
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  L


  R


  L


  R


    q  G = 0


  L


    q  G = 1


  R


    q  G = 1


    q  G = 0


  L


  R


    q  G =  1 2


    q  G = 1


    q  G =  1 2


    q  G = 0


  L


  R


  ∎


  L


  R


  A


  B


  A


  L


  R


  R


  R


    q  i =   q  R = 1


  R


    q  G


  B


  L


  B


  A


  R


    q  B = 1


    q  A = 0


    q  B = 1


  R


  B


    q  A = 0


  L


  A


      s .  R A  t = 0


   (   q  L B −   q  R A )     s .  R A


      q .  A  t =     q .  B  t = 0


      s .  R A  t = −     s .  R B  t =   −   s .  L A  t =     s .  L B  t = 0


  ∎


  s <  1 2 −   𝜙  8   K 3


  q


  f  ( Φ ) ≤   𝛷 8


     lim  Φ → 0 ⁡  f ′  ( Φ ) =  1 8


    f ′  ( Φ ) =     Φ 2 + 4 − 2   Φ 2   Φ 2 + 4


     lim  Φ → 0 ⁡  f  ( Φ ) = 0


  0 ≤  Φ ′ ≤ Φ


  f  ( Φ ) = f  ( 0 ) + f  (  Φ ′ ) Φ


  f  ( Φ ) =     Φ 2 + 4 − 2  2 Φ


  s <  1 2 −     Φ 2 + 4 − 2  2 Φ ≤  1 2 −   𝛷 8 =  1 2 −   𝜙  8   K 3


   ( 2 s − 1 ) + Φ s  ( 1 − s )


  Φ =   𝜙    K 3


   ( 2 s − 1 ) + Φ s  ( 1 − s )


  Φ < 0 . 1 ,  


  f ′ ′  ( Φ )


  Φ = 0


  f ′ ′  ( Φ ) ≈ 0


  s =  1 2 .


  I


  s ∈ (   s _ ,   s ¯ )


  s <  1 2 −   𝜙  8   K 3 ≈  1 2 −   1 . 17 ⋅ 10  − 5


  q


    𝜙  8   N 3 = 1 . 17 ⋅  10  − 5


  𝜙 = 0 . 5


   


  K = 17 . 5


  r = 0 . 1 ,


    q . <   𝜙 r 4  [  ( 2 s − 1 ) +   𝜙    K 3 s  ( 1 − s ) ] q


    s  ( 1 − s ) r  4 𝜙   q  R   q  L  Δ 3 <   𝜙 r 4  (   s  ( 1 − s )    K 2 Δ ) <   𝜙 r 4  (   s  ( 1 − s ) 𝜙    K 3 ) q


  Δ <   𝜙  K   q  L


   1 2


    q  L <   q  R ≤  1 2


  Δ ≤   𝜙  K   m i n ⁡   (   q  R ,   q  L )


    𝜙 r 4  ( 2 s − 1 )  ( s   d  R +  ( 1 − s )   d  L )


  s ∈ [  1 2 − 𝜖 ,  1 2 + 𝜖 ]


    q  L <  1 2 <   q  R


   1 2 ≤   q  L <   q  R


  q


  s ∈ [ 0 ,  1 2 + 𝜖 ]


      q ˇ


    s ˇ  


      q  R − q  L


    q  L <   q  R ≤  1 2


  q


  s ∈ [  1 2 − 𝜖 , 1 ]


  s ≈  1 2 .  


    q . > 0


  Δ


  r <  1 2 <  4  5 + 2


    q  L <  1 2 <   q  R


  s ∈ I ⊂ (   s _ ,   s ¯ )


  s ∈ (   s ¯ , 1 ]


  q = 1


  s ∈ [ 0 ,   s _ )


  q = 0


   1 2 −   𝜙  8   K 3 ≤   s _ <  1 2 <   s ¯ ≤  1 2 +   𝜙  8   K 3


    s _


    s _


  K =   4 − 5 r  2 r


  r <  1 2


                                                                       


  


      q .  R   −   q .  L = −  (   q  R −   q  L ) + s r   ( B  R R − +   B  L R + ) +  ( 1 − s ) r (   B  R L − +   B  L L + )


  ( A 1 − 8 )


  q =   s q  R + ( 1 − s )   q  L


    B  L R + =  {     (   q  R −   q  L )                                                       f o r     q  R  L >   q  L    1 2       ( q  R h −   q  L ) 2        q  R h −   q  R  l <    ( K + 1 + 𝜙 ) 2 Δ             f o r     q  R  L ≤   q  L


        q  R − q  L  l        q  L h −   q  L  l ≤ 1


    q  L h ≥   q  R


    B  R L − =  {     (   q  R −   q  L )   f o r     q  L h <   q  R    1 2       (   q  R − q  L  l ) 2        q  L h −   q  L  l <   K + 1 2 Δ         f o r     q  L h ≥   q  R


  𝜙   d  R ≤ 𝜙   q  R = 𝜙  (   q  L + Δ ) <  ( K + 𝜙 ) Δ


  𝜙   q  L < K Δ .


  G .


    q  G  l =   q  G − 𝜙   d  G


    q  G h =   q  G +   𝜙 d  G


  r <  4  5 + 2 K


  K


  Δ


  K


  Δ ≤   𝜙  K   m i n ⁡   (   d  R ,   d  L )


      q .  R   −   q .  L < 0


  r <  4  5 + 3 K


  Δ >   𝜙  K   m i n ⁡   (   d  R ,   d  L )


  K ≥ 1


  s ∈ [  1 2 − 𝜖 ,  1 2 + 𝜖 ]


    q  L <  1 2 <   q  R


   1 2 ≤   q  L <   q  R


  q


  s ∈ [ 0 ,  1 2 + 𝜖 ]


      q ˇ


    s ˇ  


    q  L <   q  R ≤  1 2


  q


  s ∈ [  1 2 − 𝜖 , 1 ]


  s ≈  1 2


    q . > 0


    q . =   𝜙 r 4  (   s 2   q  R −    ( 1 − s ) 2   q  L ) +   s  ( 1 − s ) r  4 𝜙  (   − 𝜙 2 Δ +    Δ 3    q  R   q  L )


    q  L =   d  L   a n d     q  R =   d  L


    q  L <   q  R ≤  1 2


    d  R    ( Δ + 𝜙   d  L ) 2 −   d  L    ( Δ + 𝜙   d  R ) 2 = +  Δ 3 −   𝜙 2   d  R   d  L Δ


  s r  (  ( 1 − s )   B  R L − ) −  ( 1 − s ) r  ( s   B  L R + ) =   s  ( 1 − s ) r  4 𝜙   d  L   d  R  (     d  R  ( Δ + 𝜙   d  L ) 2 −     d  L  ( Δ + 𝜙   d  R ) 2 ) ,


  s r  (  ( 1 − s )   B  R L − ) −  ( 1 − s ) r  ( s   B  L R + ) =   s  ( 1 − s ) r  4 𝜙   d  L   d  R  (     d  R  ( Δ + 𝜙   d  L ) 2 −     d  L  ( Δ + 𝜙   d  R ) 2 ) ,


  s r  ( s   B  R R − ) −  ( 1 − s ) r  ( 1 − s )   B  L L + =   𝜙 r 4  (   s 2   d  R −    ( 1 − s ) 2   d  L ) ,       and


    B  R L − =  1 2      ( Δ + 𝜙   d  L ) 2      2 𝜙   d  L


    B  L R + =  1 2      ( Δ + 𝜙   d  R ) 2      2 𝜙   q  R  


    q  L


    q  R


    B  L L + =   𝜙 4   d  L


    B  R R − =   𝜙 4   d  R


    q . = s     q .  R +  ( 1 − s )     q .  L = s r  ( s   B  R R − +  ( 1 − s )   B  R L − ) −  ( 1 − s ) r  ( s   B  L R + +  ( 1 − s )   B  L L + )


    q . =   𝜙 r 4  ( 2 s − 1 )  ( s   d  R +  ( 1 − s )   d  L ) +   s  ( 1 − s ) r  4 𝜙   d  R   d  L  Δ 3


    q  L <   q  R ≤  1 2


   (   q  R −   q  L ) = Δ ≤ min ⁡ (   d  L ,   d  R )


  O


      q . = 0


    d  L ≤  ( 1 + 𝜙 )   d  R


    q  L <  1 2


    q  R ≤  ( 1 + 𝜙 )   q  L


    q  L <  1 2


    q . = 0


  s =  1 2


  ∎


  s <  1 2


    q . < 0


      q .  R   −   q .  L < 0


  L


  R


    q  R ≤   1 + 𝜙 2


    q  R ≥  1 2


      q ˇ  R ≤  1 2


    s ˇ <  1 2


      q ˇ  L >  ( 1 + 𝜙 )     q ˇ  R ,  


        q ˇ  R ≤  1 2


  L


  R


  q


  s


    q ˇ


    s ˇ


  R


    q ˇ


  L


  L


    q ˇ = 1 − q


  L


    s ˇ = 1 − s


  R


  q = 1


  R


  s


  s >  1 2 .


  q = 1


  s <  1 2


  q = 0


  r <  2 5


  ∎


  q


  2 s − 1


    q . =   𝜙 r 2  ( 2 s − 1 ) a  ( a s   d  R + a  ( 1 − s )   d  L +  ( 1 − a )   d  O )    


    q  O =   s  R   q  R +  ( 1 −   s  R )   q  L


  =  1 2  (  ( 2 s − 1 ) 𝜙   d  O )


  =  1 2  (  ( 2 s − 1 ) 𝜙   d  O )


  s   B  R O − −  ( 1 − s )   B  L O − =   s 2  (   q  R −   q  O + 𝜙   d  O ) −   1 − s 2  (   q  O −   q  L + 𝜙   d  O )


  = a s r  ( s   B  R R − +  ( 1 − s )   B  R L − ) −  ( 1 − s ) r  ( s   B  L R + +  ( 1 − s )   B  L L + ) + ( 1 − a ) r  ( s   B  R O − − ( 1 − s )   B  L O − )


  = a s r  ( s   B  R R − +  ( 1 − s )   B  R L − ) −  ( 1 − s ) r  ( s   B  L R + +  ( 1 − s )   B  L L + ) + ( 1 − a ) r  ( s   B  R O − − ( 1 − s )   B  L O − )


  s r  ( a s   B  R R − + a  ( 1 − s )   B  R L − +  ( 1 − a )   B  R O − ) −  ( 1 − s ) r  ( a s   B  L R + + a  ( 1 − s )   B  L L + +  ( 1 − a )   B  L O − )


  s     q .  R +  ( 1 − s )     q .  L


  s     q .  R +  ( 1 − s )     q .  L .


    q . =  ( 1 − a )     q .  O + a ( s     q .  R +  ( 1 − s )     q .  L )


  s


  ( 1 − a )


  s <  1 2


    q . < 0


  s >  1 2


    q . > 0


    q . = s     q .  R +  ( 1 − s )     q .  L = s r  ( s   B  R R − +  ( 1 − s )   B  R L − ) −  ( 1 − s ) r  ( s   B  L R + +  ( 1 − s )   B  L L + )


    B  R L − =  1 2  (   q  R −   q  L + 𝜙   d  L )


    B  L R + =  1 2  (   q  R −   q  L + 𝜙   d  R ) ,  


    B  L L + =   𝜙 2   d  L


    B  R R − =   𝜙 2   d  R


  s >  1 2 .


    q . > 0


  s <  1 2


    q . = s     q .  R +  ( 1 − s )     q .  L < 0


    q  R ≤  ( 1 + 𝜙 )   q  L


    q  L ≤  1 2


    B  L O +


    B  R O − ≤ s   B  R R − +  ( 1 − s )   B  R L −


      q .  R   −   q .  L = − Δ + r  ( a s   ( B  R R − +   B  L R + ) +  ( 1 − s ) a  (   B  R L − +   B  L L + ) + ( 1 − a ) (   B  R O − +   B  L O + )


      q .  R   −   q .  L =  (   q  L −   q  R ) = − Δ


      q .  L = a s  (   q  R −   q  L ) + ( 1 − a ) (   q  O −   q  L )


      q .  R = a  ( 1 − s )  (   q  L −   q  R ) + ( 1 − a ) (   q  O −   q  R )


  < − Δ + s r  (    ( 1 + 𝜙 ) 2 +    ( 2 + 𝜙 ) 2 ) Δ +  ( 1 − s ) r  ( 1 +  1 2 ) Δ =  ( 1 − r  (  3 2 + 𝜙 ) ) Δ     < 0         if             r <  2 5   ∎


      q .  R   −   q .  L = − Δ + s r   ( B  R R − +   B  L R + ) +  ( 1 − s ) r (   B  R L − +   B  L L + )


  q =   s q  R +  ( 1 − s )   q  L .


    B  L R + <    ( 2 + 𝜙 ) 2 Δ .        


  𝜙   d  R ≤ 𝜙   q  R <  ( 1 + 𝜙 ) Δ


    B  L R + =  {    Δ                                                                                                                             f o r     q  R − 𝜙   d  R >   q  L    1 2  (   q  R + 𝜙   d  R −   q  L )                                                             f o r     q  R − 𝜙   d  R ≤   q  L


    d  R =  min ⁡  (   q  R , 1 −   q  R ) .  


    q  R ± 𝜙   d  R


    q  R


    B  R L − = Δ


  L


  R


    B  R R − =   𝜙 2   q  R <    ( 1 + 𝜙 ) 2 Δ     and     B  L L + =   𝜙 2   q  L <  1 2 Δ


  𝜙   q  R = 𝜙   q  L + 𝜙 Δ <  ( 1 + 𝜙 ) Δ .  


  Δ > 𝜙   q  L .


  Δ =   q  R −   q  L


      q .  R   −   q .  L < 0


  r <  2 5


    q  R >  ( 1 + 𝜙 )   q  L


    q  L ≤  1 2


  s >  1 2 .


  q = 1


  s <  1 2


  q = 0


  r <  2 5


  0 < 𝜙 ≤ 1 .


  [ 0 , 1 ]


    q  j


    d  j =   m i n ⁡  (   q  j , 1 −   q  j )


      q ~  j i =   q  j ± 𝜙   d  j  


      q ~  j i ∼ U (   q  j − 𝜙   d  j ,   q  j + 𝜙   d  j )


      𝒒 ~  𝒋 𝒊


      q ~  j i


  R


  L


    q  i


  ( A 1 − 7 )


    B  R L − ≈   B  L R +


    B  R R − ≈   B  L L +


      q .  R   −   q .  L ≈ −  (   q  R −   q  L )


  r


   (   q  R −   q  L )


    q . = s     q .  R +  ( 1 − s )     q .  L = r  (  (   s 2   B  R R − −    ( 1 − s ) 2   B  L L + ) + s  ( 1 − s )  (   B  R L − −   B  L R + ) ) .


  ( A 1 − 7 )


  q


      q .  R   −   q .  L = −  (   q  R −   q  L ) + r  ( s   ( B  R R − +   B  L R + ) +  ( 1 − s ) (   B  R L − +   B  L L + ) )


  ( A 1 − 6 )


      q .  L = s  (   q  R −   q  L ) − s r   B  L R + −  ( 1 − s ) r   B  L L + .


  ( A 1 − 5 )


      q .  R =  ( 1 − s )  (   q  L −   q  R ) + s r   B  R R − +  ( 1 − s ) r   B  R L −


  ( A 1 − 4 )


  ( 7 )


  ( 6 )


    q  R


  R


    q  L


  L


  L


  R


  ∎


    q  O =   s  R   q  R +  ( 1 −   s  R )   q  L


    q  O =  ( 1 − a )   q  O + a (   s  R   q  R +  ( 1 −   s  R )   q  L )


  R


    s  R


  1 − a )


  L


    d  d t  |   q  i  t −   q  i ´  t | < −  ( 1 − r )  |   q  i  t −   q  i ´  t | .


   ( A 1 − 3 )


  j


  R


      q ~  j i  t


  j


  ≤ −  ( 1 − r )  (   q  i  t −   q    i ′  t )   Δ t < 0


  𝛥  (   q  i  t −   q    i ′  t ) = −  (  (   q  i  t −   q    i ′  t ) + r  (    (     q ~  j i  t −   q  i  t ) − −    (     q ~  j i  t −   q    i ′  t ) − ) ) Δ t


   ( A 1 − 2 )


      q ~  j i  t


  j ,


    q  i  t >   q    i ′  t


  i , i ′


  R


  𝛥   q  i  t =  (     q ~  j i  t −   q  i  t ) Δ t + r    (     q ~  j i  t −   q  i  t ) − Δ t  


  ( A 1 − 1 )


  j


  i ∈ R


    j ′ s


  j


  R


  i ∈ O .


    q  O =   s  R   q  R +  ( 1 −   s  R )   q  L


    q  i  t


  i ∈ L


    q  L


  i ∈ R


    q  R


    q  i  t


  L


  R  


  𝛿 = 1


  R


    s  G = s


  L


  R


  R


  L


    q  G  t


  L


  R


    q  i


  O


  r


  𝜅


  O


  R


  L


    q  G


  r <  2 5


  ∎


    q  G


    q  i


  L


    q  G = 1


    q  i = 1


    q  G


    q  i


  R


  i ∈ L


    q  G = 0


    q  i = 0


  i ∈ R


    q  G = 1


    q  i = 1


  i


    e  i ∗


    𝜃  i ∈ R


    q  i


    𝜃  i ∈ L


    q  i


    e  i ∗


    𝜃  i ∈ R


    q  G


    𝜃  i ∈ L


    q  G


    e  i ∗


      e  i =   e  i  I +   e  i  S ,  


    e  i ∗ =  arg ⁡    max ⁡    e  i [   I  i  e  (   e  i  I ,   𝜃  i ,     q  i ) +   S  i  e  (   e  i  S ,     𝜃  i ,     q  G ) −   c  i  (   e  i ;   𝜃  i ) ]


  i


    e  i ∗


  O


  O


  O


  ∎


    𝜕   f  i  𝜕   q  G =   𝜕   S  i  𝜕   q  G .


    𝜕   f  i  𝜕   q  i =   𝜕   I  i  𝜕   q  i


    e  i =   e  i  I +   e  i  S


    f  i (   q  i ,   q  G ) =    max    e  i ⁡  [   I  i  e  (   e  i  I ,   𝜃  i ,     q  i ) +   S  i  e  (   e  i  S ,     𝜃  i ,     q  G ) −   c  i  (   e  i ;   𝜃  i ) ]


    𝜃  i ∈ O


    q  G  


    q  i  


    𝜃  i ∈ R


    q  G  


    q  i  


    𝜃  i ∈ L


    q  G


    q  i  


    U  i


    e  i


  c


    e  i


    S  i  e


    I  i  e


    e  i


    S  i  e


    I  i  e


    U  i =   I  i  e  (   e  i  I ,   𝜃  i ,     q  i ) +   S  i  e  (   e  i  S ,     𝜃  i ,     q  G ) −   c  i  (   e  i ;   𝜃  i )


   ( 1 ′ )


   ( 1 )


    e  i  S


    e  i  I


  i


    e  i =   e  i  I +   e  i  S


  𝜅 > 0


  𝜅


    q  B


  .  


    𝜅 =   r 2 = 0 . 05


    q  B


  W


    𝜙 = 0 . 4


  r = 0 . 1  


  𝜅


    q  B


  𝜅


  𝜅


  𝜅


  𝜅


    q  B


  .


    r 2 < 𝜅 <   r  2 − r


  𝜅 <   r  2 − r   ,


    q  B =   2 𝜅  ( 1 − r )  r 𝜙  ( 1 − 𝜅 ) + 4 𝜅  ( 1 − r )


    q  A = 1 −   q  B


    q  B <   q  A


  𝜅 >   r 2 .


    q  B =   𝜅  ( 2 − r )  r 𝜙  ( 1 − 𝜅 ) + 2 𝜅  ( 2 − r )


  𝜅 > 0 .


  𝜅


  𝜅 > 0


    q  B = 0


    q  A = 1  


    q  B  


    q  A


  𝜅 > 0


      q ~  j i


  i


  i


  i


      q ~  j i


  j


  j


  i


  j


  i


  𝜅


  r


  𝜅 > 0


  𝜅 = 0


  .


    G  i  t =   G  j  t


   ( 1 − 𝜅 )


    G  i  t ≠   G  j  t


  j


  0 < 𝜅 <  1 2 ,


  𝜅


  j


    q  i  t


  ( 5 )


    q  G


    q  i


    𝜃  i ∈ O


    q  G = 1


    q  i = 1


  i


    𝜃  i ∈ R


    q  G = 0


    S  i


    q  i = 0


  i


    I  i


    𝜃  i ∈ L


    U  i =   I  i  (   𝜃  i ,     q  i ) +   S  i  (   𝜃  i ,     q  G ) .


   ( 1 )


  i


    U  i


  R


  L


  O


    q  G


  O


  O


  R


  L


  L


  R


  R


  L


    q  G


    q  G


    q  G


  L


  R


  0 ≤   q  G ≤ 1 .  


    q  G = 1


  R


    q  G = 0


  L


    q  G = 0 .  


    q  G = 1


  G


  R


    s  G


    q  G


    q  i


    q  i


    q  i


  R


    q  i


  L


    q  B


    q  A


    q  i


  B


  R


    q  i


  A


  L


   (   q  L A −   q  R B )


  ( 11 )


  ( 10 )


  G = A , B


  𝜃 = L , R


    q  i


   


    q  𝜃 G


   (   q  R B −   q  L A )     s .  A


  L


    q  i


  A


  B


  R


    q  A


  Δ t → 0


  Δ   q  A =  (   q  R B −   q  L A )     s .  A Δ t


    q  A


      s .  A Δ t


  Δ t


      s .  B


  ( 9 )


      s .  A =  (   q  L B −   q  R A ) = 0


      q  B . =   r 𝛿 Π  B + 𝜌   s  B  (   q  A −   q  B )  (   q  L A −   q  R B )


  ( 13 )


  B


  L


      q .  A = r 𝛿  Π  A + 𝜌  ( 1 −   s  A )  (   q  A −   q  B )  (   q  R B −   q  L A ) .


   ( 12 )


    q  A ≥   q  B


  A


  R


  ( 9 )


      s .  A


    q  i = 1


  R


    q  i = 0


  L


    s  A = 1 :


    q  B = 0


    q  A = 1


  B


    q  A


    q  G


  B


  L
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