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Abstract

We study how individuals trade off outcome (what) and process (how) utility in high-
stakes strategic decisions. We exploit optimality conditions and high-frequency choices
in professional tennis to derive nonparametric bounds on process utility and implement a
structural approach to estimate player-specific preferences. Under mild shape restrictions,
these bounds imply that a large majority of players place positive weight on process utility.
Our structural estimates further show that most players systematically sacrifice success
probabilities to increase process utility, generating economically meaningful effects on
match outcomes and expected earnings.
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“When we act because we enjoy the activity itself, not because of what it leads
to, the experience is autotelic — literally, having its goal within itself.” — Mihaly
Csikszentmihalyi, |Csikszentmihalyi| (1990).

“Success is a journey, not a destination. The doing is often more important than
the outcome.” — Arthur Ashe.
https://www.edwardssports.co.uk /news/post /practice-tennis-like-a-pro

1 Introduction

A central question in economics is the extent to which individuals are willing to trade off ex-
trinsic rewards against the intrinsic enjoyment of an activity (e.g., Frey and Stutzer| (2002));
Bénabou and Tirole (2003)).[1-] In many instances, this trade-off can be framed as one be-
tween an outcome (what) and the process (how) by which it is obtained. For instance,
Adam Smith’s discussion of compensating wage differentials and its formalization in mod-
ern labor economics (e.g., Rosen| (1986)) acknowledges that job attributes such as effort,
risk, or enjoyment enter workers’ utility alongside wages. Empirically, however, quantifying
this trade-off remains challenging. Observational data typically raises two important issues:
preferences are confounded with constraints, selection, and unobserved heterogeneity, and
identification relies on between-person comparisons, as indeed the frequency of such deci-
sions is generally limited | Experimental evidence circumvents these issues and has provided
important insights (e.g., |Gneezy and Rustichini (2000bla); |Ariely et al. (2008)), but often
relies on low-stakes laboratory environments with limited external validity. As a result, there
is relatively little direct field evidence at the individual level on whether people are willing
to sacrifice measurable economic outcomes in exchange for intrinsically rewarding processes
in high-stakes, competitive settings.

Professional tennis provides a uniquely well-suited setting to study this trade-off. Players
operate in a high-stakes environment with strong extrinsic motivation (monetary and rep-
utational incentives) to maximize performance. Yet, they face repeated, strategically rich
decisions—most notably in serving with the second serve rule—where they can choose be-
tween higher-risk strategies that increase the probability of winning the point immediately
in one shot (unreturned serve) but also of making a mistake, and more conservative strate-
gies that lead to longer rallies. Crucially, because points are won either in a single shot
or through multi-shot exchanges, tennis offers a setting to separately identify outcome and
process motivations. Finally, being one of the most broadcast sports on the planet, a wealth
of point-level data is recorded for many matches, allowing a rich analysis of tennis rallies
for a large number of players. This combination of high incentives, clear strategic margins,

1See also [Deci et al.| (1999), Bandiera et al.| (2005), Falk and Kosfeld| (2006), [Bryan et al.| (2011), [Larkin
et al.| (2012)), |[Falk et al| (2013)), [ Kube et al.|(2013), |Corgnet et al.| (2016]) among others.

“For instance, in our labor market example, workers who accept lower wages for more enjoyable jobs may
differ systematically in ability or outside options (e.g., Mas| (2025); Lavetti| (2023)) and only change jobs a
limited number of times in the course of their career.



and granular data makes tennis an ideal setting to test whether individuals deviate from
outcome-maximizing behavior to engage in more intrinsically rewarding forms of play.

We propose a simple framework in which players derive utility from winning points -
outcome utility— but also from the way in which they win points -process utility—. In partic-
ular, we allow process utility to depend on whether a point is won in one shot, immediately
after the serve, or through multi-shot rallies, and model serving decisions as the outcome of
utility maximization under this extended preference structure. We call the relative impor-
tance of process utility in total utility the salience weight. Our framework yields a natural
interpretation of observed deviations from outcome-maximizing strategief] as reflecting het-
erogeneous salience weights, which we recover for each player from point-level data.

Using optimizing serving decisions in professional tennis, we first develop a nonparamet-
ric identification strategy that exploits optimality conditions to derive player-specific bounds
on the salience weight. We show that, under mild shape restrictions, these bounds are infor-
mative enough to establish that a large majority of players have a strictly positive salience
weight. Further exploiting these optimality conditions, we adopt a parametric approach
and propose an algorithm to structurally recover player-specific salience weights on process
utility. Applying this framework to detailed point-level data from the Sackmann Charting
Project, we estimate player-specific skills and salience weights. We find that 79% of pro-
fessional players have a positive salience weight—of which 64% are statistically significant
at the 5% level-—and therefore place greater weight on winning multi-shot rallies, resulting
in systematically more conservative (second-)serve strategies than predicted by outcome-
maximizing modelsf| Counterfactual exercises show that eliminating process utility would
increase point-winning probability on serve by about 0.4 percentage points, translating into
a 2.4 percentage point increase in match-winning probability and an increase of $33,000
(13.5%) in expected prize money at a Grand Slam tournament (US Open 2025). These
results provide field evidence that individuals are willing to forgo measurable extrinsic re-
wards to engage in intrinsically rewarding activities, and illustrate how small deviations from
outcome-maximizing behavior can have economically meaningful consequences in high-stakes
competitive settings.

Methodologically, our model fits naturally within the canonical framework of trade-offs
between extrinsic and intrinsic motivation. To fix ideas, consider an agent choosing among
alternatives leading to an outcome. Each alternative x is associated with outcome utility
p(z) and process utility k(x). In its simplest form, utility is a weighted sum of the two,
where § > 0 denotes the relative weight on process utility. When 6 = 0, the agent is purely
outcome-maximizing, while larger values of ¢ reflect increasing salience of process utility.

This formulation is consistent with leading models of motivation, where process util-
ity arises from civic duty (Frey and Oberholzer-Gee, (1997)), identity (Loewenstein| (1999),
Akerlof and Kranton, (2000)), implicit contracts (Gneezy and Rustichini (2000a,b))), beliefs
(Bénabou and Tirole (2003)), procedures (Frey et al.| (2004))), meaning (Ariely et al.| (2008),
Norton et al.| (2012)), gambling (Menestrel (2001))), or the act of choice itself (Sen (1997)).
In our setting, a player chooses a serve strategy x and trades off the probability of winning

3See Borghans| (1995); |[Klaassen and Magnus| (2009) for instance.

4For 119 out of 151 players in the data, the estimated salience weight for winning multi-shot rallies is
larger than 0. For 76 of them, this weight is significantly different from 0 at the 5% level. For only 3 players,
this weight is significantly lower than 0 at the 5% level.



a point on serve p(x) against the probability of winning the point through multiple shots
k(x). By structurally recovering player-specific salience weights from optimal choices, we
quantify the extent to which individuals deviate from outcome maximization to engage in
intrinsically rewarding play.

Our analysis builds on the premise that winning multi-shot rallies is intrinsically more
rewarding than winning one-shot rallies. We motivate this in three steps. First, from the psy-
chological literature, we learn that enjoyment and self-determination are important drivers
of intrinsic motivation. Research first formalized by (Csikszentmihalyi| (1975} |1990)) indicates
that flow is a state of complete absorption in an activity, often described as being “in the
zone,” that arises when the challenge of the task aligns with the performer’s skill level, and
therefore “[e|njoyment appears at the boundary between boredom and anxiety, when the
challenges are just balanced with the person’s capacity to act.” |Csikszentmihalyi (1990), pp.
52f53.|§] Flow theory connects closely with Self-Determination Theory (SDT)|Deci and Ryan
(2000), which posits that intrinsic motivation is fostered when autonomy, competence, and
relatedness are satisfied ]| Flow states and Self-Determination are therefore more likely to
arise during multi-shot rallies than through the execution of a single shot, the serve.

Second, from players’ testimonies, we learn that enjoyment is indeed an important com-
ponent of their motivation. Professional players frequently highlight enjoyment as a central
goal: for instance, Carlos Alcaraz stated, “I just want to step on court ... and try to enjoy
as much as I can.”[]

Third, in tennis, although the server wins roughly 45% of his points on unreturned serves
(one-shot), top players spend most of their training time (about 90%) on baseline rallies as
shown in |O’Shannessy| (2019)) and Fitzpatrick (2024)). This apparent paradox in the behavior
of players during practice supports the idea that players attach more importance to multi-
shot rallies, likely so because they enjoy playing such rallies more. For these reasons, we
expect process utility to arise from winning multi-shot rallies, and player-specific salience
weights for these rallies capture the preference for winning points through multi-shot rallies
relative to one-shot points.

This paper contributes in several important ways. First, it extends the analysis of tennis
serving strategies of [Klaassen and Magnus| (2009) to account for process utility and distin-
guish between one-shot and multi-shot points. It proposes a novel method to compute player-
specific salience weights from point-level data and quantifies the economic consequences of
process-driven strategy, demonstrating that small deviations from outcome maximization
can have substantial effects.

Second, more broadly, our results speak to a general class of preferences in which in-
dividuals derive utility not only from outcomes but also from the process by which these
outcomes are achieved. This idea is closely related to the compensating differentials liter-
ature in labor economics, which documents that workers are willing to accept lower wages

®Csikszentmihalyi illustrates this with tennis: “One cannot enjoy doing the same thing [at tennis] at the
same level for long. We grow either bored or frustrated, and then the desire to enjoy ourselves again pushes
us to stretch our skills, or to discover new opportunities for using them.” |Csikszentmihalyi (1990), p.75.

6Tn tennis, autonomy arises from controlling shot selection and tactics; competence from improving skills
and executing difficult shots; and relatedness from interactions with coaches, opponents, and the public.

"https://www.atptour.com/en/news/alcaraz-lehecka-us-open-2025-qf. A broader set of players’
quotes is collected in Online Appendix (B1]).


https://www.atptour.com/en/news/alcaraz-lehecka-us-open-2025-qf

in exchange for non-pecuniary job attributes such as meaningful or intrinsically rewarding
tasks, with estimated trade-offs on the order of 8-20% depending on the job attributes con-
sidered (e.g., Stern| (2004)); Mas and Pallais| (2017)). Similarly, in consumer markets, a large
body of evidence on fair trade, ethical consumption, and product provenance shows that
individuals are willing to pay substantial price premia for goods produced under socially
or environmentally desirable conditions, at comparable product quality. Experimental and
field evidence typically finds willingness-to-pay premia in the range of approximately 5% to
30% for fair trade or ethically certified products, depending on product category (e.g., see
Maertens and Swinnen| (2009); Dragusanu et al| (2014))). Across these settings, individuals
appear willing to trade off outcome against process, be it about having autonomy, providing
meaning, or being ethical. Our contribution is to show that this same trade-off can be identi-
fied from high-frequency, within-individual, continuous choices in a high-stakes, competitive
strategic environment, in contrast to labor and consumer studies, which typically rely on
low-frequency or discrete-choice settings.

The remainder of the paper is structured as follows. Section 2 presents the model,
discusses non-parametric bounds and introduces a parametric approach together with an
algorithm to recover player-specific salience weights from the data. Section 3 describes the
data and the estimation method, while Section 4 presents the results. Section 5 provides
robustness checks, and Section 6 concludes.

2 Model

2.1 Preliminary observations

In tennis, a central strategic decision for the server is how much risk to take. A “safe” serve
increases the probability that the ball lands in the service box (i.e., a higher serve percentage)
but reduces the likelihood of winning the point outright through an ace or unreturned serve.
Conversely, a “risky” serve raises the probability of winning the point immediately, at the
cost of a higher probability of a fault.

While this resembles a standard high-risk-high-reward trade-off, the tennis setting in-
volves an additional margin: not only whether the point is won, but how it is won. A safe
serve increases the likelihood that the point evolves into a multi-shot rally, forcing the player
to win through multiple shots, whereas a risky serve increases the likelihood of a one-shot
win.

The server’s decision, therefore, determines both the overall probability of winning the
point and the distribution of this probability over one-shot and multi-shot points. As a result,
the serve strategy reflects a trade-off not only between high-risk—high-reward outcomes, but
also between one-shot wins and multi-shot wins, which may be intrinsically valued differently.

In support of this distinction, we propose the following defintions.

Definition (Outcome Utility): Outcome utility captures preferences over the results
of an action, independent of how they are achieved. In our setting, it corresponds to the
probability of winning a point, regardless of whether it is won through one-shot or multi-shot
rallies.

Definition (Process Utility): Process utility captures preferences over how outcomes



are achieved. In our setting, it is represented by a preference for winning points through
multi-shot rallies rather than one-shot points.

2.2 Set up

Let the probability of a serve being in be denoted by x. This probability reflects the choice
of the server. As depicted in the above observations, if the server wants to take more risk,
he will choose a lower value of z, hence a lower serve percentage. In contrast, if he wants
to take fewer risks, he will choose a higher value of x, a higher serve percentage. Since in
tennis, players can serve a second serve if the first is out, the server’s strategy consists, in
fact, of two numbers x; and s reflecting respectively the probability of the first and second
serve to be in. A player’s probability to win a point on his serve, denoted p (z1, x2), depends
on his strategy (z1,23). Denote y (x) the probability of winning a point conditional on the
serve being in as a function of the serve probability, z. y (z) reflects the skills of the player,
encompassing both his serving and rally skills (relative to his opponent). In condition
below we assume that y (x) is twice differentiable and in particular, strictly decreasing, i.e.,
y' (z) < 0, so that the safer the serve, that is, the higher the probability that it is in, the
lower the probability of winning the point, conditional on the serve being in, and strictly
concave, y” (x) < 0.

With these definitions, the probability of winning a point on one’s own serve, the outcome
utility, reads as,

p (w1, 32) = w (71) + (1 — 21) w(z2),

where w (x) := zy () is the unconditional probability of winning a point, and a server aiming
at maximizing his probability of winning a point on his serve then does max, ,, p (z1, z2).

This setting corresponds to the basis of the model presented in Klaassen and Magnus
(2009) and discussed in more detail in Online Appendix (B2). In this paper, we depart from
Klaassen and Magnus| (2009)) by assuming that players are perfect maximizers and allowing
them to care about process utility, and hence possibly put different weights to the various
possible ways of winning a point. This requires distinguishing between 4 possible ways to
win a point: with one shot on the first or second serve, i.e., an ace or an unreturned serve,
or with multiple shots on the first or second serve, i.e., a rally of more than 2 shots. We
hence decompose the conditional probability to win a point into a conditional probability
to win in one shot, say f (z), and in multiple shots, say k(x). By definition, one has
y(x) = f(x) + k(z). It seems natural to expect that f'(z) < 0 and f”(z) < 0so f is
concave, meaning that the conditional probability of winning a one-shot point is decreasing
with the probability of the serve to be in (increasing with risk), more so as the level of risks
decreases (concave)ﬂ In contrast, the conditional probability of winning a multi-shot point
may be increasing or decreasing with the probability that the serve is in, depending on the
skills of the player. Hence, we impose that, if it is decreasing, it is also concave, i.e., k' (z) < 0
and k" (x) < 0, whereas, if it is increasing, it is convex, i.e., ¥’ (z) > 0 and k" (z) > 0.

To summarize, we assume that the following standing assumptions hold.

8This assumption is supported in the data. Indeed, for all professional players in the data, the percentage
of first serves in is lower than the percentage of second serves in (z1 < x3), but only for two players, the
share of one-shot points won on first serve (f (x1)) is lower than that on the second serve (f (z2)).



Condition 1 The conditional probability of winning a one-shot point continuous and twice
differentiable, strictly decreasing f' (x) < 0 and concave f" (x) < 0, whereas the conditional
probability to win a multi-shot point is continuous and either strictly decreasing k' (x) < 0
and concave k" () < 0, or increasing k' (x) > 0 and convex k" (x) > 0 and so that y (x) =
f(x)+Ek(x) is so that y' (z) <0 and y" (x) < 0.

The second departure from the model in Klaassen and Magnus| (2009), is that we consider
the case where a player may attach more or less, but not necessarily the same, importance
to winning a one-shot point rather than a multi-shot point. In the model, there are four
possible (winning) outcomes for the server, listed below with their specific probability to
occur and specific utility:

1. One shot on first serve: probability x;f (z1) and utility of «,
2. Multiple shots on first serve: probability z1k (z1) and utility of 5,
3. One shot on second serve: probability (1 — z1) xof (x2) and utility of a,

4. Multiple shots on second serve: probability (1 — x1) ok (z9) and utility of 5.

Hence, we assume that the player maximizes, not his probability to win a point p (z1, x2),
but rather, p(zq,x2) defined as the weighted average of the probability to win a one-shot
point and the probability to win a multi-shot point, which reads as

p(xy,22) =W (x1) + (1 — 1) W (x2) .

where @ () = zy (x), § (x) = af (x)+ Bk (x), a is the utility attached to winning a one-shot
point, and [ is the utility attached to winning a multi-shot point.

A first important remark is that normalizing the utility of winning one-shot rallies to
a = 1 is without loss of generality, as it does not affect the optimal solution of a player.
From now on, we therefore set a« = 1 and interpret 3 as the relative preference parameter for
multi-shot rallies. Moreover, in the case 5 = 1, distinguishing between f and k is irrelevant
since all that matters is the conditional probability of winning a point y (z) = f (z) + k ()
and not how. In terms of notation, we call § the perceived conditional probability of winning
a point because of the presence of preference parameter § in the expression. It only coincides
with the true probability when § = 1. A similar interpretation and notation is used for w(x)
and p (xq, ).

A second important remark is that this utility rewrites as

pz,22) = plrr,22) +(8—1)(2:k (21) + (1 — 1) 22k (22))

Outcome Utility Process Utility

clearly distinguishing the outcome utility, i.e., the probability of winning a point on one’s
own serve, and process utility, i.e., the probability of winning a multi-shot point on one’s own
serve. Presented this way, it is clear that our model relates to the simple model of outcome
and process utility presented in the introduction, where the salience weight § obtains as

§=06—1.



To summarize, our setting distinguishes between one-shot and multi-shot rallies and
allows preference weights to be different for these two types of rallies, replacing w (z) by
W (x) and decomposing y () into the constituants f (x) and k (z) to compute g (x).

The FOCs to this problem are obtained as

'lI)/(LU1>—U~)<I2) = 0,

ﬁ]l(l'Q) = 0.

The second order conditions require that the expected utility is concave. For this, the
Hessian of the expected utility needs to be semi-definite negative and since at optimum, the
Hessian is diagonal (see Online Appendix (B3.1))), the SOCs therefore are

2@’ (.Z‘l) + xlgj" ($1) S 0,
(1 —a1) (20 (23) + 259" (23)) < 0.

Interestingly, the SOCs provide restrictions on the curvature of the perceived conditional
probability of winning a point. Indeed, rearranging both SOCs, one obtains:

~I/ *
7 (x5)
provided that § (z}) <0, ¥j = 1,2f]
Note that x%l,l((;))
in fact, indicate that this elasticity should be larger than —2 on the interval x € [z}, z3].
Moreover, the FOCs reveal important information about the shape of the perceived
conditional probability y at the optimum. Indeed, consider the FOC associated with the

optimal second serve strategy. Rearranging, one has

is the elasticity of the perceived marginal probability 3’ (z) and the SOCs,

7 (o = 1

2

By a similar procedure, the FOC for the first serve strategy obtains as

It follows that the optimal serve strategy (z7,x3) pins down the slope of the perceived

9(=3)

5
T2

and

conditional probability of winning a point at both x} and z] to respectively

w39(25)—i(=1) .

e Importantly, this means that the average curvature of ¢ (x) in the interval
1

9Note that, while it is possible that 3 is so that ¢’ (z) > 0, even if 3’ (z) < 0, in that case, the optimal
second serve strategy would be x5 = 1 since @’ (x) > 0. For all players in the data, the observed second
serve percentage is strictly lower than 1, and hence this situation never occurs.



Figure 1: Optimal service strategy: Roger Federer
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Figure shows how the optimal service strategy is determined given the skills parame-
ters of the player (the shapes of f and k) and his relative preference for winning multi-shot
rallies (3). We herewith use the example of Roger Federer.

First, the second serve strategy is found by looking at the value of = for which @’ (x) = 0,
say x3. Then, the first serve strategy is derived by looking at the value z for which @’ (z) =
w (x3), say xj. The conditional probabilities of winning a point given that the first (second)
serve is in are indicated on the curve y(x), for the respective values of z7 and z3. This
delivers two observed points (z7,y}) and (x3, y5).

The additional source of identification provided by distinguishing between one-shot and
multi-shot rallies can be best illustrated using Figure . This figure shows how the optimal
second service strategy is determined given the skills parameters of the player (the shapes
of f and k) and his preference parameter for multi-shot rallies () and how this generates
one point on the conditional probability of one-shot rallies and one point on the conditional
probability of multi-shot rallies. We herewith use the example of Roger Federer.



Figure 2: Optimal second serve strategy: Roger Federer.

0.7 T T T T T T T T T
zf(z) + Brk(z) ="~

The optimal second serve strategy is obtained as the value ¥ that maximizes w(x) =
xf(x)+ Bxk(z). Note that it does not maximize w(z) = xf(z) 4+ xk(x). Although changing
the value of # might result in a non-negligible change in the second serve percentage, we see
that the probability of winning a point on one’s serve might actually only change marginally,
w(z3) being close to max,(w(x)). This marginal change, however, because of the scoring
system in tennis, magnifies into a larger change in the probability to win a game, a set, and
eventually a match. This, in turn, transforms into significantly larger expected prize money.

2.3 Nonparametric approach

Our aim is to nonparametrically bound the salience weight §. The key idea is that optimal
serve choices impose inequality restrictions on p(.,.), which translate into player-specific
bounds on §. To show this, we first need to briefly introduce the data. Suppose that, for
each player ¢ = 1,..., N, we observe the probabilities (x1;, Z2;, f1i, foi, k14, k2;) where x1; and
xo9; are the probabilities of first and second serves in, fi; = f(z1;) and fo = f(x9;) are
the conditional probabilities of winning a point with one shot on first and second serves,
respectively, and ky; = k (z1;) and ko; = k (x9;) are the conditional probabilities of winning
a point with multiple shots on first and second serves, respectivelym

We assume that each player ¢ is a perfect maximizer of his perceived probability of

10Tn the data section, we discuss how to estimate these probabilities (11, 24y f14s f2is k14, k2i) given data
on rallies played, in possibly multiple matches, on the serve of each player .

10



winning a point p (z1, z3) so that the observed data reflect the optimum of each player, i.e.,
(214, x9;) = (xF;, x5;). Dropping the index i for notational simplicity, optimality implies for
each player

p(l’;,iﬂz) Zﬁ(ﬂ,iff), (1)
p(l’ivlé) Zﬁ($;7m;)’ (2)
p(at, 3) = pay, a7). (3)

The first inequality compares the observed strategy to a deviation in which the player
uses the first-serve strategy in both serves; the second compares it to always using the
second-serve strategy; the third swaps the two strategies. Note that inequality implies
p(x,x3) > p(x,x7) for all z, so that inequality is in fact implied by inequalities H
Each inequality above can be written in linear form

A+0B > 0 =

>,
vV
|

if B> 0,

A+0B > 0 =

o,
IN
|

if B<0,

SSTISSEV ]IS

where the parameter A is in fact the difference in the probability of winning a point (p (., .) not
P (.,.)) between the two strategies being compared in the inequality whereas the parameter B
is a similar difference but for the probability of winning a multi-shot point. By construction,
A — B := (C is the same difference but for the probability of winning a one-shot point.

The optimality conditions can be used to define a lower bound L (when B > 0) and
an upper U (when B < 0) on the value of the salience weight 6 € [L, U] for each player.
For all players we note that the lower bound L is determined by inequality whereas
the upper bound is either unrestricted (4+o00) by the optimality conditions, which is the
case for 23 players, or determined by inequality . Regarding the sign of the bounds, the
data actually show that for 8 players the lower bound is positive (B > 0 and A < 0) so
that we can conclude that the salience weight of these players must be positive. For the
remaining players, the lower bound is negative (B > 0 and A > 0), and the upper bound
positive (B < 0 and A > 0). Even though the optimality conditions alone are not enough
to determine the sign of the salience weight ¢ for all but 8 players, interestingly, the lower
bound L is determined by the upper bound of p (23, x}), i.e., inequality .

Building on this observation, let x € [z}, 23] and consider the inequality

p(x,x3) > p (a7, 7). (4)
Associated with this inequality are the values
A(z) = p(z,a5) —p(af zy) = B(z) + C (),
B(z) = ak(z)+ (1 —x)x3k; — (2 —a7) 27k],
Clz) = of (@) + (A —2)asfy — 2 —a)aif].
HTndeed, note that, as long as one maintains the second serve strategy constant, the first serve strategy

contributes the same term w (x) and a slope (1 —x) to p(z,x2) and p(x,z2) so that if the inequality
p(xz,x2) > p(x,x2) holds for z, it holds for all 2’ # «.

11



This inequality delivers a lower bound for the player’s salience Weight if and only if
B (z) > 0. This lower bound is negative if A () > 0 and positive if A (z) < 0[] We derive
our main result from the following lemma, which provides a sufficient condltlon under which
the lower bound on ¢ is positive. The conditions (b)—(c) in the lemma are sign restrictions
directly verifiable in the data, while condition (d) restricts the curvature of f (.).

Lemma 1 If a): Condition is satisfied, b): B(x}) > A(x}) > 0, ¢): B(x3) >0 >
A(x3), and d): C' (x7) < — ( *2, then there exists a unique xo € [x7, 3] such that A (zo) =0
and B (xg) > 0.

Proof. (Sketch) Existence follows from continuity and the Intermediate Value Theorem.
Uniqueness follows from the strict concavity of A (z). Finally, concavity of C'(x) implies
that at the root xy, C' (z9) < 0 and hence B (z() > 0. See Appendix (A2)) for the full proof.
[

Conditions (b)—(c) of Lemma (/1) are met for all but one player in the data. Condition (d)
is better understood once rearranged using that C’ (z) = f (z) + = f' () — x5 f5 by definition
to obtain o(=)

(20 < x3f3 — Ji — Pl

]

The left-hand side is unknown, but the right-hand side offers an upper bound for Lemma
to apply, which can be computed from the data. The higher this upper bound, the less
restrictive this condition is and the more likely the lemma’s conditions are satisfied. To ease
interpretation, however, one can express it as a fraction F of the average slope on [z}, 23]
which too can be computed on the data as f 221 A similar implication holds for F, i.e., the
higher the fraction, the less restrictive the condltlon of the lemma.

We first note that for the eight players for whom the salience weight is revealed as positive
from optimality conditions, the fraction F’ ranges from 0.02 to 0.31 with a mean/median value
of 0.14. For the remaining 143 players, F' ranges from 0.12 to 0.69 with a mean/median value
of 0.33, indicating that roughly 50% of the players have a fraction at least as large as the
maximum value observed among the players with revealed positive salience weight. Finally,
133 players (93%) have a fraction higher than 0.20, corresponding to the second highest
value in the group of eight.

2.4 Parametric approach

Our objective is to estimate the salience weight § (or equivalently, the relative preference for
winning a multi-shot point ) to conduct counterfactual analyses. This requires imposing
a parametric structure on the model, in particular on the functions f(z) and k(z). Recall
that the SOCs of the optimization problem give a restriction on the elasticity of ¢ (x), the
perceived marginal probability of winning a point. Since ¢ (z) = f’ (z)+ Sk’ (x), we propose
to parametrize the elasticity of the marginal probabilities f’ (z) and &’ (x) as in the following
condition.

12We already know that for 8 players in the data when z = a3, which corresponds to Inequality ,
A(x7) <0 and B(z]) > 0.
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s f'@) K@) oy 13
Condition 2 Ty = Ty = A—1> 0.

Condition imposes that the elasticities of the marginal probability of winning a point
with one-shot and with multi-shot, conditional on the serve being in, are equal to each other
and to a strictly positive constant A — 1.

This condition has three main implications. First, the elasticity of both the perceived

and true marginal probability of winning a point is also equal to A — 1, as under condition
7’ (x) y" (@)
() y'(z)
that y (z) follows the law of diminishing marginal returns (read conditional probability of

winning a point).

one has z =x =\— 1 Furthermore, since, by assumption 3’ (z) < 0, this means

Second, it means that f (z) and k (z) are power functions of the form f (x) = %

and

k(z)= a’“;:k, offering great flexibility with only 5 unknown parameters.
Third, as a by product of the two preceeding remarks, the conditional probability of
winning a point y () is itself a power function with power A, as indeed y (z) = f (x)+k (z) =

TFT afTr+arT
T and q = YE2RT )1
T+Tk TE+Tk

Associated with this parametric choice, Conditions are met with the following restric-
tions on the parameters of f (z) and k (x).

a—:z:)‘

, where 7 = , see Online Appendix 1

Condition 3 i) A\ > 1, ii) 74 > 0 and either 7, > 0 or —71y > max (7y, f7y), i) 0 <

afTp+agTy
UTEHATL )\ 41

Note that Condition (3}ii) garantees that y () = f (z) + k (z) is decreasing, as indeed it
leads to 7 = :ffTTq’fk >0, and f'(z) <0 from 7, >0

With these parametric choices, the optimal first and second serve strategies can be derived
in closed form from the first-order conditions (see Online Appendix (B3.2))). One obtains for
the second serve strategy

af—l—akﬁ:—i
1+ (1+52)

yielding an interior solution, i.e., 0 < 3 < 1, if and only if

ar+ akﬁi—i
1+ 872

13Note that this assumption corresponds to the CRRA assumption of the von Neumann-Morgenstern

utility function in the context of a classical problem of expected utility. In Online Appendix (B7) we present

the model using the CARA assumption instead, i.e., % = % = A > 0. The associated functions are of

A+1>

the form f(z) = ay + 7fexp (Ax).
4Tndeed, since one has z2-% =z — N _ 1 it follows that 2k” (z) = (A — 1)K (z) and zf" (z) =

(A=1) f'(x) and since zk” (J;Sz—)i— af (kn;)z: xy” (z) and k" (z) + 2Bf" (x) = 27" (x), one has
zf’(z) = (A=1D7 (2),
zy’(x) = (A=1)y (2),

which for ¢’ (z),y (z) > 0 yields the result in the text.

15This corresponds to the functional shape assumed in Klaassen and Magnus (2009) for y (z).

16In our data, these conditions are met for all players except for the condition —7j > 377, which is not
met for 3 of them.
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And, the first serve strategy, therefore obtains as
ap +anfZ — o (ag + L — (1462 ) a3)

1+ (1+52)

* )\ *
= I’2>\ (]_ — 1_’_—/\372> .

where the second line follows by simple substitution.
A remarkable result is that at optimumE one has

“N\ A
x] A,
) - 2

<x’5> 1+)\$2

meaning that, when players are optimizers, data on first and second serve percentages, and
in particular 2—1 and z3, uniquely identify the curvature parameter A\ as shown in section
2
29).
To summarize, under our standing assumptions, at optimality, the server adopts the
following service strategy

* —_—
xl —

Y a —l—ak/B:—f
(e, 23) = |23 — gy, — :
L+ 1+ (1+8%)

and enjoys the following conditional probabilities of winning a point in one and multiple
shots on first and second serve:

*\ *\
% ar — T " ar — &
f(z7) = L1 .y - k(7)) = —Tk - )
*A *A
* af — Tg * A — Ty
= - < k =
f(x3) 7  k (73) ™

An important remark is that although the preference parameter g and the relative skills
:—i only enter the expressions of the optimal serve strategy on first and second serve, through
the term B:—z, the expressions for the conditional probabilities of winning a one-shot or multi-
shot point at the optimum depend respectively, only (directly) on the skills parameters 7
and 7. At same value of 5 :—Z, i.e., at same optimal serve strategy, players with different skills
7s and 7 have different optimal conditional probabilities of winning a one-shot or multi-shot
point. This is the source for the separate identification of the preference parameter and the
skills parameters to exploit in the data.

(27, z3) is an optimum if the expected utility is concave at (z3, x3). With the parametric
shapes assumed above, the conditions for the expected utility to be concave are given as

AL+ A) (@) (1 + ﬁﬁ) < 0

Tk

() AN @) (HB:—:) <0

17This result arises not only with power functions but also with softmax functions, see Online Appendix

(B7).
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Since 7y > 0, A > 0, 2] > 0, and from Condition ii) one has either 7, > 0 or —75, > 7y
so that 1+ 3 :—i > 0, we conclude that the expected utility is concave.
It is easy to show by simple substitution that when § = 1, the optimal strategy is

o) = (o (1-5377) 559)

and the SOC reads as 7 > 0.

2.5 Comparative statics

81‘;
oB
which are simpler to derive. Hence, w.l.0.g., we produce comparative

Note that for A > 1, as estimated in the data, the signs of the derivatives for j = 1,2,
Baﬁ;A
oB
statics on the preference parameter 5 on the optimal strategy of the server using a:‘f‘ rather
than 7.

Consider a small change in the preference parameter for winning multi-shot rallies on the

optimal probability of serving first and second serves in, one has

agree with those of

o ay — ag
= —T¢Tk (1 —x3)
o R4 (i + ) 2
so that sign (%;) = —sign (1y (ay — ay)) since 3 < 1 and
af-i-ﬂak%
oy an(1+871)
B ap
T¢T a7 — %
= —TfTk
PR+ 0 (1 + 8rp)?

* A 8:63

so that sign (‘9;:—;) = —sign (1y (ay — ai)) = sign (W)
Hence, the optimal probability of serving first or second serves in, is increasing with the
preference parameter put on winning multi-shot points if 7 (ay — ax) < 0 and vise versa.lﬂ

Proposition 2 If 7, (af —ax) < 0 (resp. 7y (ay—ar) > 0), the optimal probability of
serving first or second serves in is increasing (resp. decreasing) with the preference for
winning multi-shot rallies.

Note that, as can already be anticipated from the above comparative statics, whenever
ay = ai, the optimal serving strategy does not depend on the preference parameter for
winning multi-shot points of the player. This is comfirmed by looking at this strategy for
ay = ar = a. One indeed has

* A kA 1_I§ (1_ %x;A) 1
(xl’xz)_<a L+ ESYA

These expressions do not depend on S.

18In our data, all but one players meet the condition 74 (af — a) < 0.
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2.6 Identification and computation

For each player ¢ = 1,..., N, we observe the probabilities (x1;, Z2;, f1i, f2i, k14, ko) and have
5 unknown skill parameters (\;, as;, 7, ari, Tg;) and 1 unknown preference parameter ;.
The two points (x1;, f1;) and (xg;, fo;) can be used to identify 2 of the 3 parameters of the
function f (), whereas the two points (z1;, k1;) and (29, k2;) can be used to identify 2 of the
3 parameters of the function k (z). Since f (x) and k (z) have one parameter in common, i.e.,
Ai, this means that the four points (xy;, f1i), (15, k1i), (@4, fo;) and (xe;, ke;) together only
identify 4 of the 5 skills parameters. Assuming that these players are perfect optimizers, the
optimality conditions imply that (xy;,x9;) = (73, x5;) which provides 2 restrictions to the
system of equations. Hence, we have 6 parameters to be identified by 4 data points and 2
optimality restrictions.

2.6.1 Identification

To show the identification of parameters (\;, as;, T fi, ai, Thi, B;) given data (x1;, T2, f1i, fois k1is ki),
we first show identification of parameters (a i, 7, Gki, Tri, 5;) given data (@1, Toi, fri, fois ki, k2i)
conditional on )\;, and propose a bisection algorithm that searches for the curvature param-
eter \ given the data (xy;, xa;).

First, the slope and constant terms of the functions f (z) and k (z) are identified given
Ai = A. Indeed, as soon as the value of X is known, data (xy;, x9;) can be used to compute
(214, 22:) = (2, 23;). It follows that, using the functional form for f (z) and k (z), from the

points (zy;, f1;) and (zy;, f2;), by simply rearranging terms, one can deduce the slopes

Tfi = _@AZ’L7
Jai Afi
Tki = _@AZZ’
in Akz

where Al; = % VI = z, f, k, and then the constants

ag = Tgifu+ 2,
ki = Triku + 21

Interestingly, note that the relative slope does not depend on the value of A\, and is solely
determined by the observed data as
Tri koi Ak;

Tki B Jai Af P
Second, one can uncover the preference parameter 3, once the slope and constant param-
eters of f (z) and k (x) are known. This is done by using the previous results together with
the equation for the optimal second serve strategy to isolate

B _Tkiafi—ZQi(l—i-)\)

! T_ﬁaki—z% (1+>\)

provided z9; (1 + A) —ay; # 0. Using the expressions previously obtained, for z9; > 0, fo; > 0
and ko; > 0, it can be shown that in fact
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fQZ 1 + )\Afl
L k?z ]- + )\Ak

and it follows that one must have Az; + AAk; # 0.
Note that after following these steps, the curvature parameter is the only remaining

unknown parameter. We can then use the last remaining condition, i.e., the FOC for the
optimal first serve strategy, to implicitly solve for the curvature parameter and obtain

i =

afz + akzﬂl.rk. — T2 <afz + asz“—k (1 + ﬁ“’k ) Z2i> ]

since zy; > 0.
Importantly, as shown in Online Appendix (B5]), this expression simplifies considerably

to read as p
21

217,

This expression actually shows that the curvature parameter only depends on data xy;
and x9; through z1; and z9; and the initial value of X selected. Of course, the value \; herewith
obtained might be different than the A used to compute zy; and zy;. However, as it turns
out, this equation together with the structure of the problem, provides a fixed-point, so that
there exists, for each player 7, a A such that \; = XA. We shall see below that a relatively
simple algorithm allows us to recover this value, for all the players in the data, and that this
value is larger than unity for all players.

2.6.2 Computation

We propose the following algorithm to compute the parameter \; of each player i, from the
associated data (z1;, T2;).

Algorithm 1 Data (z1;,x9;), tolerance €, Output ;.

1. [mtzalzzmg step. Set t = 0 and initialize the interval [I%) u(t} so that A; (I0) < 1®
and A; ( ) > u® . In practice, 1) should be close to 0 and u® large enough.

2. Solving step. Set A\ = w and using data (x1;, T2;) compute

Anew — (I—QY (1+A(1— z2)) — 1.

L14

3. Incrementation step. If \™ < X, I® =\, else u) = \. If ‘l(t) - u(t)| < g, stop, else,
sett <—t+ 1 and go back to solving step.

Note that the iteration step of Algorithm ({ . 1)) defines a map A; : Ry — Ry, associating for
each \®) a new value A*Y for the curvature parameter given the data (14, z2;). If it exists,
a solution is therefore a fixed-point A; (A7) = A;. The following theorem shows that such a
solution exists and is unique under mild conditions for the structure of the data (z1;, z2;).
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Theorem 3 (Existence and uniqueness of the solution) For each player i, with data
(214, T2;) so that

(AJ) T4, Xo; > 0 with 0 < x1; < Xo; < 1,
(AQ) lni—f: < T9;,
(A3) 2 (x9; — x1;) < (11721')2;

there exists a unique A} > 1 such that

Ar = N(A).
Proof. See Appendix [ ]

We illustrate the theorem using the example of Roger Federer. Figure (3)) plots the map
A;(A) for Roger Federer. We see that the properties of the map exploited in the proof, are
so that the map crosses the 45 degree line only ones at A*, the point (A*, A;(\*)) forming
the unique (non zero) fixed-point of the map. Suppose that the algorithm starts with lower
bound I = 1 and upper bound u(® = 4. The mid point value is 2.5. At A = 2.5, the
value of the map is below the 45 degree line and the lower bound is updated to 2.5. The
termination condition is not satisfied (at conventional levels of precision) and the algortihm
goes back to the iteration step with lower bound 2.5 and upper bound 4. The mid point is
now 3.75 so that the value of the map is higher than the 45 degree line. The upper bound
is updated to 3.75, etc.. The algorithm converges very fast to the value \* = 2.81.

Once the curvature parameter \; is obtained from the algorithm, one can compute the
remaining parameters using the steps outlined in the Section ([2.6.1)).

3 Data

We use the Match Charting Project by Jeff Sackmannﬂ which collects information about
professional tennis matches, encoded by dozens of contributors. In particular, we use the
point-by-point data for men’s matches with information on more than 1,200,000 rallies of
over 7,100 matches by the end of January 2026.

The unit of observation is a rally in a match. For each rally, we know who is serving,
whether it is a rally on first or second serve, and the length of the rally, i.e., the number
of shots that were recorded “in” the court. A rally of length 1 is necessarily ending with
either an ace or an unreturned serve. The server wins all rallies of odd length, whereas the
returner wins rallies of even length. For our analysis, for each player, we need to observe a
large number of rallies on their own serve. For this reason, we only select those players with
at least 20 matches charted in the data. 151 players satisfy this criterion.

Table presents service statistics for selected players, along with sample descriptive
statistics. The selected players include the four players with the most Grand Slam title@,

Yhttps://github.com/JeffSackmann /tennis_MatchChartingProject
20The four most prestigious tournaments of the year are the Australian Open, Roland Garros, Wimbledon,
and the US Open. These tournaments also have the most generous prize money distributions.
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Figure 3: Fixed-point of the map A(X): Roger Federer.

Table 1: First and second serves statistics for selected players and aggregate sample.

First serve

Second serve

Player Nbpt. | %in % Multi % One won % Multi won | % in % Multi % One won % Multi won
(><1000) Ty f(l’l) k(Il) T2 f(l’g) k(Iz)
Novak Djokovic 44.8 64.9 65.9 34.1 39.2 92.0 83.2 16.8 42.0
Rafael Nadal 34.0 68.6 72.4 27.6 42.9 92.6 83.9 16.1 43.4
Roger Federer 58.0 61.8 58.5 41.5 35.4 94.3 80.8 19.2 39.0
Pete Sampras 20.3 56.5 46.4 53.6 26.7 89.7 78.5 21.5 34.2
Boris Becker 15.7 55.0 52.3 47.7 29.5 88.2 80.5 19.5 32.9
Carlos Alcaraz 16.5 64.6 68.0 32.0 40.0 90.9 82.2 17.8 42.0
Jannik Sinner 20.1 60.3 61.6 38.4 37.4 93.3 83.0 17.0 42.2
Ivo Karlovic 3.6 65.4 43.0 57.0 23.8 86.3 69.0 31.0 28.8
John Isner 7.9 69.5 45.9 54.1 23.5 91.9 73.6 26.4 32.1
Reilly Opelka 4.4 65.6 45.0 55.0 22.4 91.9 74.0 26.0 33.8
David Ferrer 6.0 61.7 76.0 24.0 40.2 91.3 86.8 13.2 38.9
Diego Schwartzman 3.9 63.9 78.4 21.6 42.0 89.6 85.7 14.3 41.2
Mean 6.4 61.1 63.6 36.4 35.2 90.9 83.1 16.9 37.4
Std 7.5 4.1 8.6 8.6 4.8 3.1 3.9 3.9 3.2
Min 1.3 51.5 394 19.5 21.3 74.0 59.3 10.2 27.1
Median 3.7 61.4 63.7 36.3 35.5 91.6 83.7 16.3 37.6
Max 58.0 71.3 80.5 60.6 43.3 96.8 89.8 40.7 43.7
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i.e., the Greatest Of All Times (GOATSs): Novak Djokovic, Rafael Nadal, Roger Federer, and
Pete Sampras; Boris Becker; the best two players of the current generation, Carlos Alcaraz
and Jannik Sinner; three players known for their big serves, John Isner, Reilly Opelka,
and Ivo Karlovic; and two players known for their baseline game, David Ferrer and Diego
Schwartzman.

The data include between 1,300 and 58,000 rallies per player. On average, the first serve
percentage is about 61%, while the second serve percentage is roughly 91%. Players win
approximately 72% of points played on their first serve, with an equal distribution between
one-shot and multi-shot rallies, whereas 63% of points on the first serve are multi-shot rallies.
On the second serve, being more conservative, players win fewer one-shot points (17%) and
about 37% of multi-shot rallies. The percentage of multi-shot rallies on second serves is 83%,
roughly 20 percentage points higher than on the first serve.

There are also notable disparities across players. Big servers, such as John Isner, win
about twice as many one-shot points as multi-shot points on their first serve, whereas the
reverse is nearly true for baseline specialists like David Ferrer. Comparing newer top players
to earlier ones, Carlos Alcaraz’s statistics resemble those of Rafael Nadal, and Jannik Sinner’s
resemble those of Roger Federer. Finally, the percentage of points won on one-shot rallies
ranges from 10% to 41% on the second serve and from 20% to 61% on the first serve, while
for multi-shot rallies, the corresponding ranges are 27% to 44% on the second serve and 21%
to 43% on the first serve.

3.1 Maximum likelihood estimation of (xy;, x9;, f1i, foi, ki, ko;)

Let 0; = (x14, 24, f1i, foi, k11, k2;) be the unknown probabilities of interest. From the data,
for each player « = 1,..., N, we observe N; points played on his serve. We can compute the
number of points played on the first serve, i.e., n,,; and on the second serve n,,; = N; — 14,
and since the data identifies for each point, the length of the rally, i.e., the number of shots
played into the court during the point, we can also compute the number of rallies of length
1 on first and second serves, i.e., nys; and ny,; and the number of other rallies of odd length
on the first and second serves as well, i.e., ng,; and n,;.

Note that Klaassen and Magnus| (2001]) showed that even though points in Tennis are not
i.i.d., the deviations from the i.i.d. hypothesis are small. As a result, the i.i.d. hypothesis
can still be used as a good approximation when aggregating over a large number of points as
we do in this paper, where we use “averages” over points by players. We therefore maintain
the assumption that points are i.i.d. so that each of the aforementioned variables follows a
binomial distributionE-] For instance, on the first serve, one has:

1. the number of first serves in, n,,;, represents the number of successes resulting from
N; independent draws with unknown probability of success x1;, meaning that

Ngyi ™~ B (Ni; $1z‘) )

2. the number of rallies of length 1 on first serves, ny,;, represents the number of successes
resulting from n,,; independent draws with unknown probability of success fi;, meaning

21See Online Appendix for a tree representation of the statistics for each player.
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that
Tfs B (nu’miv flz) )
3. the number of rallies won with multiple shots on first serve, ny,;, represents the number

of successes resulting from n,,; — ny; independent draws with unknown probability of
success kp;, meaning tha

Nieyi ~ B (Ngyi — g, kug) -

It implies, for instance, that the log-likelihood of observing data (nf,;, n4,;) given proba-

nxli

Lri (Nfyiy Mayi]0;) = log (n ) +ngilog fii + (e — nypye) log (1 — fug)

fri
Applying the same logic to all data and collecting the associated terms of the log-

likelihood, obtains

Li (Ni7 Nxyis Nwgis Tfris Waiy Tlkyis nk2i|9i) = luoyi (Nayi, Ni"gi) + gy (nmu N; — $1z‘|9i)

+lf1i (nf1i7 nw12|02> + lf2i (nf2i7 nl‘ﬁ’el)

HFliyi (Meyis Nani — Mgl 00)  Ligi (Mkgis Mags — M p0i]0:) -

Consider the derivative of the log-likelihood with respect to fi;. It reads as

ol; (Ni> Ngyiy Magis Tfris Tfais Tlkyis nkzifei) . alfli (nfm nxli’9i>
0 f1i 0 f1i
Npi  Mayg — N
Jii 1 — fu

The first order condition of the maximum likelihood requires that this derivative is set
equal to 0, implying that

Npi Ny — Npyi — 0
Jii 1= fu
~
npi (1= fu) = fii (e — np)
=
Ny
fao o= M
nxli
Hence, the frequency % is the maximum likelihood estimate of probability fi;. A similar
(1}17/
argument holds for all other probabilities. Let fi; = % denote the empirical of frequency of
1t

f1; with a similar notation for the other terms. Then, by maximum likelihood, the empirical

frequencies <xh~, Zoi, f1iy foi, ks, k%) are the estimates of 0; = (215, T, f1i, foi, k1i, Kos)-

22Note that, conditional on the serve being in, a multi-shot rally only occurs if a one-shot rally fails,
giving tennis rallies data, as structured in this paper, a very natural representation in terms of (conditional,
sequential) binomial distributions.
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3.2 Checking the data

Theorem applies on data satisfying conditions (A1)-(A3), which garantees the conver-
gence of Algorithm to a solution A larger than unity. As indicated in Table , for all
professional tennis players in our data, the first serve percentage (1) ranges between 0.51
and 0.72 while the second serve percentage ranges between@ 0.73 and 0.97. This trivially
shows that condition (A1) is always met. Since z1; > 0.5, one has

max In (x—Q) <102~ 0.69 < minzy; = 0.73,

v T4

which also garantees that Condition (A2) is satisfied for the ranges of values for z; and x5
observed in the data. It follows that, for all players in the data, there exists a unique solution
A;. Last, note that Condition (A3) rewrites as xq; (2 — z9;) < 2z1; and in the data,

max Ty; (2 — x9;) < 1 < min2xy; = 1.02

so that this condition is also satisfied for all players in the data. Hence, the unique solution
A7 is strictly greater than unity for all ¢ = 1,.., N.

23In fact, Maxime Cressy and Alexandre Bublik are the only two players with second serve percentages
lower than 84%.
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4 Results

Table 2: Parameter estimates with 95% bootstrap confidence intervals for selected players

Player Salience weight | Curvature | Slope f  Const. f Slope k Const. k
1) A Ty af Tk ag
0.27" 3.67 3.09™ 1.26™" —19.58™" —7.48™"
Novak Djokovic [0.15, 0.41] [3.56, 3.81] | [2.93,3.26] [1.21, 1.30] | [-31.23, -14.32] [-12.11, -5.36]
0.21"" 4.89" 4.62° 1.43" —105.09 —44.96
Rafael Nadal [0.03, 0.47] [4.70, 5.10] | [4.23, 5.07] [1.34, 1.54] | [-1079.64, 953.52]  [-463.38, 410.43]
0.32°* 2.817* 2.647" 1.35" —16.27 —5.50™"
Roger Federer [0.23, 0.42] (2.73,2.90] | [2.55,2.74] [1.32,1.39] | [-21.06, -13.41] [-7.26, -4.44)
0.42"" 1.93" 1.49" 1.13™ —6.41"" —1.38"
Pete Sampras [0.31, 0.56] (1.82, 2.05] | [1.43,1.56] [1.10, 1.16] [-7.86, -5.45] [-1.80, -1.10]
0.56™" 1.737 1.59 112 —13.23™ —3.55""
Boris Becker [0.39, 0.79] [1.62,1.85] | [1.51, 1.68] [1.08, 1.15] [-24.26, -9.18] [-6.93, -2.30]
0.05 3.66° 3.56™" 1.34™ —25.78" —10.11™"
Carlos Alcaraz [-0.12, 0.26] [3.45, 3.88] | [3.22, 3.98] [1.24, 1.46] | [-115.53, -13.94] [-46.84, -5.27]
0.06 2.5 2.61"" 1.28" —11.65"" —4.08""
Jannik Sinner [-0.04, 0.19) [2.39, 2.66] | [2.46, 2.77] [1.24, 1.33] [-16.24, -9.01] [-5.87, -3.04]
1.19™ 4.37 1.42™ 0.96™" —7.41™" —1.61™"
Ivo Karlovic [0.63, 2.36] [3.78, 5.11] | [1.13, 1.74] [0.78, 1.15] [-20.52, -4.43] [-4.88, -0.88]
0.79"" 5.33"" 1.78" 1117 —5.68"" —1.19™"
John Isner [0.52, 1.16] [4.89, 5.83] | [1.59, 2.01] [1.00, 1.23] [-7.92, -4.45] [-1.75, -0.88]
0.36™" 3.89"" 1.817" 1.19™" —4.63™" —0.84™
Reilly Opelka [0.14, 0.65] [3.47, 4.33] | [1.60, 2.06] [1.07, 1.32] [-6.32, -3.61] [-1.29, -0.58]
—0.01 2.90"" 4.82" 1.417 40.72 16.62
David Ferrer [-0.32, 0.61] [2.62, 3.24] | [4.04, 5.83] [1.24, 1.62] | [-431.32, 261.69]  [-172.34, 103.65]
—0.38 3.57 6.45"" 1.60™ 62.62 26.49
Diego Schwartzman [-0.75, 0.30] [3.15, 4.07] | [4.70,9.97] [1.26, 2.24] | [-427.40, 425.94]  [-174.09, 177.09]
Mean 0.34 2.94 2.96 1.24 3.96 2.52
Std 0.70 0.98 1.36 0.19 96.83 38.20
Min -3.86 1.28 1.04 0.62 -352.94 -129.32
Median 0.33 2.86 2.62 1.22 -10.22 -3.17
Max 2.79 6.27 7.99 1.69 900.62 359.60

*

Notes: 95% confidence intervals obtained by bootstrap with 300 replications.*** indicates significance at

the 5% level: for A\, CI excludes 1; for other parameters, CI excludes 0.

Table presents the estimates of the parameters for our selected players as well as the
summary statistics for all players (bottom rows). The mean and median salience weights
in our sample are both 1/3, indicating a preference for winning multi-shot rallies. In fact,
79% (119/151) of the players have a positive salience weight, and for about 64% (76/119)
of them, that coefficient is statistically significant at 5%. In contrast, there are 32 players
with negative salience weight, and only 3 of them for whom that estimate is statistically
significant at 5%. The first four listed players in the table are the GOATs. We see that for
all of them, the salience weight is positive and significant. The salience weight is also positive
and significant for big servers like John Isner, Ralley Opelka, and Ivo Karlovic. Interestingly,
the salience weight for the new top players, Carlos Alcaraz and Jannik Sinner, is positive
(0.05) but not significant. In particular, although the statistics in Table (1)) for Jannik Sinner
were quite close to those of Roger Federer and those of Carlos Alcaraz to those of Rafael
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Nadal, their salience weights are quite different. This reflects the fact that the identification
of the salience weight shown in Section is non-trivial.

The curvature parameter A is on average 2.9 and ranges from 1.3 to 6.3. It is significantly
different from unity for all players in the data, so that the conditional probability of winning
points of all players abbeys the law of diminishing marginal returns. The slope and constant
parameters of its constituents (f(z) and k(x)) are also mostly significantly different from
0. They can be best interpreted using a graphical representation, as in Figure . This
figure shows the skills parameters of the four GOATs through the plot of f (top panel)
and k (bottom panel) of these players. The figure clearly indicates that f is decreasing
and concave for these players (true for all players) while k is increasing and convex (for a
few players, i.e., David Ferrer and Diego Schwartzman, for instance, k is slightly decreasing
and concave). Interestingly, we clearly see that Pete Sampras has the most efficient serve
(measured as the probability to win one-shot rallies) for serve percentages between 0 and
about 80% where Roger Federer’s serve becomes more efficient. However, in terms of winning-
point percentages on multi-shot rallies, Figure shows that Rafael Nadal is the dominating
player at all serve percentages, with a relatively flat profile, and the profile of Pete Sampras
lies at the other extreme.

Figure 4: Conditional probabilities of winning one-shot (top) and multi-shot (bottom) rallies
of the four GOATsS.
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Having estimated the salience weight for each player, we can now ask the natural question:
what would have been the optimal service strategy if players were mere outcome-maximizers,
that is, if their salience weight were zero and they paid no attention to process utility? In
other words, this exercise quantifies how much players are willing to sacrifice in point-winning
probability to enjoy a more appealing style of play.

The model outlined in this paper allows us to answer this question through a simple
counterfactual exercise. Using the estimated parameters for each player, we set the salience
weight to zero and compute the optimal serve strategy, along with the corresponding prob-
abilities of winning points on first and second serves. Table presents the differences
in optimal serve strategies between the observed and counterfactual scenarios (6 = 0) in
columns 3 and 4. As expected, the change in serve percentage is negative for almost all
players, meaning their strategies would be more aggressive under the counterfactual, which
is especially true on the second serve. Setting the salience weight to zero increases the point-
winning probability on a player’s own serve by approximately 0.39 %-pt. While this change
appears small, the cumulative nature of tennis scoring amplifies its impact.

To illustrate, we compute the probability of winning a set and a match (best-of-five).
For this exercise, we assume that the opponent’s probability of winning their own serve
equals the player’s observed probability under the estimated Y Columns 7 and 8 show
the corresponding changes in set- and match-winning probabilities. For instance, although
a player increases the probability of winning a point on their serve by only 0.39 %-pt on
average, their probability of winning a best-of-five match increases by 2.42 %-pt.

Finally, we can estimate the probability of reaching each round of a Grand Slam and the
expected prize money under both observed and counterfactual strategies. Using the 2025
US Open prize distribution, Table shows that, on average, players forego approximately
$33,000, i.e., 13.5%, in expected price money per Grand Slam by optimizing for both outcome
and process utility, with 50% of the players forgoing more than $12,880, i.e., 5.5%. When
interpreting these results, one should also bear in mind that there are four Grand Slam
tournaments per year, and while smaller tournaments offer lower prize money, this amount
accumulates across tournaments over a professional career.

5 Robustness checks

Our results rely crucially on Condition ([2]), which has two components: first, the elasticity of
the marginal probability of winning one-shot points equals that of winning multi-shot points,
and second, this elasticity is constant. We conduct two robustness checks by relaxing these
assumptions.

In the first robustness check, we allow the elasticity of the marginal conditional proba-
bilities to vary linearly with z, i.e., proportional to A with A > 0 (Condition , Online
Appendix (B7))) rather than being constant. Under this specification of the model, we find
that the estimated salience weights are slightly larger than in the baseline, indicating that
our earlier computations of trade-offs are robust and, if anything, conservative (see Table

(B.4), Online Appendix (B7)).

24Hence, the player has a 50% chance of winning a set and a match under the estimated .
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Table 3: Counterfactual optimal service strategy when 6 = 0, by player and aggregate effects.

Player Salience weight | A% —st A% —nd | A% —pt A% —gm A% —set A% —mat | A Prize (x$1000)
1) in in won won won won won
Novak Djokovic 0.27 -1.06 -4.31 0.12 0.18 0.39 0.73 8.07
Rafael Nadal 0.21 -0.63 -2.36 0.04 0.06 0.13 0.24 2.56
Roger Federer 0.32 -1.07 -6.01 0.20 0.27 0.64 1.20 13.51
Pete Sampras 0.42 -2.25 -9.94 0.57 0.82 1.82 3.41 42.01
Boris Becker 0.56 -2.53 -10.79 0.64 1.14 2.13 3.99 50.26
Carlos Alcaraz 0.05 -0.21 -0.89 0.00 0.01 0.02 0.03 0.31
Jannik Sinner 0.06 -0.23 -1.61 0.01 0.02 0.04 0.07 0.80
Ivo Karlovic 1.19 -4.69 -10.79 1.53 1.61 4.64 8.66 132.87
John Isner 0.79 -3.87 -10.18 1.20 1.33 3.67 6.86 97.63
Reilly Opelka 0.36 -2.24 -7.71 0.48 0.57 1.48 2.78 33.36
David Ferrer -0.01 0.04 0.21 0.00 0.00 0.00 0.00 0.01
Diego Schwartzman -0.38 1.14 6.25 0.17 0.38 0.60 1.12 12.56
Mean 0.34 -1.46 -4.94 0.39 0.66 1.29 2.41 33.22
Std 0.70 1.52 5.48 0.47 0.77 1.53 2.85 46.76
Min -3.86 -6.33 -16.26 0.00 0.00 0.00 0.00 0.00
Median 0.33 -1.17 -5.54 0.18 0.33 0.61 1.15 12.88
Max 2.79 1.40 11.63 2.44 4.61 8.15 15.02 304.06

Notes: A means the difference in the variable concerned under the counterfactual 6 = 0 and the observed
situation. To derive A Prize, we compute the probability that the player reaches each of round of the US
Open, first, when he has 50% chances of winning each match (best-of-five), and then when his chances are
504+A% — mat. We use the prize money distribution of the 2025 US open for this computation.

The second robustness check relaxes the equality of elasticities across one-shot and multi-
shot points. Specifically, we let the former be A—1 and the latter tA—1 with ¢ > 0 (Condition
, Online Appendix (B8))). Note that, for most players, the conditional probabilities of
winning multi-shot rallies on first and second serve, k(x;) and k(z3), are closer to each other
than for one-shot points, so that k(z) is likely to be “flatter” than f(x), which would obtain
for ¢ < 1. Nevertheless, we evaluate the model over a grid of ¢ values from 0.5 to 2, so
that the curvature of k ranges from half to twice that of f. This grid approach is necessary
because the data do not provide sufficient degrees of freedom to estimate t jointly with the
other parameters. Across this range, the estimated salience weights are remarkably stable
as shown in Table of Online Appendix (BS)).

We conclude from these results that the estimates of salience weights presented above
are very robust to departure from Condition .

To further challenge our findings, we consider two alternative explanations for the ap-
parent preference for winning multi-shot rallies and resulting conservative serve strategies
adopted by tennis players. First, one could argue that players value one-shot and multi-shot
rallies differently because these rallies require different levels of effort. One-shot rallies by
nature are less demanding and more energy-efficient, so if effort considerations were driving
deviations from outcome-maximization, players would be expected to put more importance
on winning one-shot rallies, conserving energy for later points on their opponents’ serve.
We actually find the opposite: players put more weight on winning multi-shot rallies on
their own serve, suggesting that enjoyment, rather than energy considerations, drives these
choices.

Second, one might argue that conservative second-serve strategies arise due to risk aver-
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sion and, in particular, aversion to double faults, rather than process utility. To examine
this, we develop and estimate a model (in Online Appendix (BY)) where players have a
disutility for double faults, rather than a utility for process, and derive the associated op-
timal serve strategies. Importantly, this alternative model does not rely on the distinction
between the conditional probabilities of winning one-shot and multi-shot rallies, only on the
sum of the two. Therefore, if double-fault aversion was the true mechanism, the estimated
disutility parameter should be unrelated to the probability of winning one-shot rallies con-
ditional on serve strategy and point-winning probabilities. However, our analysis shows that
E [y x fjlz1, 22,31, 92] for j = 1,2, is systematically positive and significant at 5%. This
indicates that there is additional information in the conditional probability of winning one-
shot rallies that is being forced into the parameter of double-fault aversion and supports
the relevance of process utility in explaining strategic deviations from outcome-maximizing
behavior.

6 Conclusion and discussion

In this paper, we first develop a nonparametric identification strategy based solely on opti-
mality conditions that delivers model-free bounds on the salience weight. Under mild shape
restrictions, these bounds imply that a large majority of players have a positive salience
weight. We then propose a parametric approach to estimate each player’s salience weight
and to conduct counterfactual analyses. We show that professional tennis players in our
sample are willing to trade off a lower point-winning probability on their serve (outcome
utility), on average 0.4%-pt, in exchange for a higher probability of winning multi-shot ral-
lies (process utility). Although these differences are small in probability terms, due to the
rules of tennis, they translate into a substantial forgone expected prize money. Using the
2025 US Open prize distribution as an example, we find that, on average, players forgo
$33, 000, i.e., 13.5%, in prize money per tournament (Grand Slam), with 50% of the players
sacrificing $13,000 or more, i.e., 5.5%, per Grand Slam. These results demonstrate that
process utility—i.e., the enjoyment of winning multi-shot rallies—is a significant component
of tennis players’ utility. That players are willing to sacrifice substantial expected prize
money aligns well with the psychological literature on flow and intrinsic motivation. Indeed,
according to (Csikszentmihalyi| (1990), when individuals enter a state of flow, they become
fully absorbed in the activity itself, such that the experience is intrinsically rewarding even
at a great material cost. This interpretation is further consistent with Self-Determination
Theory, which emphasizes that intrinsic motivation is fostered when individuals experience
autonomy and competence in the activity itself (e.g., Ryan and Deci| (2024))). In this light,
multi-shot rallies may provide a richer environment for such experiences than one-shot out-
comes, helping to rationalize the observed willingness to trade off performance for process
enjoyment.

As discussed in the introduction, the tennis setting offers several advantages for identi-
fying and estimating individual-specific salience weights while capturing a mechanism likely
to be present in many other economic contexts, particularly in labor markets. A growing
body of evidence on compensating differentials suggests that individuals are willing to make
substantial monetary sacrifices to access intrinsically rewarding job attributes. Existing ev-
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idence, however, is typically based on either revealed preferences over discrete job choices
or on experimentally elicited stated or incentivized choices. For instance, Stern| (2004) uses
multiple job offers received by PhD students to measure the preference for independent
research and shows that scientists are willing to forgo approximately 19% of their wages
to engage in independent research, while Mas and Pallais| (2017)) estimates willingness to
pay for non-wage job amenities using incentivized discrete-choice experiments over alterna-
tive work arrangements, finding wage trade-offs of approximately 8% to 20% for working
from home and having regular time schedules respectively. More broadly, similar trade-offs
between material outcomes and process-related attributes are also well documented in con-
sumer markets, suggesting that the type of preferences identified in this paper may represent
a general feature of economic behavior across domains. Consistent with these findings, this
paper shows that such trade-offs can be identified from revealed repeated, high-frequency,
continuous choices in a competitive field setting, thereby providing a novel approach to
measuring process utility from observed behavior.

Our results are also important for policy interventions. For instance, in the tennis context,
one might be tempted to conclude that, from a coaching perspective, a possible policy
intervention would be to encourage players to set aside their desire for enjoyment and adopt
strategies more closely aligned with outcome maximization. However, while such an approach
may be effective in certain points of a match, the long-run implications of systematically
neglecting process utility may be detrimental to performance. As suggested by flow and self-
determination theories, suppressing the need for enjoyment and undermining autonomy and
competence during play can lead to boredom, anxiety, stress, or “controled motivation” which
in turn may reduce performance and contribute to adverse long-term outcomes, including
burnout, disengagement and withdrawal (e.g., Ryan and Deci (2024)).
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A Appendix

A1l Derivatives of the map A ()\)

Lemma 4 The map A (\) defined by Algorithm 15 strictly increasing and strictly convex
on RS for all 1 > xg; > x1; > 0.

Proof. Recall that \
AN = (x—Q) 1+ A1 —29)) — 1

L1

and A (A) > 0 on R, for all 1 > z9; > x1; > 0.

One has
A
a((i—) (1+/\(1—a:2@'))—1>
N = N
A
N ) L2i o o
— (Jiu) (lnxu (T+A(1—m9))+1 xgl)
T9; T A T9; A
i) T9; A To; A
2 X2 A
= (A 1)In =2 1-— ==
(A(N)+1) $1i+( Ta;) (5511)

Since A (A) > 0 on Rj and 1 > xy; > zy;, we conclude that A’ (\) > 0 on R.
The second derivative is

A
A7) = NI ZE 4 (1 - ay) (x—Q) In 2%

T4 L4

_ (A’ () + (1 — 29y) (i—j)A> In %

It follows that since A’ (A) > 0 on R} and z9; > x1;, one has A” (\) > 0 on R{.
Hence the map A ()) is strictly increasing and strictly convex on Rf. =

A2 Proof Lemma (1)).

Proof. From Condition (1), since f (z) and k () are continuous, so are B (z), C (z) and
hence A (x). From (b) and (c), an application of the Intermediate Value Theorem, indicates
that there exists a zo € [z}, 23] so that A (z9) = 0. Under the assumption that y(x) is
strictly decreasing and concave, i.e., ¥’ (x) < 0 and y” () < 0, A (z) must also be strictly
concave, i.e., A" (z) = 2y () + zy” (x) < 0, so that x( is unique.
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Next, we want to show that B (z9) > 0. Note that since A (z) := B (z) + C (x), this
condition is equivalent to C (zy) < 0. From Condition (1), f (z) is strictly decreasing and
concave, i.e., f'(z) < 0 and f”(z) <0, so that C' (z) must also be strictly concave. By the
strict concavity of C' (z) we know that C’ (x}) > C’ () for all # > 2} meaning that the graph
of C'(z) on x > z7 lies below its tangent in x7 and hence

C(x) < C(27) + O (27) (x — x7)
for > z7. Using condition (d) to replace C’ (x}) in the above inequality yields C' (zo) <

C(x) — 52(33 (xo — x7) < 0 and noting that —f;; is the slope of the line passing through

the points (z7, C' (z7)) and (z3,0), it follows that C' (xy) < 0 and hence B (x¢) = —C'(x¢) > 0.
|

A3 Proof Theorem (3)).

Proof. The proof proceeds in 6 steps.
1. Step 1: Definition of the map A; and its properties.
The map A; : Rf — Ry, defined as
A () = (E—T)A (14 A (1 —z2)) — 1,
is strictly increasing and convex on R{ from Lemma in Appendix (A1]).

Its first and second derivatives read as

A = (A )+ DI 2 4 (1 1) (“ﬁ"‘—g)A >0,

X4

A\ = (A/ () + (1 — 27) (i—f)A) ln% > 0.

2. Step 2: Continuity of g;.
Since A; is continuously twice differentiable on R{ so is g; (A).
3. Step 3: Boundary behavior.
For A — 0, A;(\) — 0, since we have
lim ¢g; (A) = lim [A;(A) — Al

A—0F A—0t
A—=0t
T A
= 1 = 1 1—x9)) —1
/\LI(I]I'*‘ (l’lz) ( +)\( xQZ))
= 0.
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In contrast, as A — 00, g;(A) — 400 since

lim g;(\) = lim [<@>A(1+/\(1—x%))—1—)\]

A—00 A—00 T1i
A
= (1 —mxg) lim A (%)
A—r00 Ty,
= o0,

using (Al).

. Step 4: First and second derivatives of g; (A).
By definition

g () = M) -1

A
T14 T14
Hence,
lim ¢! = lim AL(\)—1
lim g; () Jim A (A)
A
— dim [(A O+ DI 22 (1 — ) () | -
)\i)r{)l+ ( ()+ >nl‘1i+( x2)(l’11)]
= [( lim A; (\) + 1) In 2% (1 — z9) lim (@
A—0t T4 A—=0t \ Tq;
=1 il — T2
T14

This means that for In 22 < z;, limy o+ g} (A) < 0.

T14

One also has

. [ . . [ _
dm g = lm A~ 1
. . 2i RN
= AETOO (AZ()\)+1)ln—xu+(1 Ta;) <_x1i>]

= (lim Ai(A)+1)lnﬁ+(1—x2i) lim (

A——+o00

A
= 2 lim Ai(N) + (1 —x9) lim (—)

xli A——+o00 A——+o0
= +4o00.

Finally, note that
(A=A (N >o0.

7 (3
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5. Step 5: ¢; (1).
Note that

9:(1) = A1) -1

- ("”—2) (14 (1—29)) -2
X1
Hence, g; (1) < 0 is implied by (A3) as indeed
9:(1) <0

=

To; (2 — $2i) < 2!13'12‘
=

2 (l’m’ — $1i) < ($21‘)2

6. Step 6: conclusion.

The function g; (A) tends to 0 when A\ — 0, is first decreasing for values of A close to 0
under (A2), i.e., In ii < x9;, hence becomes negative as \ increases away from 0, but
tends to +00 as A — oo. Since g; is continuous, this means that g; (A) must have at
least one root on Ry . However, since it is strictly convex on Ry, there can be at most

one root.

So, under (A1)-(A2), for all 7, the associated map A;(A) has exactly one solution
A = A;(A]). Moreover, under (A3), this solution \; is strictly greater than unity.
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B Online Appendix

Bl Players’ Testimonies

Professional tennis players frequently emphasize enjoyment, intrinsic motivation, and the
pursuit of flow as key drivers of their performance. The following quotes illustrate that top
athletes prioritize the process of play alongside outcome maximization:

“I just want to step on court, try to do my things, follow my goals, and try to
enjoy as much as I can.” — Carlos Alcaraz, before his 2022 US Open semifinal
vs. Novak Djokovic.
https://www.atptour.com/en/news/alcaraz-lehecka-us-open-2025-qf

7

“I love the winning, I can take the losing, but most of all I love to play. 7 —
Boris Becker https://www.allgreatquotes.com/quote-56608

“My personal goal is to have fun and enjoy the moment, not put too much pres-
sure on myself.” — Venus Williams, interview by Rory Carroll, 2025.
https://www.reuters.com/sports/tennis/venus-williams-prioritising-fun-she-returns-
after-16-month-absence-2025-07-20/

“Every match that I've played since the beginning, I was just trying to win every
point, [...] but the most important thing is to just have fun and enjoy.” — Mirra
Andreeva, Tennis.com, Wimbledon 2025.
https://www.tennis.com/news/articles/carlos-alcaraz-joy-wimbledon-final

“[...] I spend every single moment enjoying the play, enjoying the fact that you’re
competing and just make it a fun game [...] every decision I went for felt like it
was absolutely the right decision at the right time. It’s what I like to call flow.”

— Stefanos Tsitsipas, Interview by James Richardson, 2023.
https://www.tennis365.com/tennis-news /stefanos-tsitsipas-reveals-what-means-flow

“I felt like I was moving in a flow.” — Iga Swiatek, post-match interview, Aus-

tralian Open 2023.

https://www.tntsports.co.uk/tennis/australian-open /2023 /i-felt-like-i-was-moving-
in-a-flow-iga-swiateks-post-match-interview-after-latest-win-at-australian-open_vid 1815515 /video.sht

“I go out there because I love tennis and I love playing.” — Bethanie Mattek-
Sands.
https://www.edwardssports.co.uk /news/post /practice-tennis-like-a-pro

“The glory is being happy. The glory is not winning here or winning there. The
glory is enjoying practicing, enjoy every day, enjoying to work hard, trying to
be a better player than before.” — Rafael Nadal, Sports Illustrated (interview by
Jon Wertheim), 2010.

https://www.si.com/more-sports/2010/07/16 /nadal-interview

“I play tennis for the love of the game, having fun and what pleasure the game
affords me.” — Evonne Goolagong.
https://www.tennis-prose.com/articles/scoop /some-fantastic-tennis-quotes
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“What separates good tennis players from the truly great? Their ability to enter
flow state.”
https://www.streetfamilytennis.com/flow-state-in-tennis-mastering-the-mental-game

Taken together, these testimonies highlight a consistent theme: elite athletes derive sub-
stantial intrinsic utility from the act of playing itself, aligning closely with the concept of
autotelic experience in flow theory.

B2 Relation to Klaassen and Magnus (2009)

In the Klaassen and Magnus (2009) (KM from now on) model, the probability of a serve
being in is denoted x. This probability reflects the choice of the server. As depicted in the
above observations, if the server wants to take more risk, he will choose a lower value of x,
hence a lower serve percentage. In contrast, if he wants to take fewer risks, he will choose a
higher value of z, a higher serve percentage. Since in tennis, players can serve a second serve
if the first is out, the server’s strategy consists, in fact, of two numbers x; and x5 reflecting
respectively the probability of the first and second serve to be in. A player’s probability to
win a point on his serve, denoted p (z1,z3), depends on his strategy (z1,x5). Denote y ()
the probability of winning a point conditional on the probability of the serve being in, .
y (x) reflects the skills of the player, encompassing both his serving and rally skills. y (z) is
assumed to be twice differentiable and in particular to be strictly decreasing, i.e., v’ (x) <0,
so that the easier the serve, that is, the higher the probability that it is in, the lower the
probability to win the point conditional on the serve being in and concave, y” (z) < 0.

With these definitions, the probability to win a point on one’s own serve, the outcome
utility, reads as,

plr,22) = 2y (z1) + (1 — 1) 22y (22)
= w(z)+(1—z)w(w),

where w (z) := zy (x) is the unconditional probability to win a point when the serve is in.
A server aiming at maximizing his probability to win a point on his serve then does

max p (1, Z2) .
x1,T2
With mild regular conditions on the conditional probability y (), KM show that a unique
solution exists.
The FOCs of this problem read as

ap (xlwrQ) o / -
T om, w' (21) —w (22) = 0,
0 ,

Denote the unique optimal solution (z7, z3). KM have shown that this solution is so that
1y <,
y(x1) > y(a3),
w(zy) < w(xy).



For further analysis, a parametric functional form must be adopted for the conditional
probability y (z). A particularily attractive shape is the power function, which, with only 3
parameters offers a very good trade-off between tractability and ﬂexibility@

CL—QS’A

y(2)=—
where the regularity conditions are met when 1 <a <7+ xa\ <74

The parameters a, 7 and A are skills parameters in the sense that conditional on the
server’s decision x, they determine the probability of winning a point on own serve. Inter-
estingly, if the curve y (z) was linear, i.e., A = 1, it would suffice to observe two points on
the curve to identify the parameters (7, a), i.e., slope and constant. Hence, data for the first
and second serve would be enough to identify the skills parameters. However, the presence
of the curvature parameter requires at least a third point or an additional restriction for its
identification.

To understand the identification strategy of KM, let us first assume that players differ
in their skills and hence in their conditional probability to win a point and if ¢ indexes
players, then (a;, 7;, A;) are the skills parameters of player . The KM approach to identify
the parameters (a;, 7;, A;) for all players ¢ = 1,.., N, using data on (x1;, 2, Y14, Yo;) for i =
1,..., N, is the following. First, note that the data for each player offer two points on the curve
y; (z), namely (214, y1;) and (29, y2;). This means that given a curvature parameter \;, one
can, for each player ¢, identify the slope 7; and constant a;. Noting this, KM therefore first
randomly draw, for each player, a curvature parameter \; from a Gaussian distribution with
mean j, and standard deviation oy and then use the two data points (z1;, y1;) and (2, Yo;)
for each player i, to compute (a, 7;) given \;. Given the draw of \;, the shape of y; (z) is fully
determined and the optimal solution (z7,,z3;) can be derived from the FOCs. This yields
two additional points (z7,, y7,) and (5, y5;) that can be used to pin down the (distribution
of the) curvature parameters A;, i = 1, ..., N. The KM strategy consists in picking the value
of the mean and standard deviation (u,, o)) that maximizes average efficiency across players
and whose definition is given by

eff = E(p(xl,l’z))
p(zi, 23)

Z 1y1i + (1 — 214) Ty
* * %
i1 oy + (1= 27;) 25,95,

12

With respect to our project that are 4 important findings from their analysis:

1. A is virtually the same across (male) players as o, is not statistically different from 0,
the mean is p, = 3.07.

2. players are not perfect optimizers but close enough (the average/median player has an
inefficiency of 1.1%, ef f = 0.989),

25Power functions appear to fit well sports performance data in general. The relationship between world
record time and distance in running, speed skating and swimming for instance is best fit with a power
function.
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3. there is more inefficiency on the second serve than on the first and,

4. better players are better optimizers.

B3 Deriving the first and second order conditions

B3.1 Theory

The first order condition, after substitution of the expression g (x) yields

ow _ N 0y .
L O BRI 1 R LU T
= 0
=
0 ok .
[f (1) + Bk (x1)] + 21 fa(;l) + 5 8(51) = 127 (72)
while proceeding similarly for the second FOC yields
ow (Ig) ) _ al'g’g (132)
oz ' oz
_ dy
= §(r2) + 22 ygf)
0 Ok
= [f(z2) + Bk (22)] + 2 fa(jz) + 8 8<:f2)
= 0.

To derive the Hessian we need the second order partial derivatives of the expected utility
function. One has

’FE (171, LL’Q) 0? (ID (Il) + (1 - ZL’1) w ('IQ))
x? a3
9 <?7 (z1) + Il%ﬁl) — Xy ($2>>
(9x1
0y (1) 97 (1)
2 61‘1 T 6x%

Oy 011 0x? 0r?
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and,

OPE (x1,22) 0% (21§ (1) + (1 — @1) 22 (22))
011079 01102
Co(@ ) (7)) + 222
B 0xy
= - (ﬂ (z2) + 9 0%(;22))
= = (f (x2) + Bk (x9) + x2 (a];;?) + 681;(;;)))
and
O°F (v1,23) 0 <(1 — 1) (y (w9) + xZQ%Eg)))

- (B )

S N )

Collecting terms, this yields

2 (2 4 5% ) T+ k()
oy <8 f( :v1) + 582}: xl)) +To (6]”(:):2 +ﬁ31;;:22 >

f B 8ff;) akix;
(R ) e (R )

82E(x1,$§>

V2E (x1,29) =

However, note that, by the second FOC, one has = 0 so that the Hessian at

0x10x2
optimum second serve reads as
of(z1) Ok(x1)
2< 89011 +B 8:1:11 ) 0
+o ( ml) 1 582k m1)>
V?E (21, 73) = of(z3) | ,0k(a5)
2 8:)322 + /8 Bmz
0 (L =) . ((02F(a3) 02k (w3
T2\ %z TP
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B3.2 Parametric

Using the parametric assumptions of the paper, the FOC for second serve strategy reads as

Of (x2) Ok (22) |
k = 0
o)+ (o] + 0 | 2122 g2 L)
~
— A A A A7
[af x2+6ak wz}_)\[w_2+5$_2 — 0
Tf Tk Tf Tk_
<~
A AT A A
ar— I ap — T X X
[f 242 = A{—2+6—2}
Tf Tk ] Tf Tk
<~
a a JZ/\ ZL‘)‘ I)‘ :L‘)‘
gk 2 gT2 o \Z2 4822
Tf Tk Tf Tk Tf Tk
~
T T T T arT apT
(A ko Tk Hﬁ_fw_f)xg _ YT 0Ty
Tka Tka Tka Tka Tka Tka
~
ATk +Te +ABTs + BTp) 2y = apTi + BapTy
~
Y 1 aka—l—ﬂaka
«.’E2 =
/\—|—1 Tk—f-BTf
=

. ( 1 aka+ﬁaka)i
a )\—I—l Tk—|—57'f
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The expression for the FOC for the first serve optimal strategy reads as

of (x Ok (z1)] _
L R e I L
RN
of (x Ok (z1)]
oy o)+ | D g2 (7 )+ )
: &
Tf Tk Tf Tk_ Tf Tk
=
a1} ar ) 3} 7] ap — a — T
] o]
Tf Tf Tk Tk Tf Tk;_ Tf Tk
=
{afﬂg B TRT] N QT ¢ _Bfoi\l B {Amxi‘ N )\Bfoi\_ — <af7'k — TRTH +5ak7f — Ty
Tka Tka Tka Tka Tka Tka_ Tka Tka
=
(Tk—i—ﬁTf—i—)\Tk-f-)\BTf)Ii\ = ayT + PapTs
—T9 (CLka — kalfg\ -+ ﬁaka — 5Tf$§\)
=
arTi + BapTy — x2 (aka + Bagpts — (T + BT¢) zg‘) o
(L4+X) (7 + B7y) !
=
1
aka—i-ﬁaka—:r;g(aka—Fﬂaka—(Tk—i-ﬁTf)x%) A .
(1+ ) (7¢ + f75) !

The expression for the Hessian of the expected utility at optimum reads as

Tf Tk

0 —( =) A1+ @) (2 + L)

Tf Tk

V2E (a7}, 13) = LR G <i ! £> X

Interestingly, as shown below, the optimal service strategy of the player only depends on
the relative slope :—i as indeed both expressions rewrite as

af+5ak:—£

* A
Lo
1+ (1+52)
L e+ - (ap+ B - (1482 ) ap)
Ty
1+ (1+52)

and,
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and for x*’\.

CLka -+ ﬁaka

(1+A) (7% + B7y)

CLka —+ ﬁaka

L1+ (7 + Bry)

CLf —I— Bak:—z

1+ (1+52)

A &ka—i-ﬁaka—xQ(aka—i—ﬁaka—(Tk—i-ﬂTf) *)‘)

(1+A) (% + B7y)

Tkaka—i-ﬂaka—xQ(aka—i-ﬁaka—(T}c—FBTf) )

1

Tk

<1+)\)(7'k—|—67'f)

a + B2t — a3 (ag + parZt — (1+ 62 ) 3)

1+ (1+5%)

B4 Sum of power functions with same curvature

We aim to show that the sum of two power functions with same curvature parameter A, yield

A
a power function with curvature parameter \. Let f (z) = % and k (v) = #— 22 Then

one has

f(x) +k(z)

so that letting 7 = .

y(z)

A A

ap—x"  ap—=x

Tf Tk

a 1 1
f+——(—+—)xA
Tf Tk Tf Tk

aka—i-aka Tf+Tkl‘)‘
Tka Tka
af‘rk+ak7'f
Cn Ly
TfTk - TTk X
Ti+Tk Tf+Tk

afrTr+apT
Tk and a = M one indeed has

f (@) + k (x)
(]Jf—JI)\ ak—ac)‘
Tf Tk
a—mA
T
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and

@) _ 01w, k()
ox ox ox

A—1 A—1
- _A(x . )
Tf Tk

! Tr+ 7T
Tka

o A1
T
with in particular
dy (x) 2
=—A—.
o T
B5 Derivation of expression of AU

Note first that the slopes, constants and preference parameter have the following expressions
in terms of A and z;; and z9; where we recall that

A
1 = (l’lz) )
A
22 = (1’21) .
The slopes parameters read as
- Rli T R2§
fi = T
Jii = fa
- Rli — 22
ki = T
ki — ko

with a relative slope independent of A

Thki Jii — fo
T fi kii — ko
The constants read as
21i — 22
app = ———— f1i+ 21,
fii — fai
21 — 224
ag;, = ———ky+ 21,
kv — koi

and the attention parameter as

_Maﬁ—Z% (1+>\)
T Qi — 22i (L+A)

%
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Substituting the epressions of the previous terms into f3; yields

_ETfifQi‘f‘Z%(l_l_)\)

bi = Tpi Thikai + 22 (1 =1 = A)
i S ( T Tor fi) fai = Azai
e e L
B (210 — 29i) fai + Azoi (f1i — foi)
(215 — 29;) ki + Azo; (k1 — koy)
_ 215 foi — 2oi foi + Azai f1i — A29; foi
215k — zaikei + Azgikii — Azaiko;
_ 213 foi + Ao fri — 223 foi (1 4+ A)
21ikai + Azaiki; — zaiko (1 + A)
B An4A
kgz Az + ANAEK;
where af; = szfQZ + 29, Qg = TkszZ + 29, :.-_kl = /;12 I;zz Tfi = % Tki = Ziz zzz and

Al =yl =g, f k.
Note also that rearranging the expression of (3, offers the following interesting expression

that is used below
ﬁm . _afi—z%(l—l—)\)
Z’7']m' Qs — 294 (1+)\>

Recall now the expression of \; and rearranging yields

af; + ariB; =

Z .
Ai = T (1 — Tg;) + Ty — 1
<1 + 8,7 ) 21 i
ag; + aklﬁz T L T2 29 1
1+ 5;21 21 "2
1 — 29 29
= F 2 l‘giﬁ — 1
214 214
where
_Gafi + am@z;
1+ 8,2

Let us now rewrite the term I' by using the interesting expression derived from that of

Bi

BM . _afi—Zgi(l—i-)\)
ZTki Qs — 294 (1 +>\)
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so that

api (ag; — 20; (L+ X)) — ag; (@i — 29, (1 + N))
aki — 220 (1 +A) — (ayi — 22: (L + A))
ApiQr; — QpiQg; + Qgizo; (1 + X)) — apize; (1+ X)
agi — af; + 22 (L +X) — 22: (1 + N)

Qs — A4

= Bl (14N
Qi — Qfg

= 2 (1+A)

Substituting this into the expression of A;, it follows that

L — @y i
)\i = T 2 +I2¢Z—2—1
214 21i
L —ay i
= 2’21(14‘)\) 2 +$2¢Z—2—1
213 213
22
12
1z
214
= A1 — ) —1
213

Hence the compact expression of \; as

= A1 —ae) -1
21i
295\
- (2) aeaa-mp -1
L14
Note that A (A) > 0 since
AN
(ﬂ) (I4+A(1—zy)—1 > 0
L14
=
29\
(ﬁ) (T+A(1—2y) > 1
L14
=
T2 A 1
— >
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A
: T2, . ) 1 ]
since <IM> > 1 for xy; > x1; and TN < 1 since

1

<
=
I < 14+X(1—2y)
=
<

which obtains from A > 0 and 0 < z9; < 1.
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B6 Tree representation of the statistics for each player <.

In Figure below, each node indicates the mass of points observed for player i, and each
edge represents a probability of success or failure, conditional on having reached the previous
node. At the staring node N;, the two edges represent the probability that the first serve is in
or out. If the service is in, we move to node n,,; where the two edges indicate the probability
that the first serve is returned in or not, where the former occurs with probability f;; and
the latter with probability 1 — f1;. The terminal nodes that are accessed with horizontal
edges, correspond to the masses of points won by the server, and the paths leading to them
are highlighted in bold.
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Figure B.5: Tree representation of tennis statistics for player .

[nmli - nfli - nklz]

[n'.’ﬂzi - nfzi - nkgi]
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B7 Model with softmax parametrization

Suppose that we replace Condition used to parametrize the elasticity of the marginal
probabilities f’ (x) and &’ (x), by the following condition:

Condition B.4 25 = 227 — )z > 0.

This condition tells us that the elasticity of the marginal conditional probabilities f’ and
k' are not constant anymore but rather linear. In this case, the associated shape for the
function f for instance is

f(z) =as+7sexp (\z)
with

f(x) = Arjpexp(Az)
f"(x) = Nrpexp(\x)

where 7f = fj_? and ay = f1 — 752z and z; = exp (Az;) and 2z = exp (Az3).
With the same logic for k(x) and plugging these expressions into the solution for prefer-
ence parameter 3, one has

fatxaf (x2)
k’g + {L'Qk‘/ (1‘2)
fo 4+ 2 AT exp (Axg)
kg + ToNT exp ()\xg)
fo + 332)\f2 f1

Zo—21

2—k1
k‘z + $2)\Z2_Zl Z9

_falze —2) + Awezm (o — 1)
k?g (ZQ — 21> + AIQZQ (k’g — ]{31) '

Similarily, using the FOC for the first serve strategy one obtains an expression for the
curvature parameter \ as follows.

Step 1:

Remember that the solution for the curvature parameter obtains from:

Lf (z1) + Bk (z1)] + 21 [f (21) + BE (21)] = 22 [f (22) + Bk (22)]

which given the parametric assumptions become

[f1 + Bka] (exp (A (z2 — @1)) — 1)+ [fo — fir + B (ko — k1)] = @2 [f2 + Bka] (exp (A (z2 — 1)) —

26Indeed one has

@) Nryen ()
f'(x) AT pexp (Az)
= zA\.
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Using the notation z; = exp (Az;) this rewrite as

Lf1 + Bki] <; - 1) +Axy [fa = f1 + B (ke — k)] = 22 [fo + Bk (? - 1) .

1 1

Note that this writes compactly as

A(E—1)+AB=0

where F = z—?, A= f1 -+ ﬁk’l — T [fQ + 6k2] and B = T [fg — f1 + 5 (kg — k1>]
Step 2: Note that we can rewrite the preference parameter more compactly too as

_fa(z—2) + Awazm (fo — 1)
kg (22 — Zl) + /\IQZQ (k’Q — k'l)
N

M

where N:f2+/\(f2—f1)Q and M = k?g—l-/\(kg—kl)Q
Substituting this last expression of § into A and B of the compact expression of the FOC
for x; yields

B =

o+ A(fo—f1))@Q
Tt Ak QT {fz_
. ot A(fa—f1)@Q
B = m fQ_fl_k2+)\(k2—k1)Q

A= f f2+)\(f2—f1)Qk2}

ko 4+ X (ka — k1) Q
(ko — kl)] ;

where () = 22_]31 and which rewrites compactly as

Mfl—Nk1—3?2[Mf2—Nk2]
M

M (fy — f1) = N (ko — k1)
M )

A:

B:.’El

Note that

M(fo=fi) = N(ka—k1) = (ba+ Ak —k) Q) (f2— f1) = (fa+ A(f2— f1) Q) (k2 — k1)
= ko(fo— f1) — fo(ka — K1)

kafo — ko f1 — foko + foky

= f2k1 —k2f17

so that Iy bt
B=u 2 1M 2J1

Note further that
A= M (f1 —x2f2) = N (k1 — 22k2)
M Y
and after substitution and simple rearranging, one has
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M (fi —w2fa) = ko(fi —22f2) + (fi — 22f2) (k2 — k1) AQ,
N (k1 — w2ks) = fa (k1 — @aka) + (k1 — 22k2) (fo — f1) AQ.

Hence, the numerator of A reads as

M (fi —x2f2) = N (k1 — 22ka) = ko (f1 —22f2) — fo (k1 — 22k2)
+[(f1 — z2f2) (ko — k1) — (k1 — 22k2) (f2 — f1)] AQ
= (fiks — $2f2k2) — (fak1 — $2f2k52)
+[f1 (k2 — k1) — @2 fa (k2 — k1) — (k1 (f2 = f1) — 22ka (f2 = [1))] AQ
= fiks — zafoko — foki + w2 foko
+ [f1 (k2 — k1) — (w2 foka — wafakr) — ki (f2 — f1) + (w2ka fo — 2ok f1)]
= fiks — foky
+ [f1 (ke = k1) — ki (fa = f1) + 22 fok — 2aka f1] AQ
= fiks — foka
+ [fike — foky 4 wa foky — 2o f1ko] AQ
= fika — faky + [fik2 (1 — 22) — foki (1 — 22)] \@
= (fika = fok1) (1 + AQ (1 — 22)),
and one obtains
(fika = fok1) (1 + AQ (1 — x9))
M

Now, substituting these expressions of A and B back into the compact expression of the
FOC for x; gives

A:

A(E-1)+AB = 0

(fike — fok1) (1 +AQ (1 — 22))
M

ki — k
(B —1) + Ap, 20— F2h 7 L

(fiks — fok1) (1 +AQ (1 — 23)) (B — 1) = Az (fiko — foki) = 0
(fika — fok)) (1 +AQ (1 —29)) (E—1) = Azy) = 0
14+AQ(1 —29)) (E—1) = Ax

(E—=1) = MMz —(F—-1)Q (1 —x2))

E—-1

P —
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provided fi1ky # foky.
We hence obtain:

\ - EF—-1
o= (E-1D)Q(1 - )
B EF—-1

22 _
21

1 — T2 (]_ —Ig)

22
21

22— 21

T121 — X2 (1 — .1'2) Z9
exp (Axg) — exp (Axq)

x1exp (Ar1) — oo (1 — xg) exp (Ax2)

where we made use of the definitions: @ = 2£ and E = exp (A (z2 — 1)) = 2.

To summarize, in the softmax model we have

N exp (Azy) — exp (Azy)

zyexp (Azy) — 22 (1 — x2) exp (Ax2)’
 falexp (Aw2) —exp (Ax1)) + A (f2 — f1) z2exp (M)

b ko (exp (Axo) — exp (A1) + A (kg — k1) 22 exp (Axa)

Table (B.4]) shows the estimates of the parameters of the model with this parametric
specification.
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Table B.4: Parameter estimates with 95% bootstrap confidence intervals for selected players

Player Salience weight | Curvature Slope f  Const. f | Slope k& Const. k
1) A Tf ar Tk Qay,
0.32" 3.54"* —0.01™  0.45™ —0.00""  0.41""
Novak Djokovic [0.20, 0.47) [3.40, 3.70] | [-0.01,-0.01] [0.44, 0.46] | [-0.00, -0.00] [0.40, 0.41]
0.27 4.97 —0.00""  0.33™ —0.00 0.43"*
Rafael Nadal [0.08, 0.54] [4.75,5.21] | [-0.00,-0.00] [0.32, 0.33] | [-0.00, 0.00] [0.43, 0.44]
0.38" 2.46™" —0.04™"  0.60™ —0.01" .38
Roger Federer [0.28, 0.49] [2.35, 2.57] | [-0.05,-0.04] [0.58, 0.61] | [-0.01, -0.00] [0.38, 0.39)]
0.45" 1.35™" —0.26""  1.10™ —0.06""  0.40""
Pete Sampras [0.33, 0.60] [1.20, 1.51] | [-0.32,-0.21] [1.04, 1.18] | [-0.08, -0.05] ~ [0.38, 0.43]
9 73" —11.45 —0.00"™ 0.49™* —0.00""" 0.30*
Boris Becker [0.50, 3.70] [-11.89, 1.25] | [-0.35,-0.00] [0.48, 1.12] | [-0.05, -0.00] [0.29, 0.39]
0.10 3.55"* —0.01"" 041" —0.00""  0.41™
Carlos Alcaraz [-0.08, 0.32] [3.28, 3.81] | [-0.01, -0.01] [0.39, 0.43] | [-0.00, -0.00] ~ [0.40, 0.42)]
0.10 2,117 —0.06"™"  0.60" —0.01"™" 042
Jannik Sinner [-0.01, 0.24] [1.93, 2.28] | [-0.07,-0.05] [0.57, 0.63] | [-0.02, -0.01] [0.41, 0.43)]
1.23™* 4,54 —0.01™" 73 —0.00"" 027"
Ivo Karlovic [0.66, 2.44] [3.79, 5.49] | [-0.02, -0.00] [0.69, 0.78] | [-0.00, -0.00]  [0.25, 0.29)]
0.82" 5.50" —0.00""  0.66™ —0.00"" 027"
John Isner [0.54, 1.20] [4.98, 6.10] | [-0.00, -0.00]  [0.63, 0.68] | [-0.00, -0.00]  [0.26, 0.28]
0.39"" 3.80™" —0.01"" 072" | 00177 029"
Reilly Opelka [0.17, 0.68] [3.28, 4.35] | [-0.02, -0.01] [0.68, 0.76] | [-0.01, -0.00] [0.27, 0.31]
0.04 2,61 —0.02""  0.33" 0.00 0.39""
David Ferrer [-0.29, 0.74] [2.24, 3.02] | [-0.03,-0.01] [0.30, 0.37] | [-0.00, 0.01]  [0.37, 0.41]
—0.35 3.46™" —0.01"" .27 0.00 0.417"
Diego Schwartzman [-0.73, 0.38] [2.93, 4.09] | [-0.01, -0.00] [0.24, 0.30] | [-0.00, 0.00]  [0.39, 0.43)]
Mean 0.47 213 0.08 0.58 -0.01 0.38
Std 0.78 3.15 0.15 0.23 0.03 0.05
Min -3.65 -14.92 -1.24 0.22 -0.25 0.16
Median 0.41 2.56 0.03 0.55 -0.00 0.38
Max 3.09 6.66 -0.00 1.98 0.17 0.64

*

Notes: 95% confidence intervals obtained by bootstrap with 2000 replications.*** indicates significance at

the 5% level: for )\, CI excludes 1; for other parameters, CI excludes 0.

B8 Model with different curvature for f (z) and k (z)

How stable are the estimates of the salience weight to departure from the assumption that
the curvatures of f and k are the same? This question relates to the second aspect of
Condition which forces the elasticity of the marginal probabilities of winning one-shot
and multi-shot points to be the same. We propose to do so by replacing Condition by:

Condition B.5 2% = A — 1, 2178 = ¢\ — 1, where A > 0 and t > 0.

Note that we cannot estimate the parameter ¢ together with the other parameters since
we have already exhausted all the degrees of freedom offered by the data. However, one can
still check the robustness of our estimates of the salience weight, by estimating them given
t and repeating for various values of t. We follow this approach and given Condition (B.5))
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adopt the following parametrization:

A
ar—x
fla) = =—*
Tf
A
k(x) = B~
Tk

where the parameter ¢ > 0 allows us to introduce different curvature for the two functions.

For t = 1, we recover the main specification from Condition . For t < 1, there is less
curvature in k (z) and for ¢ > 1 there is more curvature in & (x).

Before we can proceed to the estimation of the salience weights for different values of t,
we need to recover the formulas necessary to search for the value of A given the data and
the value of ¢.

This is done by reworking the FOCs under this specification. Recall first that using the
FOC for the second serve optimal strategy one recovers the value of the salience weight
condition on A (and now also t). This yields

Of (za) | 0k (x9)]
T k(x T =0
F o)+ B o)) + | 22 200
=
A tA )\ AT
ar— T —x T
L2 g2 2}—A{ +Bt—=| = 0
Tf Tk Tf Tk_
<~
af_zé_l_ﬁak_xg)\_ = A x_g\_’_ﬁtm_g\
Tf Tk ] ’Tf Tk
=
by tA A tA
a T T T T
f+5 2372 = Z\Z2 4B
Tf Tk Tf Tk Tf Tk
<~
ar T /\:UQ\ - Atﬁxé/\ ﬁak—i-ﬂx?
Tf Tf Tf - Tk Tk Tk
=
T apT T
ap— a5 — ATy = )\tBT—Zx';A—ﬁ j_f—i—ﬁ Z i
=
a
af—mQ /\m2 = ﬁ(tA:—Zﬂ;‘—:—?%—:—iﬂ;)
=
B ap —xy — A1)
ﬁ o ENZL A aka+Tf tA
Th xy
~
ﬂ B _aka—Tk(1+)\)$%‘

aka—Tf<1+t)\)l’t>‘

hence
_ aka—Tk(1+>\)22

apTs — Tf (L +tA) we
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»and w; = 2% for j = 1,2.

Doing a similar exercise using the FOC for the first serve optimal strategy to recover the
updating equation for A conditional on t yields

where z; = x

of (x Ok (1) ] .
o+ o)+ |2 g2 )
~
of (x Ok (1) ]
[ w) + Bk ()] + a0 | 2L gD () + i )
ox Oxr |
i ~
|:af_l‘{\+ﬂak—l’§/\:| —)\{x—{\—l—ﬁtx—? — (le_ﬁ%\_i_ﬂak—Ig\)
Tf Tk Tf Tk | Tf Tk
i =
[ﬁ_ﬁ+6%_ﬁz_?}_|:z_i\+t)\ﬁ$_? _ @(af_ﬂ?%Jrﬂak—w?)
Tf Tf Tk Tk Tf Tk | Tf Tk
We can now proceed and isolate A,
|:%_x_i\+ﬁ%_ﬁx_tl)\:| _ |:)\'r_i\_|_t)\ﬁx_§)\:| = (be—J?%‘_i_ﬁak—th)‘)
Tf Tf Tk Tk Tf Tk Tf Tk
=
[af — 21+ ﬁTfak - 5wa1:| — |:)\21 + t)\Bwa1:| = T2 ((Zf — 22 + 5@)
Tk Tk Tk Tk
=
l[af — 21 + R(ax —wy)] — [Az1 +tARwy] = x9(ay — 220+ R (ap — ws))
where R = 5:—2.
A simple rearrangement yields
Az +tunR) = [af—21+ R(ap —w1)] — 22 (ap — 20 + R (a, — wy))

laf — 21 + R (ap —w1)] — 23 (af — 20 + R (ar, — ws))
[2:1 + twlR]

It follows that the updating equation given ¢ reads as

ar—z1+ R(ag —wy) — 22 (af — 20 + R (ay — we))
zl+tw1R .

A\ =

We note that when ¢t = 1, this equation reads as the one obtained under Condition (|2,
for then z; = w; for j =1, 2.

The algorithm presented in the paper can be amended to account for this more general
structure. In particular, it takes as input the data x1, x9, fi, fo, k1 and ko together with a
value for t. The output is still the curvature parameter A. However, the slopes and constants
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of f(x) and k(x) now obtain as follows. Let z; = x} and w; =« for j = 1,2. Note that

21—29

re = —2_2
o= f fi=f2’
2 T

f2

w1 —ws

. Wa wa
k = __mv
ko L

and

af = Tpf1+ 2,
ap = Tkkl—i‘wl.

The preference parameter is obtained as

o apme =T (LA 2
- aka—Tf(l—i‘t)\)wg’

and, writing
-
R=p",
Tk

the updating equation now becomes

_ ar— 21+ R(ag —wy) — 22 (af — 20 + R (ay — wy))

A
21 +tu R

Table (B.5]) shows the estimates of the salience weight and that Table (B.6]) of the curva-
ture of the model with this parametric specification. Note that for a few players, e.g., Pete
Sampras and Reilly Opelka, for instance, there is no solution for the curvature parameter A
at t = 0.5.
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Table B.5: Stability of salience weight estimates to differences in relative curvature between

f(z) and k(z), for selected players.

Player ‘ t

| 050 075 100 125 150 175 2.00
Novak Djokovic 026 027 027 027 0.25 023  0.19
Rafael Nadal 0.21 0.21 0.21 0.21 0.21 0.20  0.19
Roger Federer 0.31 0.32 0.32 0.32 0.30 0.27 0.24
Pete Sampras n.a. 0.42 0.42 0.42 0.39 0.35 0.29
Boris Becker 0.56  0.56  0.56 0.56  0.55 0.54  0.51
Carlos Alcaraz 0.05 0.05 0.05 0.05 0.04 0.03 0.01
Jannik Sinner 0.05 0.06  0.06 0.06 004 002 —-0.01
Ivo Karlovic 1.15 1.18 1.19 1.17 1.08 0.95 0.81
John Isner 0.73 077  0.79 0.73  0.59 043  0.29
Reilly Opelka n.a. 0.35 0.36 0.33 0.23 0.12 0.01
David Ferrer -0.01 -0.01 -0.01 -0.01 —-0.01 -0.00 0.00
Diego Schwartzman | —0.38 —0.38 —0.38 —0.38 —0.38 —0.38 —0.38
Mean 0.31 033 034 038 0.35 0.30  0.27
Std 0.91 0.72  0.70 0.55 0.58 0.61 0.59
Min —5.25 —4.04 -3.86 —254 —185 —2.62 —248
Median 0.32 0.33  0.33 033  0.31 0.28 0.25
Max 2.92 2.81 2.79 2.80 284 290  2.96

Notes: Each column reports the estimate of the salience weight ¢ for a given value of the relative curvature

t of multi-shot probability of winning a point, relative to one-shot. n.a. means non available because there

is no solution for .
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Table B.6: Stability of curvature estimates to differences in relative curvature between f(z)
and k(x), for selected players.

Player t

0.50 0.75 1.00 1.25 1.50 1.75 2.00
Novak Djokovic 3.22 344 3.67 390 4.10 4.27 4.41
Rafael Nadal 4.74 482 489 496 5.01 5.06 5.10
Roger Federer 244 262 281 3.00 3.17 3.31 3.42
Pete Sampras na. 1.71 1.93 218 244 267 2.84
Boris Becker 1.54 1.63 1.73 1.83 193 203 2.12
Carlos Alcaraz 3.34 3.50 3.66 3.81 3.95 4.07 4.17
Jannik Sinner 2.15 233 2.52 2.72 290 3.06 3.18
Ivo Karlovic 3.14 3.67 4.37 521 599 6.55 6.88
John Isner 3.11 395 533 7.07 8.14 8.54 8.66
Reilly Opelka n.a. 297 389 507 589 6.25 6.36
David Ferrer 3.08 299 290 283 2.77 2.71 2.66
Diego Schwartzman | 3.69 3.62 3.57 3.52 3.47 3.43 3.40
Mean 294 286 294 3.08 3.28 3.48 3.55
Std 1.30 1.10 098 1.09 1.38 1.55 1.55
Min 1.17 1.19 128 1.28 0.59 1.33 1.30
Median 2.73 2.74 286 3.00 3.07 3.17 3.26
Max 9.71 9.15 6.27 7.32 9.70 9.69 9.69

Notes: Each column reports the estimate of the curvature A for a given value of the relative curvature ¢ of

multi-shot probability of winning a point, relative to one-shot. n.a. means non available because there is

no solution for .

B9 Model of aversion for double faults

Suppose a player has a disutility from making double faults, and let v > 0 capture the
magnitude of this disutility. In this case, the utility the player would maximize is

21y (x1) + (1 — @) [w2y (w2) — 7 (1 — 22)] .
It is easy to show that, after some rearranging, this utility function rewrites as
219 (21) + (1 — 1) 229 (22) — ¥

where 7§ () = y () + 7.
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The FOCs of the maximization problem then read as

22y’ (w2) +y (x2) +7 = 0
21y (x1) +y (x1) +y (L —22) = w2y (22)
since ¢ () =y (z).

Assuming, as we did in the main model of the paper, that y (z) is a power function,

y(z) = ¢ — 1z* where 7 > 0, so that ¢ (z) = —2Az* < 0 and 2y’ () = —Iz?, so that

the FOCs read as ! !

1 a 1
— My ———axy+y = 0,
T T T

1 a 1 a 1
—=Ar+ - — 1ty = xg(———xg—irv).
T T T T T

We can then solve for the optimal serve strategies. Solving the first equation for 3 yields

x,\_a+77
2 a+1

while solving the second for z7 yields

A
xi\:xg(l—k_i_lxg).

Comparing the optimal strategy from the aversion to the double fault model to that of
the process utility model, one first notes that the first serve strategy has the same expression
in both models. Since this equation is used to estimate the curvature parameter, when
applied on the same data, i.e., given x; and x5, both models deliver the same estimate of
A. It follows that the slope and constant of y (z) that would obtain from data (z1,x2, y1,y2)

. . x5, —XT ZE)\—CEA
are also the same in the two models and obtain as: 7 = e and a = et Ty,

The differentce between the two models is apparent in the expression of the second serve
strategies which read respectively as

a—+ Ty
I e (B.5)
ar + apfBL
= ST (B.6)

1+ (1+52)

Picking the right values of the parameters « for the aversion to double faults model and
(B, ay and ) for the process utility model, we conclude that the two models fit equally
well the data (z1, z9,y1,y2) and share in common the curvature parameter A and the slope
and constant of y (z), i.e., 7 and a. However, note that from equation (B.5)), the estimate
of v is invariant to data (f1, f2) conditional on (z1,x2,y1,y2). Stated otherwise, the optimal
decision of the player only reflects his general ability to win points, i.e., parameters a and 7,
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and his aversion to double faults v, regardless of his ability to win one-shot points, i.e., af
and 7. If the true data-generating model were that where players had an aversion to making
double faults, the parameter v should be unrelated to the conditional probabilities of winning
one-shot rallies on either the first or second serve, since all that matters for such a player’s
strategy is y (z) (y1 and y5) and not their constituents (fi, fo, k1 and ko). However, if the
true model is one where players value process utility, then the observed optimal strategies
x1 and x2 would depend on the constituents of y (x), i.e., f (x) and k (z). It follows that the
parameters obtained from estimating the double-fault aversion model and, in particular, the
computed value of v, would be related to f (z), since they are is obtained using the optimal
strategies x1 and x that depend on ay and 7.

In particular, comparing players with similar serve strategies (z1,x2) and conditional
probabilities of winning points (y; and y»), the conditional mixed moments E [§ x f (z;) |21, 22, y1, yo]
for j = 1,2 should be zero. To test these hypotheses, we first estimate, for each player, the
aversion for double faults parameter 4 using the procedure outlined in the paper, but applied
to the model with aversion to double faults. Then, we estimate the conditional expectations
E [y X filz1, 2, y1,y2] and E[§ X fa|x1, 22,91, y2] nonparametrically using locally weighted
scatterplot smoothing (LOWESS) and apply a bootstrap procedure (300 replications) to
construct 95% confidence intervals. The in-sample predictions of the conditional expecta-
tions E [¥; X fjil®1i, %2, Y1i, yoi| for j = 1,2 and i = 1,...N, and their confidence interval can
then be used to check if the associated values are significantly different from 0. We find
that for 99 out of the 151 players, at least one of the conditional expectations is statistically
significantly larger than 0, rejecting the null hypothesis that the parameter 7 is orthogonal to
the way rallies are won. The estimates of the aversion to the double fault parameter v seem
to be systematically dependent on the conditional probability of winning one-shot rallies on
first and second serves, conditional on the serve strategy and probability of winning points.
This suggests that there is information in the conditional probability of winning one-shot
and multi-shot rallies that a model with aversion to double fault does not capture, and that
is being forced into the parameter ~.

Moreover, the fact that these expectations are positive tells a counterintuitive story,
where, holding the serve strategy and probabilities of winning a point constant, those that
rely more on winning points through one-shot rallies, i.e., the better serves, are the most
averse to making double faults according to the model.
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