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Abstract

Extreme outcomes depend not only on shock tails but also on heterogeneity in how many opportunities
agents get to sample. In the mixed-Poisson search framework, a randomly drawn agent’s normalized
maximum converges to Hy,F (x) =P, (vy(x)) , a Laplace-transform mixture of a classical extreme-value
law, with F the mean-one distribution of opportunity intensities.

Treating F as primitive, we study the operator F>H . That operator representation organizes the
paper: convex-order comparisons, the homogeneous benchmark, and pointwise cdf bounds are
Laplace-analytic consequences. Its main quantitative payoff is geometric. Via the canonical coupling
representation Z , = WV(E/X), optimal transport on transformed types yields explicit Wasserstein
stability for the entire induced law, integrated control of the corresponding quantile schedule,
canonical ambient interpolation paths, and an explicit renormalization bridge back to the mean-one
economic slice. We also give a second-order expansion that separates extreme value thery (EVT)
approximation error from the heterogeneity kernel.

As a complementary contribution, we study a Kullback-Leibler regularized design problem that
chooses F subject to a mean constraint relative to a baseline. For objectives linear in F, including
expected utility of normalized extremes under canonical representation, the solution is the
corresponding exponential tilt, with the heterogeneous-EVT kernel supplying the score. A stylized
labor market network application interprets F as the cross-sectional distribution of access to job
opportunities, shows how the adapted geometry controls counterfactual movements in the full top
wage distribution, and renders explicit that the operational robustness claims are conditional on the
maintained metric: the main linear theorem lives in the adapted distance dy,p, while the bridge from
raw space Wasserstein error can be only Holder in the economically-relevant Fréchet regime. We
also distinguish ambient transport geometry from mean-preserving economic counterfactuals and
separate finite horizon robustness from asymptotic approximation.
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1 Introduction

1.1 Motivation and overall contribution

Extreme outcomes at the agent or unit level often shape broader inequality and efficiency patterns.
Examples include a worker’s best wage offer, a firm’s best sourcing or productivity opportunity, and
the best match generated through a network. In a broad class of models, the realized payoff is the
maximum of a set of opportunities. The size of that set can depend, inter alia, on search, attention,
or network position.

Standard extreme value theory (EVT) studies maxima of i.i.d. sequences under deterministic
sample sizes. Economic environments often feature heterogeneous opportunity sets: different agents
sample different numbers of opportunities, and the draw count is itself random. A leading economic
formulation is the mixed Poisson framework of Mangin (2026), under which the distribution of a
randomly drawn agent’s normalized maximum admits a Laplace-transform representation. If X ~ F
indexes an agent’s draw intensity and Py(z) = E[exp(—2zX)] denotes the Laplace transform of F
then the distribution of normalized maxima converges to

H,p(x) =Py (vﬂ,(a:)), vy(x) = —log Hy(x),

where H, is the classical extreme-value limit associated with the underlying opportunity distribution.
This Laplace-mixture form is the analytical backbone of the paper.

Our contribution is to take the heterogeneity distribution itself as the primitive object and to
analyze the induced operator F' +— H, r on the space of type distributions. The novelty claim
is deliberately sharp. Once the Laplace-mixture form is established, convex-order comparisons,
benchmark comparisons with the homogeneous economy, and several pointwise statements follow
from standard one-dimensional Laplace and Wasserstein arguments. Those results are useful, but
they are not the paper’s main quantitative novelty.

The operator representation has a geometric payoff. Once the canonical coupling representation
Zyr = wy(E/X) is available, Theorem 1 turns optimal transport on transformed types into explicit
Wasserstein control of the entire induced law of extremes. Corollary 2 packages the same geometry
into canonical ambient interpolation paths, Proposition 10 gives an explicit bridge back to the
mean-one economic slice, Corollary 3 translates the same bound into control of the entire quantile
schedule, and Theorem 2 separates second-order EV'T approximation error from the heterogeneity
kernel. These are the results that deliver robustness to misspecification or estimation error in F'
and quantitative comparative statics for whole laws, rather than only pointwise cdf comparisons.
The main linear statement is formulated in the adapted metric d. j,; the bridge back to raw space
Wasserstein error can be weaker and is made explicit later.

We also study a complementary normativ problem on the same type space. There, the object
is not a full two-marginal transport problem, and its solution does not rely on the Wasserstein
geometry developed for the positive results. Instead, the planner chooses a new heterogeneity
distribution F' subject to a mean constraint and a Kullback-Leibler (KL) penalty relative to a
baseline Fy. This is a one-marginal entropy projection. The Gibbs form of the solution is standard
in that class of problems; our contribution is to show how the same Laplace kernel that defines
F +— H., r generates the score functions entering the planner’s first-order conditions for cdf criteria
and for expected utility under the canonical stochastic representation. Being explicit about that
division of labor sharpens both the mathematics and the interpretation.

Throughout, the formal object is the cross-sectional law of a randomly drawn agent’s normalized
maximum under a common offer distribution. Aggregate maxima across agents, as well as settings
in which heterogeneity also shifts offer quality or induces dependence between opportunity access
and offer values, lie outside the present reduced-form scope.



1.2 Main results

The paper contributes four sets of results.

A structural decomposition of heterogeneous extremes. We formalize the operator view
T : F — H,p and separate what is purely (Laplace-)analytic from what is genuinely geometric.
Order comparisons and several pointwise inequalities follow from the convexity of the Laplace kernel.
By contrast, the quantitative comparison of entire laws requires an adapted metric on the type
space. This distinction matters for both interpretation and application.

Wasserstein geometry and quantitative robustness. The paper’s main new theorem is
Theorem 1: under the regime-specific moment conditions intrinsic to extreme-value theory, the
map F' +— H, r is Lipschitz from the ambient transformed type space to the space of extreme
laws equipped with Wasserstein distance. The linear bound is therefore stated in the adapted
metric d ,, which is itself an ordinary Wasserstein distance after a monotone transform of types.
The same construction also furnishes canonical constant-speed geodesics in that ambient geometry,
summarized in Corollary 2. When the transform nonlinear, those adapted geodesics need not
preserve the economic normalization E[X] = 1 at intermediate times; Proposition 10 therefore
provides an explicit quantitative bridge from the ambient path back to the mean-one economic
slice. The same whole law control also yields integrated bounds for the full quantile schedule of
normalized extremes, not only fixed threshold cdf comparisons. Operationally, this means that one
either controls d. , directly or uses a separate bridge from raw space error, which can be only Hélder
in Fréchet settings, unless extra support restrictions make the transform Lipschitz.!

A complementary entropy-regularized design problem on the same type space. For
objectives that are linear in F', including expected utility of normalized extremes under the canonical
stochastic representation, we solve the planner’s problem with a KL penalty and a mean constraint.
The optimizer is the corresponding exponential tilt of the baseline. This problem is best understood
as a one-marginal entropy projection. Its tight connection to the positive analysis is kernel-based
rather than transport-based: the score functions entering the tilt are generated by the same
heterogeneous-EVT primitives that determine the operator F' +— H, r and its directional derivative.

Application to labor market networks. We apply the framework to a reduced-form labor
market environment in which network position governs offer arrival while the offer distribution
remains common across workers. The opportunity distribution induced by degree, weighted degree,
or other validated proxies for access to search translates into a heterogeneous extreme-value law for a
randomly drawn worker’s normalized top wage. The positive results quantify how network inequality
changes that cross-sectional right tail distribution, give a concrete whole law counterfactual for the
full schedule of top wage quantiles, and make explicit the conditions under which measurement
error in network heterogeneity propagates into tail prediction error.

'In plain terms, the theorem controls not just one tail probability but the whole distribution of normalized extremes,
and hence the whole quantile curve, in an integrated sense. In applications, the most direct route is to measure
heterogeneity in the adapted metric d, . If one instead starts from error in the original type space, an additional
comparison is needed. In Fréchet settings that comparison may be weaker than linear unless support restrictions keep
the relevant transform Lipschitz, for instance by keeping the support away from zero.



1.3 Empirical interface and identification of heterogeneity

The empirical content of the framework is promising, thogh one should be careful about what is and
is not identified. If a cross section of offer counts is observed at a fixed horizon, then the data identify
the count distribution and its pgf. Under the mixed-Poisson structure, that pgf identified from data
pins down the Laplace transform Py on the interval z € [0, §]. Because P, is a Laplace transform,
knowledge of that transform on any open interval identifies the underlying mixing distribution F
at the population level. The real difficulty is statistical rather than logical: analytic continuation
and Laplace inversion are severely ill-posed, so richer variation, e.g., multiple horizons, repeated
exposures, or parametric/semi-parametric structure, remains highly valuable for stable estimation
rather than for point identification per se.

A second empirical route uses direct proxies for opportunity intensity, such as normalized
degree, referral exposure, centrality, or estimated arrival rates. That route identifies an empirical
approximation to F' after one specifies a modeling map from the observed proxy into the latent
intensity entering the mixed-Poisson law. Likewise, network data by themselves do not identify
the adapted metric d ,; that metric becomes operational once the researcher has committed to a
tail index v and to a maintained measurement model linking the observed proxy to the latent type
entering the relevant stability theorem.

The same caution applies to inference from extremes. Using the heterogeneous extreme-value limit
to infer F' from tail behavior requires the tail-limit ingredients, i.e. the index -, the normalizations
(ag,bg), and, for second-order refinements, the corresponding second-order objects, either to be
known or to be estimated in a first step. The full parent law G need not be known for the EVT
approximation itself. Accordingly, our paper emphasizes robustness and error propagation more
than stable nonparametric recovery. The main operational message is therefore conditional: once
the analyst has an estimate F and justified control of the adapted metric d ;, around F the stability
results convert uncertainty about heterogeneity into explicit uncertainty about tail predictions.
If one starts instead from raw space Wasserstein error, Proposition 11 supplies the bridge. In
particular, when 0 < v < 1 and the assumptions of Theorem 1 hold with py < 1, that bridge is only
Holder of order v, so Fréchet-side error propagation can be materially slower than linear.

1.4 Related literature

Heterogeneous extreme value theory. We build on Mangin (2026); an earlier circulation
is Becker and Mangin (2023). On the probability side, the mixed-Poisson law H. r sits in the
classical lineage on maxima under random sample size or random indexing (Barndorff-Nielsen, 1964;
Galambos, 1973; Silvestrov and Teugels, 1998), with related max-geometric and max-semistable
notions in, e.g., Rachev and Resnick (1991) and Megyesi (2002). Our departure from that literature
is to treat the heterogeneity distribution itself as the primitive object and to study the induced
operator F' +— H, p through order, metric, and variational tools. Adjacent econometric work by
Einmahl and He (2023) studies extreme-value estimation under heterogeneous marginals rather than
heterogeneity in the intensity of opportunity arrival. For classical EVT background, see de Haan
and Ferreira (2006) and Resnick (2008); for complementary peaks-over-threshold foundations, see
Balkema and de Haan (1974) and Pickands (1975).

Optimal transport, coupling, and entropy projection. Our positive results use optimal
transport as a geometry on distributions (Villani, 2009; Galichon, 2016) and are close in spirit to
the coupling approach to extremes in Bobbia et al. (2021); complementary Wasserstein-type control
of Fréchet approximation via Stein methods is developed in Mansanarez et al. (2025). On the
normative side, our planner problem is a one-marginal entropy projection with a linear moment



constraint. The duality and exponential-tilt characterization connect to the Gibbs variational
principle (Donsker and Varadhan, 1975) and, more loosely, to modern Schrédinger and entropic
optimal transport treatments (Cuturi, 2013; Léonard, 2014; Peyré and Cuturi, 2019; Ghosal et al.,
2022; Nutz, 2022). We therefore use optimal transport and entropy regularization in related but
distinct ways in the positive and normative parts of the paper.

Labor market networks. Our application draws on the literature on job information and referrals
in networks, including Granovetter (1973), Montgomery (1991), Topa (2001), Calvé-Armengol and
Jackson (2004), and Ioannides and Loury (2004), as well as more recent work on referral inequality
and segregation such as Buhai and van der Leij (2023) and Bolte et al. (2024). Relative to that
literature, we emphasize a tail-sensitive reduced form: how the distribution of opportunities maps
into the distribution of worker-level extremes, how robust that mapping is to perturbations in
heterogeneity, and how policy might reshape the opportunity distribution when the right tail is
economically consequential.

1.5 Roadmap and regime map

Structure of the paper. Section 2 introduces the heterogeneous extreme-value environment.
Section 3 develops order properties, misallocation indices, and geodesic structure on the type space.
Section 4 contains the main metric stability results, finite horizon robustness bounds, and the
second-order expansion. Section 5 studies the complementary entropy-regularized design problem.
Section 6 presents the labor market network application. Section 7 concludes. Appendix A contains
proofs and Appendix B records technical tools.

Before moving on to the main sections, we already include Table 1 here in the Introduction, as a
pragmatic overview of the paper’s regime-specific scope. A recurring theme is that lower-support
restrictions are needed only when logarithmic, negative-power, or inverse-power transforms of
X enter the argument. Another is that the adapted geodesics of Section 4 live in an ambient
transformed type space; when s, is nonlinear, they need not preserve the mean-one normalization
at intermediate times. Proposition 10 quantifies the discrepancy between the ambient path and its
mean-one renormalization, while the raw space geodesics and pointwise comparisons in Section 3
remain available when exact mean preservation is required throughout.

Table 1: Scope of the main analytical results across extreme-value regimes

Result Regime Additional conditions

Proposition 1, Proposition 2, Corollary 4, all ~y unified baseline Assumptions 1-2; no positive
Proposition 13, Theorem 2 lower support bound is imposed

Proposition 4 and Lemma 3 Fréchet / v >0 product representation specific to the Fréchet

case; no support bound away from zero is re-
quired there

Theorem 1 all v dr p(F1, F3) < oo is the primitive domain con-
dition; equivalently, one needs finite trans-
formed pth moments, namely X? for v > 0,
|log X|P for 4 = 0, and X117 for v < 0

Proposition 11 v€(0,1]ory<0 for v € (0,1], no lower support bound is
needed; for v < 0, support on [a,o0) is im-
posed explicitly

Section 5.5 power and inverse-power tilts  all regimes in princi- inverse-power scores require baseline support

ple bounded away from zero; positive-power scores

require the baseline tail to be light enough for
the exponential tilt to be integrable




2 Environment: heterogeneous extreme value primitives

2.1 Baseline extreme value theory

Let {Y}};>1 be ii.d. real valued random variables with common cdf G. Let M,, := maxi<j<n Y;
denote the sample maximum.

We impose a standard maximum domain of attraction condition. Equivalently, after affine
normalization, the law of M,, converges to a generalized extreme value distribution.

Assumption 1 (Domain of attraction). There exist sequences a,, > 0 and b, € R and a parameter
v € R such that

M, -0
Pr(nn<x> — Hy(z) asn — oo,
Qn

for all continuity points = of H.,.

We use the canonical generalized extreme value family

H (2) exp(—(1+~2)~Y7), y#0, 1+v2 >0,
T exp(—e), v =0,

with the conventions H,(x) =0 for v > 0 and < —1/v, and H,(z) =1 for y <0 and > —1/7.
Define the tail transform

vy(x) := —log H,(x),
so that vy (z) = (1 +~yx)~7 for v # 0 on {1 + vz > 0} and vo(z) = e~ on R.

2.2 Mixed Poisson heterogeneity in draw counts

Each agent draws a random number N (6) of i.i.d. opportunities, where 6 > 0 scales the average
arrival rate. Following Mangin (2026), the draw count is mixed Poisson.

Assumption 2 (Mixed Poisson heterogeneity). Let X ~ F on [0, 00) with E[X] =1 and Pr(X =
0) = 0. Conditional on X, the draw count is Poisson:

N(0) | X ~ Poisson(6X), 6> 0.
The sequence {Yj};>1 is independent of (X, N(6)).

Remark 1 (Why we exclude an atom at zero). The restriction Pr(X = 0) = 0 is mainly a unified
domain convention rather than a substantive claim that near-zero opportunity types are unimportant.
Mass arbitrarily close to zero is allowed throughout the baseline model. The reason to exclude an
atom exactly at zero is that, for v < 0, it produces an atom at —oo in the normalized limit law,
while several metric constructions below use logx or 7 and are therefore naturally formulated on
(0,00). When a positive lower support bound is genuinely needed, we impose it explicitly in the
corresponding proposition.

The distribution of N(#) is mixed Poisson with mean E[N(0)] = 6. Let
Py(z) :=E[e**], z2>0,

denote the Laplace transform of F'. The next lemma summarizes the key generating function identity
that will be used repeatedly.



Lemma 1 (Probability generating function of mixed Poisson). Under Assumption 2, for any
y € [0,1] and any 6 > 0,

E[yN“’)} = Py(6(1—y)).

Remark 2 (Search technology versus type heterogeneity). Assumption 2 admits two complementary
interpretations. One may take the mixed Poisson law of N(6) as the primitive “search technology”,
in which case F' is an equivalent representation. Alternatively, one may take F' as the primitive
distribution of types X, where higher X implies a higher mean draw count 6X. The Laplace
transform P, summarizes the search technology and is the only object from F' that enters the
distribution of extremes. The mixed Poisson specification is analytically valuable precisely because
the conditional distribution function of the maximum takes the exponential form

Pr(My < 2| X) = exp{—6X(1 - G(x))},

so heterogeneity enters through a Laplace transform rather than through a more complicated count
generating function. Its complement gives the corresponding conditional tail probability. This
special role of Poisson search is also emphasized in Becker and Mangin (2023), which contrasts the
Poisson benchmark with more general count technologies.

2.3 Heterogeneous maxima and their distribution

Given N(0) draws, the realized outcome is the maximum

My := sup Yj,
1<j<N(0)

with the convention sup () = —oo0.
For any z € R,

Pr(My <o | X) = E[G(2)"®) | X| = exp(~0X(1 - G()).
and hence, by using Lemma 1,

Pr(My < x) = Py(8(1 — G(x))). (1)

2.4 Heterogeneous extreme value limit law

We now combine the domain of attraction condition with the mixed Poisson structure. Define
ap := a|g) and by := b|g) for § > 1. This step extension is convenient for the first-order limit theorem
below. In the second-order subsection later on, we revert to continuous normalizing functions, as is
standard in extreme value theory, to avoid discretization artifacts.

Proposition 1 (Heterogeneous extreme value law). Suppose Assumptions 1 and 2 hold. Then for
all continuity points x of H, F,

Pr(lwea_bg < ac) — Hy p(z) == Po(vy(z)) as b — oo.
0

Moreover, if F = 61, then Py(z) = e % and H, p = H,.



Remark 3 (Formal scope of the limit law). The object H, r is the limit distribution of the normalized
maximum for a randomly drawn agent under a common offer distribution G. It is therefore a cross-
sectional agent-level object. The paper does not analyze the economy-wide maximum max; M; g,
nor settings in which network position also changes the distribution of the ofer quality or induces
dependence between X and the Y;;. Those extensions are potentially important, but they require
additional structure beyond the present mixed-Poisson layer.

Remark 4 (Connection to random-sample-size maxima). Proposition 1 is a mixed-Poisson instance of
the classical literature on maxima with random sample size or random indexing; see, e.g., Barndorff-
Nielsen (1964), Galambos (1973), and Silvestrov and Teugels (1998). In that literature, random
indexing changes the form of the limit law while often preserving the underlying extreme-value type.
The value added here is not another domain-of-attraction result, but the decision to treat the mean
one heterogeneity distribution F' and its Laplace transform P, as primitives for the order, metric,
and design analysis developed below.

Comment. The representation (1) reduces the asymptotics of My to the behavior of 8(1 — G(bg +
agx)). Assumption 1 implies that G(bg + agx)l) — H,(z) = e7*(®) and thus 6(1 — G (bg + apz)) —
vy(x) at continuity points. The formal argument is given in Appendix A. Our focus on block
maxima is natural in search environments where the economic object is the best offer over a horizon.
Complementary peaks-over-threshold formulations are classical in extreme value theory (see, e.g.,
Pickands (1975) and Balkema and de Haan (1974)).

2.5 A canonical product representation in the Fréchet case

A particularly useful representation emerges under Fréchet normalization, which is natural for
heavy-tailed primitives. Suppose v > 0 and work with the standard Fréchet cdf

ng(z) = exp(—z_l/'y) , z>0.
It Z, is a Fréchet random variable with cdf H;Fr and Z, is independent of X, then
Pr(X'Z, <z) = E[exp(—Xzfl/Vﬂ =P <z71/7> , z> 0.
Thus the heterogeneous Fréchet limit admits the product representation
z L x7, (2)

where Z has cdf z — Py(z~/7) on (0,00). Equivalently, the canonically normalized GEV variable

Z -1
ZGEV = N

has cdf H, p. We shall use (2) to construct couplings and to obtain sharp Wasserstein bounds in
Section 4.
2.6 Extreme outcome functionals

The paper studies tail-sensitive functionals of the distribution of extremes. Let ( : R — R be a
measurable payoff function. For finite 6, define

Py(F) := E[¢(Mp)].



For normalized extremes, define

My — by
-

Zy : Uy(F) = E[¢(Zp)]
for measurable 1 such that the expectation is well defined. Section 4 establishes pointwise finite
horizon stability for the cdf of Zy, Wasserstein stability for the limit law F +— L£(Z), and derives
Lipschitz-type bounds for classes of functionals ¢ that are natural for tail analysis.

Section 5 uses these objects to define and solve an entropy-regularized design problem for F'.

3 Geometry of heterogeneous extreme value laws

This section develops structural and geometric properties of the heterogeneous extreme value
operator introduced in Section 2. Throughout, F' denotes a probability measure on [0, 00) with
Ep[X] =1 and Prp(X = 0) =0, and we write

Py(z) :=Ep [efZX] = / e * F(dx), z >0,
0

for the Laplace transform of F. For a fixed tail index v € R and tail transform v, (x) := —log H(x)
(defined on {x : H,(x) € (0,1)}), the heterogeneous extreme value law is

H, p(x) = P(](’UV(JZ‘)).
We view the mapping
T: F— H,p

as an operator from a space of type distributions to a space of extreme value laws. The section
has two roles. Subsection 3.1 records order and benchmark consequences of the Laplace-mixture
structure. Those results are useful for interpretation and for the application, but they are not the
core geometric inovation. The later subsections then isolate the coupling and variational ingredients
needed for the genuinely geometric stability results in Section 4 and, more indirectly, for the
complementary design problem in Section 5.

3.1 Order comparisons and extreme misallocation

A central economic question is how dispersion in opportunities changes extreme outcomes. In our
setting, dispersion enters through the distribution F' of draw intensities X. A natural formalization
is convex order, which coincides with mean-preserving spreads.

Definition 1 (Convex order). Let Fy, F; be probability measures on [0, c0) with finite first moment
and common mean. We write Fy = F} if

[e@pain) = [ o) Fian)

for every convex function ¢ : [0,00) — R for which both expectations are finite. When Fy = F7,
F5 is a mean preserving spread of F in the sense of Rothschild and Stiglitz (1970).

zx

Convex order has an immediate implication for Laplace transforms because z — e¢™** is convex

on [0,00) for every z > 0.



Proposition 2 (Convex order implies Laplace order). Let Fiy, Fy be probability measures on [0, 00)
with BE[X]| = 1. If F = F1, then for every z > 0,

2 1
APG) = V().
Consequently, for every x such that vy (z) < oo,

Hypy(z) > Hyp (7).

Equivalently, if Z; has cdf Hy f,, then Pr(Zy > t) < Pr(Zy > t) for allt € R.

Corollary 1 (Heterogeneity lowers extremes relative to the homogeneous benchmark). Let F' be a
probability measure on [0,00) with E[X] = 1. Then for every z > 0,

Py(z) > e 7,
with strict inequality for all z > 0 whenever F' # 61. Consequently, for every x such that vy(x) < oo,
Hyp(z) > Hy(x),
so the heterogeneous extreme value limit is stochastically smaller than the homogeneous limit.

Remark 5 (Tail index versus level effects). Order comparisons such as Proposition 2 operate at the
level of the entire distribution function. They are consistent with the tail index invariance emphasized
by Mangin (2026): heterogeneity in the mixed Poisson draw counts changes the level of extreme
outcomes but does not change the limiting tail index . Under the mean-one normalization, one
can actually say more: since 0 < (1 — e *¥)/z < X for z > 0 and E[X] = 1, dominated convergence
gives Py(z) =1—z+o0(z) as z | 0. Consequently, 1 — H, p(z) = 1— Py(vy(z)) ~ vy(z) ~ 1 — Hy(z)
whenever v (x) | 0. Thus heterogeneity changes distributional levels and high quantiles, but it does
not change the first-order ultra-tail mass.

The previous results motivate quantitative measures of how far F' is from the egalitarian
benchmark 4.

Definition 2 (Extreme misallocation indices). Fix the benchmark F¢4 := §;.

1. For p > 1 and F' € Pp([0,0)), define the metric misallocation index

My (F) = W,(F,5,).

2. Further define the Laplace misallocation curve

Ap(z) :=Py(z) —e %, z>0.

Remark 6 (Interpretation). M, (F') measures opportunity dispersion in a transportation geometry
and will be directly compatible with the stability bounds in Section 4. Because the benchmark
is a point mass, the first two indices are especially transparent: M;(F) = E[|X — 1|] and, under
E[X] = 1, Ma(F) = E[(X — 1)?] = {/Var(X). The Laplace curve z — Ap(z) measures the
induced distortion in extreme value laws at the Laplace scale. By Corollary 1, Ar(z) > 0 for
all z > 0, and Arp = 0 if and only if F = §;. In particular, these indices quantify how far the
opportunity distribution is from the homogeneous benchmark before Section 4 translates that gap
into explicit bounds on the induced law of extremes.
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3.2 Wasserstein geometry on the type space

Now let Pp([0,00)) denote the set of probability measures on [0, 00) with finite pth moment. For
w, v € Pp([0,00)), the Wasserstein p distance is

1/p
Wy(p,v) == ( inf / |z — y|P m(dz, dy)) ,
[0,00)2

mel(p,v)

where I'(u, v) is the set of couplings with marginals 1 and v. We refer to Villani (2009) and Galichon
(2016) for background.
In one dimension, the geometry is particularly explicit.

Lemma 2 (Quantile representation and canonical geodesics in one dimension). Let p, v € P,([0, 00))
and let Qu, Q, denote their quantile functions. Then

1
W) = [ 1Qut0) = QP du.
Moreover, the path (jit).c(0,1) defined by
Qﬂt(u) = (1*75) Qu(u)thQl/(u)v u € (03 1)’

is a constant-speed W), geodesic from p to v. For p > 1 it is the unique geodesic, while for p =1 it
1s the canonical monotone geodesic and uniqueness need not hold.

This one-dimensional characterization has a direct implication for convexity of expectations
along the canonical monotone geodesic.

Proposition 3 (Convexity of expectations along type geodesics). Let u,v € P1([0,00)) and let
(11t)tejo,1) be the canonical monotone Wasserstein geodesic from p tov. Let ¢ : [0,00) — R be convex
and such that [ |¢|du < oo for allt € [0,1]. Then t — [ @(x) pi(dz) is convez on [0,1].

3.3 The extreme value map as a pushforward and coupling transform

The map T" admits a useful representation in cases where the limit law can be written as a measurable
image of (X, Z) for an auxiliary variable = independent of X. This representation is the basis for
the coupling constructions in Section 4 and for the variational arguments in Section 5.

Proposition 4 (Pushforward representations in Fréchet and Gumbel cases). 1. Fréchet case
(v >0). Let Z. have the standard Fréchet law on (0,00). Its cdf is z — exp(—2~4/7), and Z,
is independent of X ~ F. Then the heterogeneous Fréchet limit Z satisfies

z L x2z,

and its cdf is z — Py(z=Y7) on (0,00). Equivalently, the canonically normalized variable

Z—1
ZGEv = ———
~

is distributed according to H., p.

2. Gumbel case (y =0). Let E be exponential with mean one, independent of X ~ F. Define
Z :=1log(X/E). Then Z has cdf x — Py(e™™), hence Z is distributed according to Hy p.

11



A key implication is that many extreme outcome functionals are linear in the mixing distribution
F once the auxiliary variable is integrated out.

Lemma 3 (Kernel representation of expectations in the Fréchet case). Assume v > 0 and let
Z = X"Z, be as in Proposition 4. Let 1 : (0,00) = R be measurable and assume E[|¢(Z)|] < oc.
Define the kernel

kp(z) == E[(27Z,)],  x>0.

Then -
E[¢(2)] = / by () F(da).

Lemma 3 is conceptually important for design: whenever the planner objective can be written as
E[(Z)] with Z in product form, the dependence on F' is through a linear functional with kernel .

3.4 Differentiating the map F'— H, ¢

Because H, p(z) is an integral of a fixed kernel against F', the operator T" has an explicit variational
derivative. Let M([0,00)) denote the space of finite signed measures on [0, 00).

Proposition 5 (Gateaux derivative of the extreme value operator). Fiz vy and consider the map
T:Fw— Hyp. Let v € M([0,00)) satisfy v([0,00)) =0 and [;° uv(du) =0, and let F, := F 4 cv
be a perturbation for € in a neighborhood of 0 such that F. remains a probability measure. Then for

every x with v (x) < oo,
= / e~V @y (du).
0

Remark 7 (Why the mean constraint is stated here). The derivative formula itself is algebraically
valid without the restriction [uv(du) = 0. We impose it in the proposition because the economic
domain studied in the paper fixes E[X] = 1, so admissible perturbations should remain on that slice.

d
%H'%Fs (x)

e=0

Remark 8 (Link to entropic design). Proposition 5 identifies the kernel that governs marginal
changes in the distribution of extremes when the type distribution is perturbed. In Section 5, the
same kernel reappears in the entropy-regularized design problem whenever the planner objective is
expressed through cdf levels or their smooth linear combinations.

3.5 Geodesics and convexity

We now combine the one-dimensional canonical Wasserstein geodesics with convexity of the Laplace
kernel.

Proposition 6 (Convexity of heterogeneous extreme value laws along type geodesics). Let FO, F! €
P1([0,00)) with E[X] =1 and let (F");c(01] be the canonical monotone Wasserstein geodesic between
them. Then for every z > 0, the map t — Py (z) := [ e ** F'(dx) is convezx on [0,1]. Consequently,
for every x such that v (x) < oo, the map

t = H, pi(z) = Pf(vy(2))
is convez on [0, 1].

Proposition 6 provides a disciplined way to compare extremes along canonical paths in the space
of heterogeneity distributions. It is also useful for identification and policy discussions: when F' is
estimated, geodesic perturbations provide a structured local sensitivity analysis.

12



Remark 9 (Raw-space geodesics preserve the mean one slice). If FO and F* both satisfy [z F*(dz) =
1, then the canonical monotone Wasserstein geodesic (F t)te[o,l} in Proposition 6 also satisfies
[ x F'(dz) =1 for every t. Indeed, in one dimension the mean equals the integral of the quantile
function, and quantiles interpolate linearly along this path. This mean-preserving property is
specific to the raw type geometry used in this section and will contrast with the adapted geodesics
of Section 4.

We also record a moment functional that will recur in heavy tailed applications.

Proposition 7 (Geodesic convexity of negative power moments). Fiz p > 0. Let FO F' be supported
on [a,00) for some a > 0, and let (F'),cjo1) be their canonical monotone Wasserstein geodesic.
Then the map

t — /azp F'(dx)
is convez on [0, 1].

Remark 10 (Where this enters later). In Fréchet settings, many tail sensitive functionals can be
written in terms of power moments of X through the product representation in Proposition 4 and
the kernel representation in Lemma 3. The convexity statements above alow one to control these
objects along structured perturbations of F.

4 Wasserstein stability and coupling bounds

This section contains the genuinely geometric layer of the paper. The Laplace-mixture representation
already gives several pointwise and order-theoretic statements. What transport adds is different:
by coupling transformed types with a common exponential shock, we obtain quantitative control
of whole induced laws, canonical ambient interpolation paths, and robustness statements with
explicit moduli. The key object remains the operator T': F' — H, p. The substantive content
is not merely that one may rewrite the type space after a monotone transform, but that the
operator representation and the canonical coupling make this transformed geometry propagate into
law-level Wasserstein bounds for heterogeneous extremes. Complementary quantitative control of
extreme-value approximation in Wasserstein-type distances has also recently been developed with
Stein-type methods for Fréchet laws; see Mansanarez et al. (2025).

4.1 Wasserstein preliminaries and duality

We work on R equipped with the metric d(z,y) = |z —y|. For p > 1 and p,v € Pp(R),

1/p
Wp(p,v) == ( inf )/ |x—y|p7r(d:c,dy)) ,
R2

mel(pu,v

where I'(u, v) is the set of couplings with marginals (1, v). In one dimension, W), admits the quantile
representation, and for p = 1 it admits the Kantorovich-Rubinstein dual formulation. We collect
the statements used below in Appendix B.1.

4.2 A canonical coupling representation

Recall the canonical GEV parametrization from Section 2.1 and define

vy(x) := —log H,(x).
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Let w, denote the inverse of v, on its range. For the canonical GEV family,

t=7 —1 L0
wy(t) = v T t>0.

_IOgtv 7:07

Proposition 8 (Canonical representation of H, r). Let X ~ F and let E ~ Exp(1) be independent

of X. Define
E
Z,%F = ’LUA/ <X> .
Then Z r has cdf H., r.
FEquivalently,
X'E77 -1
- ’7 # 07
ZyF = v

logX —logE, ~=0,
and this random variable has cdf H p.

Proposition 8 reduces the construction of couplings for H,  to couplings on the type space.
Given any coupling of X; ~ F} and Xs ~ F5, one obtains a coupling of the corresponding extreme
laws by using a common exponential variable FE.

4.3 Stability of the extreme value operator

The canonical representation depends on X through the transform z +— 27 when v # 0, and through
x +— logz when ~ = 0. This motivates metrics on the type space that are adapted to the index .
For the geometric results in this section, the mean one normalization from Assumption 2 is not
needed. We therefore temporarily enlarge the domain from the normalized economic type space to
the ambient space of probability measures on (0, c0) for which the relevant transformed pth moment
is finite. That ambient domain is the natural one for the adapted metric and, crucially, the one on
which the geodesic construction is closed.

Definition 3 (Type metrics adapted to 7). Fix p > 1 and v € R. Let s, : (0,00) — R be defined by

0,  y#0,
sy(x) = 1 B
ogx, 7v=0.

For Fy, F5 on (0,00) such that the pushforwards F; o s;l belong to Pp,(R), define
d%p(Fl,FQ) = Wp(Fl o 8;1, Fyo 8;1) .

Proposition 9 (Domain of the adapted metric and behavior near zero). Fiz p > 1 and v € R. For
probability measures Fi, Fy on (0,00), the distance d~ ,(Fi, Fy) is finite if and only if

/|57(x)|pFi(de’) <oo,  ie{l,2}.

FEquivalently:

1. if v > 0, one needs [ 2P Fy(dz) < oo fori=1,2;
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2. if y =0, one needs [ |logz|P F;(dz) < co fori=1,2;
3. if v <0, one needs [ 2~ Fy(dzx) < oo fori=1,2.

In particular, mass near zero is harmless for v > 0 but can make d. , infinite for v < 0 even when
an ordinary Wasserstein distance on the raw type space is finite.

Remark 11 (Low-access types and the limits of adapted geometry). The transport theorem therefore
remains available for very small access types as long as the relevant transformed moments are
finite. For v = 0 this is a logarithmic integrability requirement; for v < 0 it is an inverse-moment
requirement of order |y|p. If an application permits heavier mass near zero than those conditions
allow, the adapted metric is no longer the right comparison tool. One should then revert to the
Laplace-order statements, the raw space mean-preserving geodesics of Section 3, or the finite horizon
and pointwise bounds in this section, none of which require d, , < oo.

We now state the main stability bound. The constants are explicit and reflect moment restrictions
intrinsic to extreme-value tails.

Theorem 1 (Wasserstein stability of F Hyfp). FityeR andp > 1. Let i, F be probability
measures on (0,00) such that d p(Fi, Fp) < 00.
If v > 0, assume in addition that py < 1. If v # 0, let E ~ Exp(1) and define 2, := E~7. Then

(B2, P)"P

Wp(H%FuH%Fz) < |’Y’

d’Yyp(Fl’ F2)'
If v =0, then
Wy(Ho,ry s Ho,ry) < dop(F1, F).

Remark 12 (What the transport layer adds). The transform s, by itself is only a reparameterization of
types. The substantive content of Theorem 1 is that, under the canonical coupling Z, p = w,(E/X),
optimal transport on s, (X) yields an explicit Wasserstein bound on the entire induced extreme law,
with constant determined by the tail index through E[E~P?] in the Fréchet regime. Corollary 2 then
propagates this to canonical ambient paths in law space. These quantitative whole law statements
do not follow from the Laplace mixture alone.

Remark 13 (Moment restrictions are intrinsic). For v > 0 one has E[E7P] = I'(1 — py), so
E[|=,[P] < oo holds if and only if py < 1. For v < 0, by contrast, =, = EIl has finite moments of
every order. The heavy-tail restriction is therefore not an artifact of the coupling argument. It
reflects that the Fréchet-type limit law has finite pth moment only when p < 1/7, and therefore
Wy (Hy Fy, Hy F,) is only defined in the usual Wasserstein sense in that regime.

Theorem 1 is proved by applying the random Lipschitz contraction Lemma 9 to the representation
in Proposition 8, using a coupling of s,(X1) and s,(X») and a common exponential variable. The
construction is in the same spirit as the coupling arguments emphasized by Bobbia et al. (2021),
but here the comparison is between heterogeneous extreme laws generated by different opportunity
distributions.

The theorem becomes most useful once the adapted metric is treated as a geometry in its own
right. Because d,, is an ordinary Wasserstein distance after the transform s, it automatically
induces canonical constant-speed geodesics in the ambient transformed type space. Along those
paths, the entire law of extremes moves in a Lipschitz way. This is the main result in the paper
that specifically requires the Wasserstein geometry rather than only the Laplace form.
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Corollary 2 (Geodesic control in the adapted type geometry). Fiz v € R and p > 1. Let FO F! be
two probability measures on (0,00) for which the assumptions of Theorem 1 hold. Let G° := SV#FO
and G := sv#Fl, and let (Gt)te[o,l] be the canonical monotone constant-speed W), geodesic from
G° to G'. Define F! := (s;l)#Gt. Then, for all s,t € [0,1],
Moreover,

Wp(H%FS»Hv,Ft) < Cyplt — 5| d%p(FOa F1)7
where C., , denotes the constant from Theorem 1.
Remark 14 (Ambient geodesics versus the mean one normalization). The path in Corollary 2 is a
geodesic in the ambient transformed type space, not necessarily in the mean one slice used in the
economic model. Indeed, Qg (u) is affine in ¢ in transformed coordinates, but [ s YQqt(u)) du is
generally not constant unless s’ ! is affine, which occurs only when v = 1. Thus the adapted path
should be read as a geometric comparison device, not as a literal mean-preserving policy path. If

one instead wants exact mean preservation at every step, the raw space geodesics of Section 3.5
remain available, but they need not inherit the constant-speed statement for d. ,,.

Proposition 10 (Renormalization bridge back to the mean one slice). Fiz v € R and p > 1.
Let F be a probability measure on (0, 00) with finite mean m(F) := [z F(dz) € (0,00) and finite
transformed pth moment. Define the mean one renormalization

F = (x— z/m(F))4F.

Then
_ (n=mE) | (far F(de))?, y #0,
d’va(F7 F) =
log m(F)], y=0.

If, in addition, the assumptions of Theorem 1 hold for F' and ﬁ, then

Wy (H%FvH%ﬁ) < Cypdyp(F F),
where C.,, is the modulus from Theorem 1. In particular, if my == [z F'(dz) and Ft = (z —
z/m)xF' along the ambient geodesic from Corollary 2, the same bound applies pointwise in t.

Corollary 3 (Quantile-schedule control of the induced extreme law). Under the assumptions of
Theorem 1, let Q~.F, : (0,1) = R denote the quantile function of the law Hy f, fori € {1,2}. Then

1 1/p
</0 Q.1 (1) — Q1 ()P du) = Wyp(Hy r s Hyp,) < Cypdyp(Fr, F).
Along the adapted geodesic from Corollary 2, this yields

HQ%FS - Q'y,FtHLP(O,l) < C%p ’t - 3’ d%p(FO, Fl)-

An immediate benchmark implication is obtained by comparing F' to §;. Whenever the conditions
of Theorem 1 hold,
WP(H%F7 Hy) < Cypdyp(F,01),

where C, , denotes the constant from Theorem 1. Combined with Proposition 11 in the regimes
covered there, this translates metric misalocation on the type space into an explicit distortion bound
for extreme outcomes relative to the homogeneous benchmark.
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Corollary 4 (Pointwise stability of the cdf). Fiz v € R and let Fy, F5 € P1([0,00)). Then for every
x in the interior of the support of H,

|Hoy py (2) — Hy 5y (2)] < vy (2) Wi(Fy, ).

Remark 15 (Pointwise versus geometric bounds). Corollary 4 follows directly from the Laplace
representation H, p(z) = [e *(®)? F(dz) and the fact that z — e~*(®)? is v, (z)-Lipschitz on
[0,00). It is therefore not itself a geometric theorem. Theorem 1, Proposition 10, and Corollary 3
are the results that genuinely use the adapted Wasserstein geometry. Those statements control
whole induced laws, the bridge back to the mean one slice, and the full quantile schedule. They are
not recovered from fixed threshold cdf bounds without additional density information.

In many applications one also wants conditions under which d,  is controlled by a standard
Wasserstein distance on the type space. We record sufficient conditions that isolate the role of
behavior near 0.

Proposition 11 (Relating adapted type metrics to standard Wasserstein distances). Let p > 1 and
let F1, F> € Pp([0,00)).

Case 1: 0 <y <1. Then
d%p(FlvF2) < Wp(Fl,F2)7~

Case 2: v < 0. Assume Fy and Fy are supported on |a,c0) for some a > 0. Then

dyp(F1, F2) < [y[ "™ Wy(Fy, Fy).

Case 3: v =0. Assume Fy and Fy are supported on |a,o0) for some a > 0. Then
dop(Fr, Fo) < a” ' Wy(Fy, Fy).

Remark 16 (Why we keep d., , in the main bound). In the positive-tail regime covered by Theorem 1,
namely 0 < v < 1/p, the map = — 27 is not globally Lipschitz on [0,00). For 0 < v < 1, the
obstruction is behavior near zero. Consequently, a linear stability bound stated directly in terms of
Wy, (F1, F2) would either require extra support restrictions or lose the natural linear geometry of
the canonical coupling. The adapted metric d, , is therefore the correct primitive quantity in the
main bound, while Proposition 11 records conditions under which it can be controlled by a standard
Wasserstein distance.

4.4 Stability of extreme outcome functionals

The Wasserstein bounds above immediately imply stability of a large class of tail-sensitive functionals.

Proposition 12 (Lipschitz functionals of the limit law). Let ¢ : R — R be L-Lipschitz. Let
Zi ~ Hy g, forie {1,2} and assume Wyi(Hy p,, H, p,) < co. Then

[E[(Z1)] = E[Y(22)]| < LWi(Hy 1y, Hy 1) -

Combining with Theorem 1 yields explicit bounds in terms of d~,(F1, F2) whenever the conditions
of that theorem hold.
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4.5 Finite horizon maxima and tail probability stability

Fix # > 0 and let My be the maximum of Ny i.i.d. draws from G, where Ny | X ~ Poisson(6X) as
in Section 2. Conditional on X, one has

Pr(My <z | X)=exp(—0X(1-G(z))),
and therefore Pr(My < z) = E[exp(—0X (1 — G(z)))].
Proposition 13 (Pointwise stability for finite 0). Let Fy, F5 € P1([0,00)). Then for every x € R,

];I‘(Mg <z)-— gr(Mg <z)| <0(1—-G(x)) Wi(F, F).

1 2

Remark 17 (Finite-horizon versus asymptotic robustness). Proposition 13 is a finite horizon ro-
bustness statement. It does not use the extreme-value limit. By contrast, Theorem 2 below is
an asymptotic expansion around the limit law. Keeping these two layers separate is important in
empirical work: finite-sample prediction error and EVT approximation error are different objects.

4.6 Rates under second-order tail conditions

We conclude with a second-order expansion for the prelimit cdf of normalized maxima. The proof
is given in Appendix A. In this subsection, unlike the first-order limit theorem in Section 2.4,
we work with continuous normalizing functions a : (1,00) — (0,00) and b : (1,00) — R. This is
the standard continuous-parameter formulation in extreme value theory and avoids the artificial
O(1/0) oscillation created by the step extension ag,b|p|. Assumption 3 is a standard second-order
regularity condition; see, for example, de Haan and Ferreira (2006, Chapters 2.10 and 9).

Assumption 3 (Second-order tail condition). In addition to Assumption 1, suppose there exist
continuous normalizing functions a : (1,00) — (0,00) and b : (1,00) — R, a scalar function A(f) — 0,
and a locally bounded function h, such that

9(1 —G(b(9) + a(&)x)) =vy(x) + A(0) hy(x) + O(A(G))
as 6 — o0, locally uniformly in x on the interior of the support of H.,.

Theorem 2 (Second-order expansion for heterogeneous extremes). Suppose Assumptions 2 and 3

hold and let
My —b(6)

a(0)
Fiz a compact set K contained in the interior of the support of H,. Then there exists a remainder
ro,x on K such that

Zy =

76,5 ()]

sup

—0 as 60 — oo,
vek |A(0)]

and, uniformly for x € K,
Pr(Zy < ) = Hop () = A(6) Iy (2) B[ Xe™ 0¥ | 17y c(a).

Remark 18 (Interpretation). The leading correction term is multiplicatively separable. The function
h. captures the second-order tail behavior of G, while z + E[Xe " (®X] is the heterogeneity
kernel inherited from the Laplace mixture. This separation is what allows one to distinguish EVT
approximation error from heterogeneity-driven sensitivity. Converting the expansion into global Wj
rates require additional tail-envelope conditions and we therefore left outside the present theorem:.
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5 A complementary entropy projection for heterogeneity

In this section we study a tractable normative problem on the same type space used in the positive
analysis. A planner reallocates opportunities across agents to improve a tail-sensitive criterion while
penalizing deviations from a baseline distribution by relative entropy. The object is deliberately
modest: it is a one-marginal entropy projection, not a full two-marginal transport problem, and it
does not rely on the Wasserstein geometry developed earlier. It is useful in our framework, but the
connection should be described accurately: this section is complementary rather than foundational.
The structural link to the positive analysis is that the same Laplace kernel that defines F'— H,
also generates the marginal score functions that enter the planner’s first-order conditions for cdf
criteria and, through the stochastic representation below, for expected utility of normalized extremes.

5.1 A variational planner problem

Fix a baseline distribution Fy on (0, 00) such that Eg [X] = 1. We interpret Fy as the status quo
distribution of effective search intensities, network degrees, or other shifters of arrival rates. A policy
induces a new distribution F, and we write X ~ F'.

For F < Fp, define the relative entropy

dF
DKL(FHFO) :/10g<dpb> dF,

with the convention Dxr,(F||Fp) = +oc if F' is not absolutely continuous with respect to Fjp.
Let H, r denote the heterogeneous extreme-value law from Proposition 1. We focus on tail-
sensitive objectives of the form

U(F) =E[u(2)], Z ~ Hy F,

for a measurable function u such that the expectation is well defined under the candidate distributions
considered below. This class includes expected utility of normalized extremes and many smoothed
tail criteria. We comment on high-quantile objectives at the end of the section.

The planner solves

sup {U(F) _ )\DKL(FHFO)}, (3)
F: Ep[X)=1

where A > 0 governs the marginal cost of reshaping opportunities away from the baseline.

Remark 19 (Interpretation). The constraint Er[X] = 1 normalizes the aggregate scale of opportuni-
ties. In a network interpretation it fixes total expected offer arrival in the population and alows
the planner to reallocate the cross-sectional distribution. The entropy term penalizes concentrated

reallocations and yields a strictly concave problem whenever U is linear in F', which is the main
case treated below.

Remark 20 (Normalized welfare and prelimit maxima). The criterion U(F) = E[u(Z)] should be
read as the asymptotic counterpart of prelimit preferences over maxima. Indeed, if v is bounded
and continuous, then Proposition 1 implies

E[u(Me—beﬂ — U(F) as 0 — oo.

ag

Equivalently, the planner may be viewed as evaluating a sequence of prelimit utilities ug(m) :=
u((m — bg)/ag) that preserves the affine normalization used by extreme-value theory.
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5.2 A stochastic representation and linearization of expected utility

The canonical representation from Section 4.2 immediately linearizes expected-utility objectives in
the heterogeneity distribution. Let wy := vy, I denote the inverse map introduced there.

Lemma 4 (Linearization of expected utility). Let X ~ F and let E ~ Exp(1) be independent.

Define
E
Z = —
(%)

so that Z ~ Hy by Proposition 8. If u : R — R is measurable and EUU(Z)H < oo, then

UE) =E[u(2)] = [ Plae), o) = E[u(w (£))].

Proof. The distributional representation of Z is Proposition 8. The formula for U(F') then follows
by iterated expectation. O

Remark 21 (Fréchet specialization). When ~ > 0, Proposition 8 reduces to the product representation
from Section 2.5: if =, := E~7, then

14++Z = X2,

5.3 Duality and exponential tilting

We now solve (3) in the canonical case where the objective is linear in F. This case is both the
baseline design problem and the relevant reduction for expected-utility objectives by Lemma 4. The
exponential-tilt form itself is the standard entropy-projection conclusion. What is specific here is
that the heterogeneous-EV'T operator supplies the score ¥ and reduces the mean constraint to a
one-dimensional dual variable. The duality argument is recorded in Appendix B.2; see also Donsker
and Varadhan (1975), Léonard (2014), Ghosal et al. (2022), and Nutz (2022), for background on
the broader Schrédinger and entropic-transport literature.

Assumption 4 (Linear objective, local integrability, and interiority). There exists a measurable
function 1 : (0,00) — R such that

/w F(dx) for all F with Ep[X] =1 and Dk (F||Fp) < oo

ztn) = [ exp(W) Fo(de)

M) = [ o exp<W> Fo(da).

Assume there exists a nonempty open interval D C R such that, for all € D,

For n € R, define

and, for k € {1,2},

Z(n) < oo, M;i(n) < oo, Ms(n) < oo, /|@ZJ exp< Y(z );_ nac) Fy(dz) < oc.

Define

m(n) :=
Assume moreover that there exist n—,n. € D with

m(n-) <1 <m(ns).
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Theorem 3 (Strong duality and exponential tilt). Suppose Assumption 4 holds. Then there exists
a unique scalar n* € D satisfying m(n*) = 1. The design problem (3) admits a unique optimizer F™*,
and F* is given by the exponential tilt

. exp ()

B Joo(H5) Ria)

(4)

Moreover, Ep«[X] = 1.
The optimal value of (3) admits the dual representation

oy {U(F) - AD(FIF)} = inf {Mog / exp(w> Fo(dz) - n} B

F:Ep[X]=1

Comment. Equation (4) is the key structural conclusion of the section. Relative to Fp, the
planner reweights types with higher score 1(z), with the magnitude of reweighting disciplined by
A. The scalar n* is the Lagrange multiplier on the mean one constraint and is pinned down by a
single scalar equation m(n) = 1. With the sign convention in (5), the shadow value of relaxing the
target mean upward is —n*. The novelty here is not the Gibbs form by itself, but the identification
of the heterogeneous-EV'T score ¢ and the explicit one-dimensional implementation of the mean
constraint. The interiority assumption in Assumption 4 is the precise condition that guarantees
existence of a finite dual optimizer. In many applications it is verified through a standard steepness
argument for the tilted mean m(n).

A complete proof of Theorem 3 is given in Appendix A. It applies the entropy-duality tools in
Appendix B.2, but the proof is written directly for the one-dimensional mean constraint used here
so that the existence of the dual optimizer is explicit rather than implicit.

5.4 First-order conditions and the link to the heterogeneous EVT kernel

The design problem inherits its structure from the heterogeneous extreme-value operator

H o) = / @2 p(d2).

Section 3.4 records the corresponding directional derivative,
St p(w) = [ e 5F(az),

which makes explicit that the Laplace kernel z — e~%7(#)% is the marginal channel through which
perturbations of F' affect the distribution of extremes.

In the linear class treated in Theorem 3, the score function ¢ is the marginal value of shifting
mass toward type z. For expected-utility objectives U(F) = E[u(Z)], Lemma 4 identifies this
marginal value explicitly as 1, (z) = E[u(wy(E/x))]. This is the direct bridge to Section 4: the
same stochastic representation that yields linearity for design also provides the canonical coupling
device for stability.

Remark 22 (Direct cdf criteria use the EVT kernel literally). For any fixed threshold y, the criterion

Uy(F) = Hyr(y)
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is already linear in F', with score
by () = e~ W,

More generally, any weighted average of cdf levels of the form [ H, p(y)v(dy) has score z —
[e v ®)* 1 (dy) whenever the integral is finite. This is the cleanest sense in which the same kernel
governs both the heterogeneous extreme-value operator and a nontrivial class of normative objectives.

5.5 Closed-form solutions for canonical tail objectives

Closed-form solutions are especially transparent when 1 is a simple transform of x. This class is
relevant economically because several extreme outcome statistics in heterogeneous EVT reduces to
moments or inverse moments of X under Fréchet-type normalization, as in Mangin (2026). The
formulas below should be read together with their admissibility conditions: the exponential tilt is
meaningful only when Assumption 4 is satisfied.

Power and inverse-power objectives. Let p > 0 and consider objectives of the form
U(F)= C‘IEF[X’p] or U(F)= C-IEF[Xp],

for a constant C' € R. These correspond to ¢ (z) = Cx~" or ¢(x) = Cz” in Assumption 4. When
the relevant integrability conditions hold, Theorem 3 yields

dF* (2) exp<cx_p + n*x) or dF* <Cﬂ:p + n*x)
dFy A ’

with n* chosen so that Ep«[X] = 1.

Admissibility conditions. For inverse-power scores x — Cxz ™", a sufficient condition is that the
baseline support be bounded away from zero, say supp(Fp) C [a,00) with a > 0; without such a
condition, the case of the positive coefficient C' > 0 typically makes the normalizing integral diverge
near zero. For positive-power scores x — Cz”, admissibility depends on the right tail of Fy. A

sufficient condition is that Fy be light enough so that

p
/exp(W) Fy(dx) < o0

for all 7 in some open interval containing the optimizer. When p > 1 and C > 0, this excludes
exponential or heavier baseline tails. These support and tail restrictions are not technical decoration;
they are exactly what ensures the closed-form tilt is well defined.

Implementation. In applications, n* is obtained by solving the scalar equation m(n) = 1.
The value function is then obtained from the dual expression (5). The entire computation is
one-dimensional once the score ¢ is known.

5.6 Interpretation: policy as reallocation of opportunities

The entropy penalty Dxr,(F||Fp) imposes a reduced-form cost of reallocating opportunities across
types. In a labor market network interpretation, F' can for instance represent the distribution of
effective meeting rates or centralities, and policy changes referral frictions, search subsidies, or
platform rules that alter the induced F'. The entropy term summarizes implementation frictions
that render highly concentrated reallocations costly. In richer environments, one can interpret
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the exponential tilt as the reduced-form allocation induced by subsidy, tax, or referral policies
that change the private return to search intensity. It is beyond the scope of this paper to study
decentralized implementation, but we note that the one-dimensional form of (4) makes that question
especially tractable.

A natural extension, which we keep separate from the core analysis to preserve the one-
dimensional tractability of (3), replaces the marginal penalty by a genuine entropic transport
problem on a richer type space with cost ¢(zg,z). That extension would produce a pair of dual
potentials on the source and target type spaces. The present section should therefore be read as an
entropy projection on the target marginal, not as a full Schrodinger bridge.

Quantile objectives. If the objective is a high quantile, U(F) = Qi—o(H,,r), then U is typically
not linear in F. Two tractable approaches are to work with smoothed tail criteria or tail expectations
that admit linear representations via Lemma 4, or to characterize optimizers through first-order
conditions using the directional derivative of I' +— H. r from Section 3.4. We implement the linear
class in the core text, leaving exact quantile design as a promising extension.

6 Application: labor market networks and the distribution of top
wages

This section illustrates how heterogeneous extreme-value theory can be used as a reduced-form
device in labor market settings where access to job opportunities is mediated by social networks.
The key object is the cross-sectional distribution F' of effective offer-arrival intensities induced
by heterogeneity in network position, referrals, and related opportunity channels. Once F' is
specified or measured, the general results in Sections 3, 4, and 5 translate into three types of
statements: (i) comparative statics for the right tail of wages as a function of network inequality,
(ii) robustness bounds for tail predictions under measurement or estimation error in F, and (iii)
an entropy-regularized policy problem that reallocates opportunities subject to implementation
frictions.

While the broader labor network motivation was discussed in Section 1.4, here our goal is
to translate the general results into a familiar reduced-form environment for tail wage outcomes.
Throughout, the object remains the cross-sectional law of a randomly drawn worker’s normalized
maximum under a common offer distribution. Remark that we do not seek to model herein
equilibrium wage setting, endogenous search, or welfare. Accordingly, statements below about
segregation, homophily, or policy should be read as claims about how those forces reshape the
reduced-form access distribution F', not as standalone equilibrium or welfare conclusions.

6.1 A stylized network-based search environment

Types and offer arrivals. Consider a large population of workers indexed by ¢. Each worker has a
network position summarized by a scalar type X; > 0 capturing effective access to job opportunities.
The interpretation of X; is as a shifter of job offer arrival rates, generated by a referral network,
local contacts, or platform-mediated matching. We impose the normalization E[X;] = 1, so the
average scale of opportunities is fixed and the object of interest is the cross-sectional distribution of
access.

Fix a market thickness or horizon parameter # > 0. Conditional on X;, the number of offers
received by worker ¢ follows the mixed-Poisson specification from Section 2:

Nig | Xi ~ Poisson(6X;).
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Let F' denote the cross-sectional distribution of X; in the population, so X ~ F' for a randomly
drawn worker.

Offer values and realized wages. Let {Yj;};>1 be i.i.d. wage offers with common distribution
G, independent of (X;, N; 9). Worker i accepts the best offer over the horizon,

Mg = sup Yy,
1<j<N;,
with the convention sup ) = —oco. The economic content is that heterogeneity enters through access

to opportunities, while the distribution of offer values is common across workers.

From network primitives to F'. The distribution F' can be linked to standard network objects.
As a benchmark, suppose workers are nodes in an undirected contact network and each neighbor
generates job leads at approximately independent random times. Conditional on degree D;, the
number of leads over a horizon is then well approximated by a Poisson random variable with mean
proportional to 6D;. After normalization, one can set X; := D;/E[D], so that E[X;] =1 and F is
the distribution of normalized degrees. With weighted links, one can take X; as normalized weighted
degree. If the arrival mechanism aggregates information over longer paths, X; can represent a
normalized centrality index. The analysis that follows uses F' as the reduced-form sufficient statistic
for the cross-sectional opportunity structure.

Tail normalization and the heterogeneous extreme-value law. Assume G is in the max
domain of attraction of the generalized extreme-value law H, with index 7. Under the normalization
in Section 2.1, the distribution of normalized outcomes for a randomly drawn worker converges to
the heterogenous extreme-value law from Proposition 1:

H, p(z) = El[exp( — X vy(2))], X ~ F.

Thus, once F' is specified or estimated, the model delivers a tractable mapping from network
heterogeneity into the cross-sectional distribution of workers’ top wages in the sense of maxima over
offers.

6.2 Positive implications: network heterogeneity and the right tail

Network inequality and tail losses under convex order. A natural notion of increased
network inequality is a mean-preserving spread of F' holding E[X] = 1 fixed, equivalently an increase
in the convex order; see, e.g., Rothschild and Stiglitz (1970) and Shaked and Shanthikumar (2007).
In the present setting, this order has a direct implication for extremes because, for each z > 0, the
kernel x — exp(—zx) is convex and decreasing. This is precisely the mechanism behind the Jensen
and Laplace-ordering results in Section 3.1.

Corollary 5 (Network inequality and normalized top wages). Fiz vy and let Fy, Fy satisfy E[X] = 1.
If F5 is a mean-preserving spread of Fy, then

H, p(x) > Hyp (x) for all z,

so the corresponding limit distribution of normalized top wages under Fy is first-order stochastically
smaller than under Fy. Equivalently, for any increasing measurable ¢ for which expectations are
finite,

E[p(Z2)] <E[p(Z1)],  Zr~ Hyp,-
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Corollary 5 isolates a clean reduced-form message about the right tail. Holding fixed the mean
scale of opportunities and the common offer distribution, redistributing access more unequally
lowers the distribution of maxima for a randomly drawn worker because the Laplace kernel is
convex in types. In this sense, homophily, segregation, or referral frictions matter here through
the extent to which they reshape the opportunity distribution £'. At the same time, one should
not overread the result at the furthest tail. By Remark 5, the mean one normalization implies
1 - H,p(x) ~ vy(xr) ~ 1 — Hy(x) whenever v,(z) | 0, so greater network inequality changes
distributional levels and high quantiles, but not the first-order ultra-tail mass. Translating that
comparative static into welfare, equilibrium efficiency, or group incidence would require additional
structure on search behavior, offer-quality heterogeneity, and market clearing.

A concrete rewiring counterfactual. Consider a referral-platform redesign, mentoring inter-
vention, or local rewiring experiment that changes the empirical distribution of normalized degree
from FO to F' while preserving the population mean. If F! is a mean-preserving contraction of
FO, Corollary 5 implies an everywhere improvement in the normalized top wage distribution for a
randomly drawn worker. If the change is not ordered by convex order, the adapted geometry below
still provide a disciplined whole law comparison.

A simple numerical illustration. Consider a baseline network distribution
Fy =0.8605+ 0.2 93,

which can be read as a labor market with many peripheral workers and a smaller highly connected
group, while preserving the normalization E[X] = 1. At the centered threshold x = 0, one has
v4(0) =1 for every v, so

H, 5, (0) = Py(1) = 0.8¢7%% +0.2¢73 ~ 0.495,  H,(0) = e ' ~ 0.368.

Thus the unequal-opportunity economy places about 12.7 percentage points more mass below
the centered threshold, equivalently about 12.7 percentage points less mass above it, than the
homogeneous benchmark. The corresponding misallocation indices are M1 (Fp) = E[|X — 1]] = 0.8
and My (Fp) = /Var(X) = 1. This simple example makes concrete how a small, highly connected
minority can coexist with a materially weaker distribution of normalized top wages for a randomly
drawn worker.

Geometric counterfactual paths. When two economies with type distributions F? and F' are
not ordered by convex order, the adapted-Wasserstein geometry can still provide, quite remarkably,
a disciplined comparison. Corollary 2 constructs a canonical interpolation path (F t)te[o,l] in the
ambient transformed type geometry such that the induced law of top wages moves at most linearly
in path length. Corollary 3 turns the same result into an economically direct statement for the
entire counterfactual schedule of top wage quantiles:

HQ%FS - Q'y,FtHLP(O,l) < Cyplt—s d%p(FOvFl)-

Thus the adapted metric is not only a pointwise cdf device. It controls the whole wage distribution in
quantile space, which is the natural object for many counterfactual exercises. Because transformed
coordinate geodesics need not preserve E[X] = 1 at intermediate times when s., is nonlinear, this path
should be read as a sensitivity device in ambient shape space, not as a literal mean-preserving policy
path. If a counterfactual must keep aggregate opportunity scale fixed throughout, Proposition 10
quantifies the discrepancy between the ambient path and its mean one renormalization, while the raw
space mean-preserving geodesics of Section 3 remain available when exact preservation is required
throughout.
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Robust tail prediction under measurement error in F'. In practice, F' can be estimated
from network data or inferred from proxies for the intensity of job contact. The Wasserstein stability
results in Section 4 then provide a direct way to translate estimation error in F' into error bounds
for predicted tail outcomes. The main linear bound is stated in the adapted metric d,,. When the
available statistical control is instead in raw space Wasserstein distance, Proposition 11 provides
the additional bridge, which can be weaker in the Fréchet regime.

Corollary 6 (Robustness of predicted tail distributions). Let F be an estimator of F with E[X] = 1.
Assume the conditions of Theorem 1 hold for some p > 1. Then the induced error on the predicted
distribution of normalized top wages satisfies

WP<H%ﬁ’H%F> < Cypdyp (F7F) J

for the modulus C,,, characterized in Section 4. Under the support and tail-shape conditions of
Proposition 11, the adapted distance on the right-hand side can in turn be controlled by a standard
Wasserstein distance on the type space. Moreover, if 1 is Lipschitz on the support of H, p and the
relevant moments exist, then

[E[(Zp)] — E[p(Zp)]| < Lin() Wi (H, 5, Hyor)
where Zz ~ H%ﬁ and Zp ~ Hy p.

Corollary 6 is the operational bridge between statistical or measurement uncertainty in network
heterogeneity and uncertainty in predicted tail-wage outcomes, but only after the maintained
comparison metric has been specified clearly. If the researcher controls d,, directly, the bound
is linear. If the researcher begins from raw space Wasserstein error, the relevant conclusion is
obtained only after applying Proposition 11, and in Fréchet settings that bridge can be merely
Holder. For peripheral or intermittently inactive workers, the relevant issue is behavior near X = 0.
Proposition 9 makes the boundary explicit: the adapted transport bounds remain available as long
as the transformed moments required by d, , are finite. When those conditions fail, one should fall
back on the pointwise or finite horizon comparisons rather than on the adapted metric.

Group heterogeneity, segregation, and tail gaps. The mapping can of course be aplied
group by group. If two groups g € {A, B} face different induced opportunity distributions F due to
segregation, homophily, or differential access to referrals, then the model implies group-specific limit
laws H., r,. The geometric tools in Sections 3 and 4 then provide two complementary comparisons:
order comparisons when F'4 dominates Fp in convex order, and metric comparisons when F4 and
Fp are close in Wasserstein distance but not ordered.

6.3 Normative implications: opportunity reallocation and policy design

Many interventions that affect labor market outcomes operate through changing access to opportu-
nities, rather than directly changing offer values. Examples include referral programs, mentoring
and placement initiatives, changes in search subsidies, and institutional designs that affect who
meets whom. At an abstract level, such policies can all be represented as perturbations of the
induced type distribution F'.

Section 5 provides a tractable design problem in which a planner chooses F' to optimize a
tail-sensitive objective while controlling deviations from a baseline Fy via relative entropy. In the
present setting, a canonical objective is expected utility of normalized top wages,

U(F) =E[u(Z2)l,  Z~H,F,



or a smoothed tail criterion that places higher marginal weight on large wage realizations. The
planner problem takes the form

sup {U(F) - )\DKL(FHFO)},
F: Ep[X]=1
where A governs the marginal cost of reshaping the cross-sectional distribution of access. When
U is linear in F, including the expected-utility class identified via the stochastic representation in
Section 5.2, Theorem 3 yields a unique optimizer F* given by an exponential tilt of Fj.

A discrete illustration with genuine degrees of freedom. To make the mean-one constraint
non-vacuous, consider a baseline with three support points,

F0:w95x1+7r85x2+7r§5x3, 0<x1 <29 < 3,

with > j 7r§-] =1 and Zj F?JZ]‘ = 1. The optimal policy keeps the same support and reweights the
masses according to

0 P(x;) +n'a; _
W;ocwjexp()\ , ji=1,2,3,

where 7* is chosen so that ), m7z; = 1. Pairwise odds satisfy

/Ty <w(xi) — () +n* (@i — xj))
070 = exp .
™/ A

Unlike the two-point case, the mean-one restriction doesn’t pin down the feasible distribution
uniquely, so the entropy penalty and the score produce a genuine tradeoff. This pairwise-odds
equation is the discrete reduced-form analogue of the full optimal policy tradeoff in our network
application: the tail score 1, the implementation friction A, and the shadow value n* jointly
determine how mass is reallocated across access types.

This upshot formalizes the idea that improving tail outcomes can require reallocating access
across the population, but such reallocations are constrained by implementation frictions. It also
complements richer normative analyses of network policy by isolating the tail-sensitive, reduced-form
margin through which access is reweighted.

6.4 Microfoundations and discussion

The mixed-Poisson arrival structure can be grounded in standard network-based mechanisms of
job search. For instance, if workers receive job leads from contacts and each contact generates
opportunities at approximately independent random times, then conditional on network exposure
the number of leads over a horizon is naturally approximated by a Poisson random variable with
mean proportional to a network index. This is the reduced-form counterpart of the job search
mechanisms discussed in the network-of-contacts literature overviewed in Section 1.4.

In modern settings, X can be interpreted more broadly than degree. For instance, it can
incorporate platform-mediated matching intensity, differential search effort, or institution-specific
access, while still entering the analysis only through its distribution F’ and the normalization E[X] = 1.
This interpretation is especially natural when referral processes, homophily, or segregation generate
persistent differences in access to opportunities across workers or groups.

6.5 Empirical interface and identification caveats

The framework suggests a useful empirical interface, but the scope of identification should be
delimited carefully.
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Counts point-identify F' in population, but inversion is ill-posed. If one observes offer
counts at a single horizon 6, then the data identify the count distribution and its pgf. Under the
mixed-Poisson structure, that data-identified pgf pins down the Laplace transform Py on the interval
z € [0, 60]. Because P is the Laplace transform of a positive measure, its values on any open interval
determine the entire transform and therefore the mixing law F. Population point identification is
thus not the issue. Rather, the difficulty is statistical: recovering F' from one observed interval of
the transform is a severely ill-posed inverse problem, so multiple horizons, repeated observations, or
parametric/semi-parametric structure remain valuable for stable estimation and regularization.

Network proxies require a measurement model. Observed degree, weighted degree, referral
exposure, or centrality can be informative proxies for opportunity intensity, but they do not
mechanically equal the latent type X. Using them to estimate F' requires a maintained mapping from
observed network statistics to the shifter of arrival rates entering the mixed-Poisson specification.
For the same reason, network proxies alone do not identify the adapted metric d, , without a
maintained choice of tail index v and a maintained measurement model for how the observed proxy
maps into the latent type entering the extreme-value law.

Extreme-based inversion requires a first-step tail analysis. Inferring F' from extreme
outcomes requires the tail-limit ingredients, namely the index -, the normalization (ag, bg), and,
for second-order refinements, the corresponding second-order objects, either to be known or to
be estimated separately. The full parent law G need not be known for the EVT approximation
itself. The asymptotic expansion in Theorem 2 useful precisely because it separates second-order
EVT error from the heterogeneity kernel. But it does not, on its own, solve the statistical recovery
problem for F'.

Error propagation is conditional on the sampling scheme and can be Hélder in Fréchet
settings. Once an empirical approximation Fis available, Corollary 6 converts metric error in F
into error in predicted tail laws. If 0 < v < 1 and the assumptions of Theorem 1 hold with py < 1,
Proposition 11 yields

Wy (H 7o Hor) < Cop Wy (B, ).

Combined with Corollary 3, the same argument gives

HQ%? = Qv Fllrr,1) < Cyp Wp(ﬁ, F)".

Thus the bridge from raw space estimation error in F' to error in predicted extremes is generally
only Holder, not linear, in the economically important Fréchet regime. If W,,(F', F') = Op(ry), the
induced law error is only Op (7“%) Standard benchmark Wasserstein rates such as Fournier and
Guillin (2015) therefore remain informative, but only after this nonlinear penalty is made explicit.
Shared-network data, however, feature cross-sectional dependence, so those rates should be treated
as benchmarks rather than as automatic guarantees. Additional graph-dependence assumptions
would be needed for a full statistical theory.

Finite-horizon and asymptotic claims should be kept distinct. For prelimit predictions
at a fixed horizon 60, Proposition 13 is the relevant robustness statement. For asymptotic tail
approximations, Theorem 1 and Theorem 2 are the relevant tools. Keeping those objects separate
helps prevent finite-sample robustness, asymptotic approximation, and statistical identification from
being conflated.
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7 Discussion and conclusion

This paper studies extremes in environments where the number of opportunities is heterogeneous
and random. Starting from the mixed-Poisson heterogeneous agent extreme value limits in Mangin
(2026), we treat the heterogeneity distribution as the primitive object and analyze the induced map
F — H, p with order, Wasserstein-geometric, and complementary entropy-projection tools.

7.1 Main takeaways

Four points structure the contribution.

First, heterogeneous extremes admit a compact Laplace-transform representation. Once the
primitive offer distribution is in a classical domain of attraction, the effect of unequal access to
opportunities is summarized by the mean-one distribution F' of draw intensities and its Laplace
transform. This makes heterogeneity analytically tractable without collapsing it to a scalar index.

Second, the paper’s main new quantitative theorem is geometric. Theorem 1 shows that, once
the canonical coupling representation is in hand, perturbations in F' propagate Lipschitzly into
Wasserstein perturbations of the entire induced law of extremes. Corollary 2 packages the same
structure into canonical ambient interpolation paths, while Theorem 2 cleanly separates second-order
EVT approximation error from the heterogeneity kernel. By contrast, convex-order comparisons
and several pointwise inequalities are consequences of the Laplace form and are included because
they make the operator economically usable.

Third, the labor market network application shows how these ingredients fit together in a familiar
environment, but only in reduced form. Network position maps into opportunity intensity, network
inequality maps into tail distortions for a randomly drawn worker’s top wage, and the adapted
geometry controls the whole counterfactual quantile schedule together with the renormalization
error induced by returning to the mean one slice. Turning those objects into equilibrium or welfare
claims would require additional structure beyond the scope of the present paper.

Fourth, the same type space supports a complementary design problem. Under KL regularization
and a mean constraint, the planner’s problem is a one-marginal entropy projection with a unique
exponential-tilt solution. The connection to the positive analysis is structural rather than geometric:
the same Laplace kernel governs both the heterogeneous extreme-value operator and the score
functions of a broad class of linear objectives, including cdf-based criteria and expected utility of
normalized extremes.

7.2 Extensions

Several extensions seem natural.

e Endogenous networks and strategic exposure. In applications where network position
is chosen or co-determined with outcomes, one could embed the mixed-Poisson intensity into
an equilibrium model of link formation or effort choice. The present stability and design
results can then be used either as reduced-form comparative statics or as primitives inside a
fixed-point argument.

e Dynamic designs and Schrédinger bridges. Our entropy-regularized formulation in
Section 5 is static. A dynamic extension would allow the planner to steer heterogeneity over
time subject to intertemporal entropic costs, which naturally leads to Schrodinger-bridge-type
problems. That extension would be genuinely richer than the one-marginal projection studied
here.
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¢ Dynamic record processes and sequential search. Because each new offer can be viewed
as a potential record, one natural extension is to study the full record process generated by
heterogeneous arrival rates rather than only the terminal maximum. Classical references in this
context include Arnold et al. (1998). Such an extension would connect the present geometry of
extremes to questions about the timing of record improvements and threshold-crossing times.

¢ Beyond mixed Poisson counts and beyond independence. The mixed-Poisson structure
provides tractability through a Laplace transform. Other count models or dependence
structures can be accommodated whenever one can represent the distribution of maxima by
a tractable transform and obtain couplings that separate heterogeneity from idiosyncratic
shocks. The classical random-sample-size maxima literature provides the natural benchmark
for that extension; see Barndorff-Nielsen (1964), Galambos (1973), or Silvestrov and Teugels
(1998).

e Statistical identification and inference. The rate expansion in Section 4.6 and the
stability results in Section 4 suggest a path toward inference for F' from tail observations or
count data. A full treatment would have to combine second-order tail estimation for G, stable
recovery or regularized inversion of F' from observed count distributions or extremes, and a
dependence-aware theory for network data. The present paper isolates the operator-theoretic
ingredients needed for that future step rather than claiming to complete it.

Conclusion. Extremes are economically salient precisely because they aggregate rare opportunities
and heterogeneity in access. The framework developed here provides a tractable way to quantify
how heterogeneity shapes agent-level extremes, how robust those implications are to perturbations
in heterogeneity, and how a planner can reshape heterogeneity when the objective is tail sensitive
and policy changes are entropy penalized. The transport results should be read on their natural
geometric domain, Proposition 10 as the explicit link back to the mean-one economic slice, and the
labor-network application as a disciplined reduced-form rather than a complete equilibrium model.

A Proofs

A.1 Auxiliary limit for maxima

We repeatedly use the elementary implication that turns convergence of powers into a first-order
tail approximation.

Lemma 5 (From powers to first-order tails). Let {u,},>1 C [0,1) and suppose there exists v € [0, 00)
such that

—v

(I —up)* —e as n — oo.

Then u, — 0 and nu, — v.
Proof. Since (1 — u,)"™ — e~ ¥ € (0,1], we must have 1 — u, — 1, hence u, — 0.

Write (1 — u,)"™ = exp (nlog(1l — uy)). Taking logs yields nlog(1l — up) — —v.
For u € [0, 1), the inequalities

*% <log(l —u) < -u
hold. Applying them with u = u,, and multiplying by —n gives

Ny,

[ u > —nlog(l — uy) > nuy,.
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Letting n — oo and using u,, — 0 and —nlog(1 — u,) — v, we obtain

limsupnu, <v and liminfnu, > v,
n—o00 n—o0

SO Ny, — . O

A.2 Proof of Lemma 1

Proof. Fix y € [0,1] and 6 > 0. By conditioning on X and using the probability generating function
of a Poisson random variable,

E[yN(G) | X} =exp(— 60X (1—vy)).
Taking expectations over X yields
E[y"®)] = Elexp( - 0X(1-y))] = Ro(6(1 - ).

which is the claimed identity. O

A.3 Proof of Proposition 1
Proof. Fix z € R. Let n = |#] and recall that ag = a,, and by = b,, by definition. Set

Ty = bg + apx = b, + a,x.

Step 1: reduce to a Laplace argument. By (1),

My —b
Pr< aae b < x> = Pr(My < x9) = Po(8(1 — G(zp))) .

Since P is the Laplace transform of a nonnegative random variable, it is continuous on [0, 00).

Step 2: identify the limit of 6(1 — G(zp)). Assumption 1 implies

M, — b, _
Pr( < x) =Pr(M, < b, + apz) = G(by, + anx)" — Hy(z) =e vy (@)

a

at all continuity points = of H,. Define u,(z) := 1 — G(b, + anx) € [0,1). Then G(b, + anx)" =
(1= un(2))".
If H,(x) > 0, equivalently vy(z) < oo, Lemma 5 gives

nup(x) = vy(x) and up(z) — 0.

Hence
|Oun () — nug(z)| < 10 — nlun(z) < up(z) = 0,

since |# — n| < 1. Therefore
0(1 — G(by + anz)) = Oup(z) — vy(2).

If instead H.(x) = 0, then (1 — u,(x))™ — 0. We claim that nu,(xz) — oco. If not, there would
exist a subsequence ny and a constant M < oo such that niu,, () < M. Then u,, (z) < M/n; — 0.
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Passing to a further subsequence if needed, we may assume nyuy, (r) — L for some finite L € [0, M].
Since log(1l — u) = —u + o(u) as u | 0, it follows that

ng log(l — up, (z)) — —L,

and therefore
(1 = Uy, (2))™ — e L >0,

contradicting (1 — uy(z))™ — 0. Thus nu,(x) — oco. Since 6 > n, it follows that

Oup(x) > nuy,(x) — co.

Step 3: pass to the limit through Py. If H(x) > 0, Step 2 and continuity of Py yield
Py(0(1 — G(xp))) — Po(vy(:n)) = H, p(x).

If Hy(z) = 0, then 6(1 — G(xg)) — oo by Step 2. Because e % — lix—oy as z — oo and
Assumption 2 imposes Pr(X = 0) = 0, dominated convergence gives

Py(z) =Ele ] = 0 as z — oo.

Hence
PO(H(l — G(Z’g))) — 0= H%F(l').

This proves the asserted convergence at all continuity points of H., r.

Degenerate case. If F'= 6y, then X = 1 almost surely, so Py(z) = E[e **] = ¢~* and hence

H, p(z) = Po(vy(2)) = 7@ = ().

A.4 Proofs for Section 3

Proof of Proposition 2. Let X1 ~ F; and Xy ~ Fy with E[X;] = E[X;3] = 1. If F» is a mean-
preserving spread of £}, then X5 dominates X; in convex order. Equivalently,

E[p(X2)] > E[p(X;)] for every convex ¢ for which both expectations are finite.

Fix 2z > 0 and consider ¢,(x) := e"*%. Then ¢, is convex on [0, 00) (since ¢%(z) = 227> > 0)
and bounded by 1. Hence,

Pé2) (2) =E[e"*?] > E[e*"] = P(gl)(z) for all z > 0.
Composing with z = v, (z) > 0 yields
Hy (7)) = Po(z)(%@?)) > Pg(l)(w,(a?)) =H, p(x) forallx.

Therefore, the distribution function under F5 is everywhere larger, which is equivalent to first-order
stochastic dominance in the direction that extremes are smaller under F5. O
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Proof of Corollary 1. Apply Proposition 2 with F} = §; and F» = F. Since every mean one
distribution on [0, 00) dominates ¢; in convex order, one obtains

Py(z) > e * for all z > 0,

and therefore H, p(x) > H,(x) for every = with v,(x) < oo. If F' # 41, then strict convexity of
x +— e ** for every z > 0 and Jensen’s inequality imply strict inequality for all z > 0. O

Proof of Proposition 3. By Lemma 2, the canonical monotone geodesic (j1):(o,1] satisfies
Qu(u) = (1 -=)Qu(u) +tQ,(v),  ue(0,1).
Since ¢ is convex,
@(Qm(“)) <(1- t)‘P(QM(U)) + tgo(Qy(u)) for every u € (0,1).

Integrating over u € (0, 1) and using the quantile representation of integrals gives

/wduté(l—t)/wdwrt/sodu

Applying the same argument to any pair of times s,¢ € [0, 1] in place of 0,1 yields convexity of
t— [@du on [0,1]. O

Proof of Proposition 4. For the Fréchet case, let Z, be independent of X ~ F' and satisfy
Pr(Z, < z) = exp(—z17), z > 0.
Then, for z > 0,
Pr(X7Z, < 2| X)=Pr(Z, < 2X7 | X) = exp(—Xz*1/7> .
Taking expectations over X gives
Pr(XVZ, < z) = E[e—XZ’””] = Py(=" 1),

which is the cdf of the heterogeneous Fréchet limit. If Zggy := (X7Z, — 1) /v, then

Pr(Zgry < x) = Pr(X7Z, <1+~z) = Py((1 + y2)" V) = H, p(z).

For the Gumbel case, let E' ~ Exp(1) be independent of X ~ F and define Z := log(X/FE).
Then, for every z € R,

Pr(Z<z|X)=Pr(E>Xe ®|X)=e X"
Taking expectations yields

Pr(Z < z) =E[le X "] = Py(e™™) = Ho r(z).
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Proof of Lemma 3. By Proposition 4, Z = X7Z, with Z, independent of X. Hence, by iterated
expectation,

B{Y(2)] = BEW(X2,) | X]) = Elwy(X)] = | " o) F(da).

O
Proof of Proposition 5. For every x with v,(x) < oo,

H, p (z) = /6_”7(@“ F.(du) = /e_’”ﬁ(x)“ F(du) + 8/6_””(”0)“ v(du).
Differentiating with respect to ¢ at 0 yields the claim. O
Proof of Proposition 6. Fix z > 0 and apply Proposition 3 with the convex function ¢, (z) = e™**.
Then

t /e” F'(dz) = P} (z)
is convex on [0, 1]. Setting z = v, (z) gives the convexity of t — H, pt(x). O

Proof of Proposition 7. On (0, 00), the function ¢(z) = 27 is convex for every p > 0. Since the
geodesic is supported on [a, 00), the function is also bounded on the support of every F. Applying
Proposition 3 with this ¢ yields convexity of

t s /prt(dx).

A.5 Proofs for Section 4

Proof of Proposition 8. Let X ~ F' and E ~ Exp(1) be independent, and define Z, p = w,(E/X).
For any x such that v,(x) € (0, c0),

Pr(Zyr <a|X)=Priw,(E/X)<z|X)=Pr(E/X >vy(x) | X),
since w, is decreasing. Therefore,
Pr(Zyp <z |X)=-exp(— Xvy(z)).

Taking expectations yields

Pr(Zy,r < @) = E|e X )] = Pyfu, (2)) = Hy ().
The explicit formulas follow from w,(t) = (t77 — 1)/ for v # 0 and wy(t) = —log . O
Proof of Theorem 1. Case vy # 0. Let p; := s, #F; for i € {1,2}, so that d, ,(F1, F2) = Wp(u1, p2)-

Let (U1, Us) be an otimal coupling of (p1, pe), and let E ~ Exp(1) be independent of (U1, Us). Set
V := E77 and define

uv — 1

o(u,v) = 5
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If X; := s 1(U;), then X; ~ F; and

XI1E7 -1
Y

By Proposition 8, L(¢(U;,V')) = H, r,. For each fixed v, the map u +— ¢(u,v) is Lipschitz with

constant |v|/|v|. Hence Lemma 9 gives

(LB )
inl

P(Ui, V) = = wy (E/Xi).

(BB

Wp(lula,uQ) = h/’

Wy(Hy,py, Hy ) < dyp(F1, F).

This proves the bound for v # 0.

Case v = 0. Let p; := (log)#F; for i € {1,2}, so that do,(F1, F2) = Wp(u1, p2). Let (U1, Usz) be an
optimal coupling of (u1, p2), let E ~ Exp(1) be independent, and define

d(u,v) :==u —logwv.
If X;:= eV, then X; ~ F; and
qb(UZ, E) = lOgXZ — logE = ’wo(E/XZ)

By Proposition 8, L(¢(U;, E)) = Hy, F,. For each fixed v > 0, the map u — ¢(u,v) is 1-Lipschitz, so
Lemma 9 yields
Wy(Ho,py, Ho,r,) < Wp(pa, p2) = dop(F1, Fy).

O]
Proof of Corollary 2. By construction,
& p(F*, F') = WGP, ).
Since (Gt)te[o,l] is the canonical monotone constant-speed W), geodesic from G to G?,
W(G*,GY) = |t = s| (GO, ) = |t = s| d p (FO, F).
Applying Theorem 1 to F'* and F! yields the second claim. O

Proof of Proposition 10. Let m := m(F') and let Y := s,(X) for X ~ F. If 4 # 0, then

0!
s (XY (XY 2 ox =y
T\'m m

Hence sy#ﬁ is the law of m~7Y . Because quantiles scale linearly under multiplication by a positive
constant,

~ 1
4P FY = W, (200, £n ™) = [ @y () = m @y )]

Therefore
- 1 1/p
Ly (P F) = [1 =] ( /0 Qv du) L= BV PV,

which is exactly the stated formula for v # 0. If v = 0, then so(X/m) = log X — logm, so so#ﬁ is
the translate of so#F by —logm. Again by the quantile representation,

do p(F, F) = Wy((102)#F, 7_ 10 m#((log)#F)) = | log m|,

where 7.(y) := y + ¢. The Wasserstein bound for the induced extreme laws is then immediate from
Theorem 1. O
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Proof of Corollary 3. The equality with W,(H, r,, Hy r,) is the one-dimensional quantile represen-
tation of Wasserstein distance. The first inequality is Theorem 1. The geodesic statement then
follows from Corollary 2. O

Proof of Corollary 4. Fix x in theinterior of the support of H, and define
fz(2) = e @)z z>0.
Then f, is vy(x)-Lipschitz on [0, c0) because
|f2(2)] = vy (@)e P < vy (a).

Since
o (a) = [ ) Fido),

Corollary 7 implies
|Hy py (2) — Hy ()] < 0y (2)Wa(F1, F2).

Proof of Proposition 9. By definition,
dyp(F1, o) =Wy(Fros,, Fyos ).

A Wasserstein distance on R is finite if and only if both marginals belong to P,(R). Hence
dyp(F1, F3) < oo if and only if

/’y\p (Fiosy")(dy) < oo, i€ {1,2}.

By change of variables this is equivalent to

/|S,y(l‘)‘p Fi(dz) < o0, ie{1,2}.

The three regime-specific statements follow by substituting s,(z) = 27 for v # 0 and so(z) =
log x. O

Proof of Proposition 11. Case 1: 0 <y < 1. Let (X,Y’) be any coupling of (Fi, F»). Since = — x”
is y-Holder on [0, 00),
X7 -Y7| <|X =Y.

Therefore,
E[I X" = Y] <E[IX — Y] < (B[ X — Y])7,

where the last step is Jensen’s inequality applied to the concave map ¢ + t7. Taking the infimum
over couplings and then pth roots yields

dy p(F1, Fo) < Wp(F1, F2)7.
Case 2: v < 0. On [a,00), the derivative of x — z7 satisfies

= Iy|27t < Jyla?

d
Rl
‘dmx
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Hence z +— 27 is |y|a”~!-Lipschitz on [a, 00). Lemma 8 gives

Ay p(Fr, o) = Wyl(w = 2) 4 P, (1 07) 6 B) < [yl Wi(FL, F).

Case 3: v = 0. On [a, 00), the derivative of log x is bounded by a~!. Thus log is a~!-Lipschitz there,
and Lemma 8 yields

dop(F1, Fo) = Wy((log) 4 F1, (log) 4 F) < a™ "W, (FY, Fy).
Il

Proof of Proposition 12. Apply Corollary 7 with 4 = H., ,, v = H, F,, and the L-Lipschitz function
. O

Proof of Proposition 13. Fix x € R and define
fo(2) :=exp( — 02(1 — G(z))), z>0.

Then
f2(2)] = 0(1 = G(2)) exp( — 02(1 — G(x))) < 0(1 - G(x)),

so fz is (1 — G(x))-Lipschitz on [0, 00). Because

Corollary 7 gives

O]

Proof of Theorem 2. Fix a compact set K contained in the interior of the support of H,. By
Assumption 3, there exists a remainder dp(z) such that

0(1— G(b(9) + a(f)x)) = vy(z) + A(0)hy(2) + do(z), z e K,
with

166()]
rer |A(9)]

Write
Ag(z) := A(O)hy(x) + dp(x).

Since h. is locally bounded and K is compact, there exists Bx < oo such that |h(z)] < Bg on K.

Hence
sup [Ag(z)| = O(|A(6)]).

reK
By (1),
Pr(Zp < x) = Po(vy(x) + Ap(w)), r € K.
Set
my = inf vy (z) >0, My = sup vy(x) < 0.
zeK xeK
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For t > mg /2, differentiation under the integral sign gives
Pi(t)=-E[Xe ],  PJ(t) =E[X?%e"].

Moreover, for every t > 0,
X2 X <supyle Vit =4de %72,

y>0
SO 9
16e™
sup [Py (t)] < — 5 < o0
t>mp /2 My

Therefore Py has uniformly bounded second derivative on a neighborhood of {v,(z): z € K}. A
second-order Taylor expansion yields, uniformly for x € K,

Po(vy(z) + Dg(2)) = Po(vy(z)) + Py(vs(@)) Ag(z) + Re(2),
where

sup | Ro(@)| < Cix sup |Ag(z)[* = O(A(6)) = o A(6)).

Since Py(vy(z)) = Hy p(z) and Pj(v,(z)) = —E[Xe " @X], we obtain

Pr(Zy < @) = Hy i (w) = AO)hy (2)E | Xe™ O] 47y e (a),

where

ro.ic(2) = — 0o (2)E[Xe " OX] 1 Ry(a),

Because Xe ()X < e~ /m e uniformly on K, the first term is o(A(6)) uniformly on K; the second
term is already o(A(#)) uniformly on K. Hence

wup K@ o

vek  |A(0)]

which proves the theorem. O

A.6 Proofs for Section 5

Proof of Theorem 3. We write the design problem (3) in the linear case as

sup [ wte) F(an) - AP |

F: Ep[X]=1

Throughout, we restrict attention to F' < Fy, since otherwise Dk, (F'||Fp) = +o0.
Step 1: weak duality. Fix n € D. For any feasible F' with Ep[X] = 1,

[wdr - 2D (FIF) = [ @+ ) dF - AD(FF) —
Applying Theorem 5 with P = Fy and f = (¢ + nz)/\ gives

/(w + nz)dF — ADky(F||Fo) < Alog Z(n).
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Hence, for every feasible F' and every n € D,
/wdF — ADkiL(F||Fy) < Alog Z(n) —n.

Taking the supremum over feasible F' and the the infimum over n € D yields the weak-duality bound

sup { [ dF - AD(FIF)} < inf (Mog Z(n) ~ ).
F]EF[X]:I HGD

Step 2: the dual objective is smooth and has a unique minimizer. Define
J(n) :=AlogZ(n)—n, neD.

Let I = [a,b] C D be compact. For every n € I and every x > 0,

and the latter is integrable by Assumption 4. Similarly,

and

exp LTI < gy (V40

with both dominating functions integrable. Therefore dominated convergence implies that Z is
twice continuously differentiable on D, with

1 1
Z'm) = M), Z"(n) = 5 Ma(n).
Hence Mi(n)
n
T () =" 1 =m(n) -1,
(n) Z00) (n)
and )
J"(n) = 5 Vars, (X) 2 0
where F;, is the exponential tilt defined by
Y(x)+nx
iy o)
R Z(n)

We claim that in fact Varg, (X) > 0 for every n € D. Indeed, if Varg, (X) = 0, then F;, would be a
Dirac mass. But the density dF),/dFy is strictly positive on the support of Fy, so this can happen
only if Fj itself is a Dirac mass. In that case m(n) = 1, contradicting the assumption that there
exist n—,n4+ € D with m(n_) < 1 < m(ny). Therefore

J"(n) >0 for all n € D,
so J is strictly convex on D and J’ is strictly increasing and continuous. By Assumption 4,

J'(n)=mm-)-1<0<mng)—1=T"(ny).
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The intermediate value theorem therefore yields some n* € (n—,n4) such that J'(n*) = 0, that is,
m(n*) = 1. Because J’ is strictly increasing, this root is unique. Since J is strictly convex, the
same n* is the unique minimizer of J on D.

Step 3: construct the primal optimizer and prove strong duality. Let F* := Fy«. By construction,
Ep[X] =m(n®) =1,
so F* is feasible. Because Assumption 4 also gives

[ vlesp( P Ry <,

and because Ep«[X] = 1 implies

/ xexp(W) Fold) = Z(77) < o0,

one also has [ |f|e/ dFy < oo for f = (1 + n*z)/\. Therefore Theorem 5 attains equality at F* for
that function f. Hence

/(w + n*z) dF* — ADgy(F*||Fo) = Aog Z(n*).
Using Ep«[X] = 1, we obtain
[ 6P = ADw.(F [ Fo) = Mog ZG7) ~ " = T (),

Because n* minimizes J, this value coincide with the weak-duality upper bound. Therefore strong
duality holds, F* is optimal, and (5) and (4) follow.

Step 4: uniqueness of the primal optimizer. The map F' — [ dF is linear, and F' — Dk, (F| Fp)
is strictly convex on {F < Fy}. Hence

Frs [bdp = ADia(F|F)

is strictly concave on the convex feasible set {F' : Ep[X] =1, F < Fp}. A strictly concave objective
has at most one maximizer, so the optimal F™* is unique. O

B Technical tools

B.1 Wasserstein geometry and duality

We collect standard facts about Wasserstein distance that are used throughout the paper. References
include Villani (2009) and Santambrogio (2015).

Let (X, d) be a Polish metric space. For p > 1, write P,(X) for the set of Borel probility measures
on X with finite pth moment.

Definition 4 (Wasserstein distance). For p,v € Pp(X),

Wa(p, v) :—< inf /d(x,y)pﬂ(dx,dy)y/p,

el (nv)

where I'(p, v) denotes the set of couplings of y and v.
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Lemma 6 (Upper bound from any coupling). Let p > 1 and let U,V be random variables in X. If
LWU)=p and L(V) = v, then
Wy, v) < (E[(U, V)P)'P

Proof. Let m:= L(U,V) € I'(u, v). By Definition 4,
W) < [ dw,)? n(do, dy) = B, V)P,

O

Lemma 7 (One-dimensional quantile representation). Let p > 1 and let p, v € Pp(R), where R is
equipped with the metric d(x,y) = |v —y|. Let F,, F,, denote the distribution functions and define
the quantile functions

Qu(u) :=inf{x € R: F,(z) > u}, u € (0,1),

and similarly for Q,. Then

1
W) = [ 1Quw) - Quu)P

Theorem 4 (Kantorovich-Rubinstein duality for Wy). Let p,v € Pi1(X). Then

Wl(u,m:sup{/fdu—/fdu: fiX SR, ||f||Lips1},

where || f||Lip = Supy4, %.

Corollary 7 (Lipschitz test functions). Let p,v € P1(X) and let f: X — R be L-Lipschitz. Then

‘/fdu—/fdv

Proof. If L = 0, the claim is immediate. Otherwise, f/L has Lipschitz seminorm at most 1, and
Theorem 4 yields

’/fdu—/fdv

Lemma 8 (Deterministic Lipschitz pushforward). Let p > 1, let p,v € Pp(X), and let g : X =Y be
L-Lipschitz between metric spaces (X,dx) and (Y,dy). Then the pushforward measures gup and
guv belong to Pp(Y) and satisfy

< LWi(p,v).

< LWl(:uv V)'

) ' Juman- [uma

O

Wp(gg i, guv) < LWp(p, v).
Proof. Let m € I'(u,v) and let (U, V) ~ . Then (g(U),g(V)) is a coupling of (gxu, gxv) and
Eldy(9(U), g(V))’] < LPEldx (U, V)].

Taking the infimum over 7 € I'(, v) and then pth roots yields the result. O
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A central step in Section 4 uses a coupling where the mapping is Lischitz conditional on a
random environment. The following lemma isolates this idea.

Lemma 9 (Random Lipschitz contraction). Let p > 1. Let Uy, Uy be real-valued random variables
with laws p, 2 € Pp(R). Let V' be an auziliary random variable taking values in a measurable space
V, independent of (U1,Us). Let ¢ : R x V — R be measurable and assume there exists a measurable
function L : V — [0,00) such that

|p(u,v) — (v, v)| < L(v) |[u — | for all u,u’ € R and all v €V,
and E[L(V)P] < co. Then
Wy (L($(U1, V), £(6(U2, V) < (E[LVPDP Wy, pa)-

Proof. Let (Ul, Ug) be an optimal coupling of y; and pz. Enlarge the probability space so tat V
is independent of (U17 Ug) and has the same law as in the statement. Define Z; := ¢(UZ, V) for
i € {1,2}, so that £(Z;) = L(¢(U;,V)). By Lemma 6 and the Lipschitz property of o,

WE(L(G(UL V), L(6(U, V) < E||Z1 = ZofP | < EIL(V)E|[0) — Tal? .
Since ((71, 172) is optimal, E[|(71 - (72|p] = W} (u1, pu2), and taking pth roots yields the claim. O

Remark 23. Lemma 9 is applied in Section 4 with random transformations induced by the canonical
coupling representation in Section 4.2. In particular, it is used with maps of the form ¢(u,v) = %_1
when vy # 0 and ¢(u,v) = u — logv when ~ = 0.

B.2 Entropic variational identities

Let P be a probability measure on a measurable space (X, F). The basic variational identity below
is the Donsker-Varadhan formula; see Donsker and Varadhan (1975). For Q < P, define the relative

entropy J
p@IP) = [ 102 (52 aa

and set D(Q||P) = 400 if @ is not absolutely continuous with respect to P.

Theorem 5 (Donsker-Varadhan variational formula). Let f : X — R be measurable and assume

Define the Gibbs tilt Q* by

dQ* ef (@)

dP - [eldpP’
If, in addition, [|fle/dP < oo (equivalently, [|f|dQ* < oo and D(Q*||P) < o), then the
supremum is attained at Q*.

Corollary 8 (Entropy penalization in minimization form). Let g : X — R be measurable and assume
[e79dP < oo. Then

QEeP(X)

—log/egdP: inf {/ng—l—D(QHP)}.
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Define the Gibbs tilt Q* by
dQ* e—9(@)
ap " " Je9dp
If, in addition, [ |gle™9dP < oo, then the infimum is attained at Q*.

Lemma 10 (Entropy penalization with linear constraints). Let P € P(X) and let go, g1, -- -, 9m :
X — R be measurable. Fix e > 0 and constants c1,...,cm € R. Assume the feasible set

Q= {QG”P(X):/gde:ck, k:zl,...,m}
is nonempty and contains some Qo < P with D(Qo||P) < oo and [ |go| dQo < co. Let

€= {(/gldQ"”’/gmd@ {QeP(X), Q< P, DQ|P) <, /|go|dQ<oo} CR™.

Assume the target moment vector ¢ := (c1,...,cn) belongs to the relative interior ri(C). Assume
also that the value of the problem

525{/90 dQ+ED(QHP)}

is finite and attained at some Q*. Then there exist finite Lagrange multipliers 01, ...,0, € R such
that Q* admits the exponential-tilt representation
dQ* . exp(—1 (go(x) + YL, Orgr(x)))

XTr) = .
ap Jexp(—1 (g0 + >4t 1 Okgr)) dP

Remark 24. Lemma 10 is in fact a general constrained-entropy projection result. Section 5 uses a
sharper one-dimensional argument tailored to the mean constraint Er[X] = 1 so that the existence
of a finite dual optimizer can be stated directly in terms of the tilted mean.

B.3 Background on entropic optimal transport

Let p € P(X) and v € P(Y) be Borel probability measures on Polish spaces and let ¢ : X x Y —
R U {400} be a measurable cost. Let I'(11, v) denote the set of couplings with marginals (i, v). For
€ > 0, define the entropic optimal transport problem

inf {/cd7r+eD(7r||,u®l/)}.
TED (pv)

We use only structural consequences The relevant ingredients are the duality and the Gibbs form
of optimizers. See, e.g., Léonard (2014), Peyré and Cuturi (2019), Ghosal et al. (2022), and Nutz
(2022); and see also Cuturi (2013) for the computational Sinkhorn formulation that made entropy
regularization central in applied optimal transport.

Theorem 6 (Entropic optimal transport duality and Gibbs form). Assume the primal problem is
finite for some € > 0 and that an optimizer exists. Then there exist measurable functions ¢ : X — R
and ¥ : Y — R such that an optimal coupling 7 admits a density with respect to p Q@ v of the form

i (o) ) - cley)
W(w,y)—exp( - ),

with (@, ) chosen so that 7 € T'(u,v). Moreover, (¢,1) solve a concave dual mazimization problem
obtained by Fenchel duality.
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Remark 25. Note that Theorem 6 is stated at a level sufficient for our purposes. Section 5 uses the
same convex-duality logic in a reduced setting where the penalty is relative entropy with respect to
a baseline Fj and the decision variable is the marginal distribution F'. In that sense, the planner
problem can be read as a one-marginal entropy projection derived from the broader Schrédinger
and entropic-transport framework.
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