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ABSTRACT

IZA DP No. 15236 APRIL 2022

Dynamic Heterogeneous Distribution 
Regression Panel Models, with an 
Application to Labor Income Processes*

We consider estimation of a dynamic distribution regression panel data model with 

heterogeneous coefficients across units. The objects of interest are functionals of these 

coefficients including linear projections on unit level covariates. We also consider predicted 

actual and stationary distributions of the outcome variable. We investigate how changes in 

initial conditions or covariate values affect these objects. Coefficients and their functionals 

are estimated via fixed effect methods, which are debiased to deal with the incidental 

parameter problem. We propose a cross-sectional bootstrap method for uniformly valid 

inference on function-valued objects. This avoids coefficient re-estimation and is shown to 

be consistent for a large class of data generating processes. We employ PSID annual labor 

income data to illustrate various important empirical issues we can address. We first predict 

the impact of a reduction in income on future income via hypothetical tax policies. Second, 

we examine the impact on the distribution of labor income from increasing the education 

level of a chosen group of workers. Finally, we demonstrate the existence of heterogeneity 

in income mobility, which leads to substantial variation in individuals’ incidences to be 

trapped in poverty. We also provide simulation evidence confirming that our procedures 

work well..
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1. Introduction

Empirical studies increasingly feature analyses of data comprising repeated

observations on the same or similar units. While the most common example is

panel data, many of its attractive features are found in other data structures, such

as network and spatial data. From an econometric perspective, the availability

of panel data naturally accommodates a treatment of time invariant unit-specific

heterogeneity (see, for example, Mundlak 1978) and also provides internal instruments

in the presence of time varying endogeneity (see, for example, Hausman and

Taylor 1981, Arellano and Bond 1991). It also facilitates the estimation of

dynamic relationships within unit, or contemporaneous relationships between units.

However, a feature of the panel data literature is its limited treatment of parameter

heterogeneity. Although the random coe�cient panel model allows heterogeneous

coe�cients between units, and some recent developments that we discuss below

incorporate heterogeneous coe�cients within units, there are relatively few studies

that incorporate heterogeneous coe�cients both between and within units.1

We consider panel models with coe�cient heterogeneity between and within

units, using a dynamic distribution regression model with heterogeneous coe�cients.

This model captures within unit heterogeneous relationships between outcome and

covariates through function-valued coe�cients, and between unit heterogeneity by

allowing the coe�cients to vary across units in an unrestricted fashion. The objects

of interest are functionals of the coe�cients including linear projections on individual

covariates and predicted distributions. We also consider the impact on these objects

from manipulating the values of the initial conditions of the outcome or the covariates.

We consider both one-period-ahead and stationary counterfactual distributions to

measure the short and long term e↵ects of these changes.

Our proposed estimator employs fixed e↵ect methods, which allow an unrestricted

relationship between the unobserved unit-specific heterogeneity, the covariates, and

the initial conditions. Estimation and inference consists of four steps. First, we

estimate unit-specific coe�cients by distribution regression exploiting the time series

dimension of the panel. Second, we estimate the functionals of interest using the

plug-in method. It is necessary to debias the resulting estimates to account for the

incidental parameter problem (Neyman and Scott, 1948). Third, we construct plug-in

estimators of quantiles and quantile e↵ects of the counterfactual distributions. Fourth,

1Exceptions include Chetverikov et al. (2016), Okui and Yanagi (2019), Zhang et al. (2019) and
Chen (2021), which are discussed in the literature review.
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we perform inference using a cross-sectional bootstrap method which resamples with

replacement the estimated coe�cients of the units and avoids the computationally

expensive first-step estimation. We show how to construct confidence bands and test

hypotheses for the quantiles and quantile e↵ects, which are uniformly valid over a

prespecified region of quantile indexes.

We derive novel inferential theory of wider interest for estimating functionals. The

novelty lies in the unknown degree of heterogeneity that may a↵ect both the rate of

convergence and the asymptotic distribution, making them unknown and continuously

varying across di↵erent assumptions on the heterogeneity. We identify an important

problem with traditional analytical plug-in methods in performing inference in models

with heterogeneous coe�cients. We show these methods are very sensitive to the

degree of heterogeneity as measured by the variance of the coe�cients unexplained

by the covariates. Formally, we establish that analytical methods break down in data

generating processes where there is coe�cient homogeneity or, more broadly, when

the degree of heterogeneity is su�ciently small relative to the sample size. Both the

rate of convergence and the asymptotic distribution of the estimated quantities are

unknown and may vary depending on the unknown degree of heterogeneity. However,

we prove that a simple cross-sectional bootstrap method is uniformly valid for a large

class of data generating processes including the case of homogeneous coe�cients.

Our methodology is applicable to a wide range of settings and we employ it to

examine labor income dynamics. This is an important research area with a large

literature, starting with Champernowne (1953), Hart (1976), Shorrocks (1976) and

Lillard and Willis (1978), but now also including a long list of papers featuring

econometric innovations. We apply our model to the Panel Study of Income Dynamics

(PSID) data to perform experiments corresponding to various counterfactual analyses

which cannot be conducted via existing methodologies. First, we consider how a

reduction in annual income in a given year, implemented via a flat or progressive tax,

a↵ects future annual labor income. We find that the predicted e↵ect on the cross-

sectional distribution of labor income after one period varies substantially after we

account for heterogeneity in the level and persistence of income. Interestingly, our

model predicts significantly smaller e↵ects than do models that impose homogeneous

e↵ects. Second, we consider a hypothetical scenario that assigns 12 years of schooling

to those individuals who have not completed high school. We find important short

and long run distributional e↵ects as it increases the incomes of those in the lower

tails of the one-period ahead and stationary labor income distributions. However,
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it has little e↵ect on their upper tails. This exercise, which cannot be analyzed

using traditional homogeneous autoregressive models, illustrates the importance of

individual characteristics in earnings dynamics. We also investigate a number of issues

related to heterogeneity that have implications for poverty and income inequality. We

uncover substantial cross-sectional heterogeneity in the level and persistence of annual

labor income and identify the responsible individual characteristics. We show that

this heterogeneity has implications for an individual’s tendency to remain below or

above specific quantiles of the income distribution.

1.1. Relationship with existing literature. The literature examining labor

income processes has typically focused on allocating the total error variances into

transitory and permanent components. A summary is provided in Mo�tt and Zhang

(2018) and two important recent innovations are Arellano et al. (2017) and Hu

et al. (2019). The first examined nonlinear persistence in the permanent component

and how it varies over the earnings distribution. The second allowed for a flexible

representation of the distributions of both components. Our approach is not intended

to supersede these methodologies. Rather, we examine earnings dynamics to illustrate

how we can complement these earlier studies. However, the approach most similar

to ours is Arellano et al. (2017). While that paper also focused on the impact of

earnings on consumption, an important feature is the treatment of the persistence

in the earnings process. They considered a dynamic earnings process with nonlinear

persistence that can vary by location in the earnings distribution. While our approach

does not nest the models above, it does incorporate a generalized linear process which

not only varies by location in the earnings distribution but also across workers. This

cannot be accommodated by existing approaches. Moreover, we allow persistence to

be a function of both observed and unobserved individual characteristics. Our analysis

of income mobility and persistence relies on a representation of the model as a discrete

Markov chain when labor income is treated as discrete. Champernowne (1953) and

Shorrocks (1976) previously used Markov chain representations of the labor income

process to analyze the same issue. We allow unrestricted heterogeneity across workers

by estimating a separate Markov chain for each worker.2 Finally, Hirano (2002) and

Gu and Koenker (2017) estimated autoregressive labor income processes using flexible

semiparametric Bayesian methods.

2Lillard and Willis (1978) considered an alternative method to separate permanent and transitory
income and incorporate worker heterogeneity using a parametric linear panel model.
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The model we consider di↵ers from the traditional random coe�cients model

of Swamy (1970), Hsiao and Pesaran (2008), Arellano and Bonhomme (2012),

Fernández-Val and Lee (2013) and Su et al. (2016), among others, as we allow for

heterogeneous coe�cients both between and within units. It is more flexible than

existing distribution and quantile regression models with fixed e↵ects that allow the

intercepts to vary across units but restrict the slopes to be homogeneous. See, for

example, Koenker (2004), Galvao (2011), Galvao and Kato (2016), Kato et al. (2012),

Arellano and Weidner (2017), and Chernozhukov et al. (2018a). Chetverikov et al.

(2016), Okui and Yanagi (2019), Zhang et al. (2019) and Chen (2021) are the closest

papers to ours. Okui and Yanagi (2019) provided methods to estimate distributions

of heterogeneous moments such as means, autocovariances and autocorrelations.

The model and objects considered there are very di↵erent from ours. Zhang et al.

(2019) proposed a quantile regression grouped panel data model with heterogeneous

coe�cients, but where the distribution of the coe�cients is restricted to have finite

support. Chetverikov et al. (2016) and Chen (2021) develop models similar to ours.

They targeted projections of the model coe�cients as the objects of interest, but,

unlike here, did not consider counterfactual distributions. Chetverikov et al. (2016),

Zhang et al. (2019) and Chen (2021) focused on models with strictly exogenous

covariates, which rule out dynamic models that include lagged outcomes as covariates.

Moreover, their methodology is also based on quantile regression. Distribution

regression has several appealing features in our setting including: (i) It deals with

continuous, discrete and mixed outcomes without modification, and (ii) it yields

simple analytical forms for the functionals of interest. In this sense, we extend the

use of the distribution regression of Foresi and Peracchi (1995) and Chernozhukov

et al. (2013) to panel models with random coe�cients.

Bias correction methods based on large-T asymptotic approximations for fixed

e↵ects estimators of dynamic and nonlinear panel models were studied in Nickell

(1981), Phillips and Moon (1999), Hahn and Newey (2004), Fernández-Val (2009),

Hahn and Kuersteiner (2011), Dhaene and Jochmans (2015), and Fernández-Val and

Weidner (2016), among others. We refer the readers to Arellano and Hahn (2007)

and Fernández-Val and Weidner (2018) for recent reviews. We extend these debiasing

methods to functionals of the coe�cients such as projections and counterfactual

distributions. The cross-sectional bootstrap was previously used for panel data as

a resampling scheme that preserves the dependence in the time series dimension, e.g.,
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Kapetanios (2008), Ka↵o (2014), and Gonçalves and Ka↵o (2015). We demonstrate

that it also has robustness properties in models with heterogeneous coe�cients.

1.2. Outline. The rest of the paper is organized as follows. Section 2 presents the

model and objects of interest. Section 3 discusses estimation and inference including

an issue with standard inference on models with heterogeneous coe�cients, which is

solved with the use of a cross-sectional bootstrap scheme. We present the empirical

application in Section 4. Section 5 establishes asymptotic theory for our estimation

and inference methods. Section 6 reports simulation evidences. Proofs and additional

results are gathered in the Appendix.

2. The model and objects of interest

2.1. The model. We observe a panel data set {(yit,xit) : 1  i  N, 1  t  T},
where i typically indexes observational units and t time periods. The scalar variable

yit represents the outcome or response of interest, which can be continuous, discrete or

mixed; and xit is a dx-vector of covariates, which includes a constant, lagged outcome

values, and other predetermined covariates denoted by vit, that is

xit = (1, yi(t�1), ..., yi(t�L),v
0
it)

0.

Let Fit be a filtration over t that includes xit and any time invariant variable for

unit i. We model the distribution of yit conditional on Fit as, for any y 2 R,

Pr(yit  y | Fit) = ⇤(�x0
it�i(y)), 1  t  T, 1  i  N, (2.1)

where ⇤ : R 7! [0, 1] is a known, strictly increasing link function3 (e.g., the standard

normal or logistic distribution CDF), and y 7! �x0
it�i(y) is increasing almost surely

(a.s). The model is a distribution regression model for panel data with heterogeneous

coe�cients. We allow the coe�cient vector �i(y) to vary both between i and within

i over y. For example, in the empirical application, the intercept is a fixed e↵ect

that measures the level of the distribution, whereas the coe�cient of lagged labor

income measures persistence. Both level and persistence coe�cients are heterogeneous

between and within workers. The model also embodies a Markov-type condition for

each individual as only the first L lags of the outcome and contemporaneous values

of the other covariates determine the conditional distribution of yit.
4 It also imposes

an index restriction on the e↵ect of xit. This restriction can be considered mild as

3We could allow ⇤ to vary across i and y, but we do not pursue those extensions here. One could
also allow ⇤ to be unknown via the use of semiparametric methods.
4Lagged values of the covariates can be included in vit.
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the coe�cient �i(y) varies with i and y, and can be further weakened by replacing

xit by T (xit), where T is a vector of transformations of xit. Our theory would still

apply provided that T is known and has a fixed dimension.

The heterogeneous distribution regression (HDR) model in (2.1) encompasses other

commonly used models. For example, the homogeneous location-shift model

yit = x0
it� + �"it, "it | Fit ⇠ ⇤,

is a special case of HDR with �i(y) = (� � e1y)/�, where e1 is a unitary dx-vector

with a one in the first position. This model imposes that all components of �i(y) are

homogeneous across i and only the intercept can vary across y. Another important

case is the homogeneous location-shift model with fixed e↵ects

yit = x0
it� + ↵i + �"it, "it | Fit ⇠ ⇤.

This is a special case of HDR with �i(y) = [��e1(y+↵i)]/�. It is more flexible than

the location-shift model as the intercept is heterogeneous across i, but it imposes

strong homogeneity restrictions compared to HDR. The cross-sectional version of

the distribution regression model of Foresi and Peracchi (1995) and Chernozhukov

et al. (2013) imposes the restriction �i(y) = �(y), which allows for heterogeneity

within the distribution but not between units. We refer to this as the homogeneous

DR model. The panel distribution regression model of Chernozhukov et al. (2018a)

imposes �i(y) = �(y)+e1↵i(y), which allows for heterogeneity in the intercept across

i, but restricts the slopes to be homogeneous between units.

When yit is continuous, the HDR has the following representation as an implicit

nonseparable model by the probability integral transform

�x0
it�i(yit) = "it, "it | Fit ⇠ ⇤.

The rank of the error "it, ⇤("it), can be interpreted as the unobserved ranking of the

observation yit in the conditional distribution. The previous representation reduces

to the homogeneous location-shift models described above by imposing suitable

restrictions on �i(y).

2.2. Objects of interest. We are interested in the following types of objects.

2.2.1. Projections of �i(y) on Covariates. Let wi, zi 2 Fi1 denote time invariant

covariates such that dim(wi) � dim(zi) and E(wiz0
i) have full column rank. Consider
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the instrumental variable projection of �i(y) on zi:

�i(y) = ✓(y)zi + �i(y), E(�i(y) | wi) = 0, (2.2)

which covers the standard linear projection by setting wi = zi. This object is useful

for exploring which covariates are associated with the heterogeneity in �i(y) across i,

where we allow these associations to vary within the distribution as indexed by y. For

example, in the empirical application, we explore whether initial income, education,

race and year of birth are associated with di↵erences in the level and persistence of

labor income at di↵erent locations of the income distribution.

2.2.2. Cross-sectional Distributions.

Actual and predicted distributions: By iterating expectations, the cross-sectional

distribution of the observed outcome at time t can be written in terms of the model

coe�cients as

Ft(y) := Et1{yit  y} = EtE(1{yit  y} | Fit) = Et⇤(�x0
it�i(y)), (2.3)

where the expectation Et is taken with respect to the joint cross-sectional distribution

of the variables in Fit at time t.

This representation serves several purposes. First, it is the basis for a specification

test of the model where an estimator of (2.3) is compared with the cross-sectional

empirical distribution of yit. Second, in pure dynamic models where xit only includes

lagged values of yit, we can construct one-period-ahead predicted distributions by

setting t = T + 1. These distributions are useful for forecasting. Third, we can

analyze dynamics of the distribution of yit over time. In the empirical application,

for example, we analyze labor income mobility and the persistence of poverty traps.

Fourth, we can consider the impact of interventions by comparing the counterfactual

distribution after some intervention with the actual distribution.

Counterfactual distributions: From (2.3), we can construct counterfactual

distributions by manipulating the covariates xit and/or the coe�cients �i(y), that is

Gt(y) = Et⇤(�hit(xit)
0�g

i (y)), (2.4)

where hit is a possibly data dependent transformation, and

�g
i (y) = ✓(y)g(zi) + �i(y) = �i(y) + ✓(y)[g(zi)� zi],

for a known transformation g of the time invariant covariates zi.
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We provide examples of hit and g in the context of the empirical application.

Starting with hit, we can study the e↵ect of a proportional reduction of labor income

in the previous year using the transformation

hit(xit) = (1, yi(t�1) + log(1� ))0, (2.5)

where yi(t�1) is measured in logarithmic scale and  is the tax rate. This can be

interpreted as a proportional or flat tax. Another example where the transformation

hit is data dependent is a progressive reduction of labor income in the previous year

depending on the ranking in the distribution. This could be implemented as

hit(xit) =
⇣
1, yi(t�1) + log(1� it

2
)
⌘0
, it = Et(1{yi(t�1)  y})

��
y=yi(t�1)

, (2.6)

which can be interpreted as a progressive tax where the tax rate is half of the ranking

of the worker in the distribution. These tax exercises are interesting as we can evaluate

their impact on future labor income operating through the inherent dynamics.

Turning to g, we can consider a hypothetical scenario at time t that increases

the number of years of schooling to 12 for those workers with less than 12 years of

schooling. If zi = (z1i, z0
�1,i)

0, where z1i is the observed years of schooling of worker i

and z�1,i includes the remaining components of zi. This counterfactual scenario can

be implemented via the transformation

g(zi) = (max(z1i, 12), z�1,i). (2.7)

Gt(y) would then represent the counterfactual distribution at t. Another example is

g(zi) = (z1i + 1, z�1,i),

which corresponds to an additional year of schooling for all workers.

2.3. Stationary Distributions: Assume that the process {yi1, . . . , yiT} is ergodic

for each i, yit is discrete with support Yi = {y1i < · · · < yKi }, which might

be di↵erent for each unit, and the only covariate is the first lag of the outcome,

i.e. xit = (1, yi(t�1))0. The conditional distribution can now be represented by

a time-homogeneous K-state Markov chain and the stationary distribution can be

characterized from the transition matrix of the Markov chain. The method can

be extended to include more lags of the outcome at the cost of more cumbersome

notation.
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For each i, let P i be the K ⇥ K transition matrix. The typical element of this

matrix can be expressed as the following functional of the model:

Pi,jk = Pr(yit = yji | yi(t�1) = yki ,Fit) = ⇤
⇣
�xk0

i �i(y
j
i )
⌘
�1(j > 1)⇤

⇣
�xk0

i �i(y
j�1
i )

⌘
,

(2.8)

where xk
i = (1, yki )

0. By standard theory for Markov Chains, see, e.g., (Hamilton,

2020, p. 684), the ergodic probabilities ⇡i = (⇡i1, . . . , ⇡iK) are

⇡i = (A0
iAi)

�1A0
ieK+1, Ai =

 
IK � P i

10

!
,

where IK is the identity matrix of size K, 1 is a K-vector of ones, and eK+1 is the

(K + 1)th column of IK+1. The cross-sectional stationary actual distribution is now

F1(y) = E[Fi,1(y)], Fi,1(y) =
X

k:yki y

⇡ik,

where Fi,1 is a step function with steps at the elements of Yi.

Stationary counterfactual distributions can be formed by replacing �i(y
j
i ) by �g

i (y
j
i )

in (2.8). That is

P g
i,jk = ⇤

⇣
�xk0

i �
g
i (y

j
i )
⌘
� 1(j > 1)⇤

⇣
�xk0

i �
g
i (y

j�1
i )

⌘
.

We denote the resulting cross-sectional stationary distribution as G1. We do not

consider transformations hit as they would produce the stationary distribution F1.

Note that changes in yi(t�1) do not a↵ect the stationary distribution by the ergodicity

assumption.

2.3.1. Quantile e↵ects. We consider quantiles of the actual and counterfactual cross-

sectional distributions, and define quantile e↵ects as the di↵erence between them.

Given a univariate distribution F , the quantile (left-inverse) operator is

�(F, ⌧) := inf{y 2 R : F (y) � ⌧}, ⌧ 2 [0, 1].

We apply this operator to the cross-sectional distributions defined above to obtain

the quantile e↵ects of interest as

QEt(⌧) := �(Gt, ⌧)� �(Ft, ⌧), QE1(⌧) := �(G1, ⌧)� �(F1, ⌧), ⌧ 2 [0, 1].

These quantile e↵ects measure the short and long term impacts of the hypothetical

policies at di↵erent parts of the outcome distribution. They are unconditional or mar-

ginal as they are based on comparisons between counterfactual and actual marginal

distributions.
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3. Estimation and Inference Methods

3.1. Estimators. We employ a three-stage estimation procedure where the first step

obtains the model coe�cients, the second constructs their functionals, and the third

calculates quantile e↵ects. The coe�cients are estimated by HDR applied separately

to the time series dimension of each unit, with debiasing to address the incidental

parameter problem. The functionals of the coe�cients are estimated using the plug-

in method. The estimators of the distributions are debiased. The estimators of

the projection coe�cients do not need to be debiased as these projections are linear

functionals of the model coe�cients. The quantile e↵ects are estimated by applying

the generalized inverse operator of Chernozhukov et al. (2010).

3.1.1. First stage: Model coe�cients. We start by obtaining the DR estimator of

�i(y), that is
e�i(y) = arg max

�2Rdx
Qy,i(�), y 2 Yi, i = 1, ..., N,

where

Qy,i(�) =
TX

t=1

1{yit  y}⇤(�x0
it�) +

TX

t=1

1{yit > y}[1� ⇤(�x0
it�)],

and Yi is the set of observed values of the outcome for unit i, i.e. Yi = {yi1, . . . , yiT}.
If ⇤ is the standard normal or logistic link, these are logit or probit estimators that

can be computed using standard software. We then obtain e�i(y) for other values of y

noting that y 7! e�i(y) is a vector of step functions with steps at the elements of Yi.

Two complications arise: e�i(y) is well-defined only if y 2 [y
i
, yi), where y

i
=

min1tT yit and yi = max1tT yit, and, when e�i(y) is well-defined, it has bias of

order O(T�1). Let N0(y) be the number of indexes i for which y < y
i
, N1(y) be the

number of indexes i for which y � yi, and N01(y) = N � N0(y) � N1(y), that is the

number of indexes i for which e�i(y) exists. Without loss of generality we rearrange

the index i such that that e�i(y) exists for all i = 1, . . . , N01(y). We show below how

to adjust the plug-in estimators of the functionals to incorporate the units i > N01(y).

Due to the incidental parameter bias, we should debias e�i(y) when T is of moderate

size relative to N . Plug-in estimators of nonlinear functionals based on debiased

estimators are easier to debias than those based on the initial estimators. We debias
e�i(y) using analytical methods. That is

b�i(y) = e�i(y)�
bBi,T (y)

T
, i = 1, . . . , N01(y), (3.1)
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where bBi,T (y) is a consistent estimator of the bias of e�i(y) of order O(T�1). The

specific expressions of the bias and its estimator are presented in the Appendix,

where we also consider alternative debiasing methods based on Jackknife (Dhaene

and Jochmans, 2015). While our theory applies to both analytical and Jackknife

methods, we focus on analytical methods because they have less demanding data

requirements and perform better in our numerical simulations.

3.1.2. Second stage: Functionals. We provide estimators for all the functionals of

interest. Denote the second derivative of the link function by ⇤̈.

Projections of Coe�cients. A plug-in estimator of ✓(y) corresponds to applying

two-stage least squares to (2.2) replacing �i(y) by b�i(y). This yields,

b✓(y) =
N01(y)X

i=1

b�i(y)bzi(y)
0

0

@
N01(y)X

i=1

bzi(y)bzi(y)
0

1

A
�1

, (3.2)

where

bzi(y) :=
N01(y)X

j=1

zjw
0
j

0

@
N01(y)X

j=1

wjw
0
j

1

A
�1

wi.

When wi = zi, the estimator simplifies to the OLS estimator with bzi(y) = zi.

Actual and Counterfactual Distributions. The plug-in estimators of the actual

and counterfactual distributions are

bFt(y) =
1

N

N01(y)X

i=1

⇤(�x0
it
b�i(y)) +

N1(y)

N
�
bB(y)

T
,

bGt(y) =
1

N

N01(y)X

i=1

⇤(�h(xit)
0b�

g

i (y)) +
N1(y)

N
�
bBG(y)

T
, (3.3)

where

b�
g

i (y) = b�i(y) + b✓(y)[g(zi)� zi],

bB(y) =
1

2

1

N

N01(y)X

i=1

tr
⇣
⇤̈(�x0

it
b�i(y))xitx

0
it
b⌃i(y)

�1
⌘

bBG(y) =
1

2

1

N

N01(y)X

i=1

tr
⇣
⇤̈(�h(xit)

0b�
g

i (y))h(xit)h(xit)
0b⌃i(y)

�1
⌘
.

Here bB(y) and bBG(y) are estimators of the first-order bias coming from the

nonlinearity of Ft and Gt as a functional of �(y), and b⌃i(y)�1 is an estimator of
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the asymptotic variance-covariance matrix of
p
T (e�i(y)��i(y)). For units for which

b�i(y) is not well-defined we set ⇤(�x0
it�i(y)) = ⇤(�h(xit)0�

g
i (y)) = 1 if y < y

i
and

⇤(�x0
it�i(y)) = ⇤(�h(xit)0�

g
i (y)) = 0 if y � yi.

Stationary Distributions. We start from a preliminary plug-in estimator of P i by

the empirical transition matrix, which we modify to enforce that all the entries are

non-negative and the rows add to one. More precisely, we define the K ⇥K matrix
bQi with typical element

bQi,jk = 1(j = K) + 1(j < K)⇤
⇣
�xk0

i
b�i(yji )

⌘
. (3.4)

For each row of bQi, we sort (rearrange) the elements in increasing order to form the

matrix Q̌i with typical element Q̌i,jk. We then construct the empirical transition

matrix bP i with typical element

bPi,jk = Q̌i,jk � 1(j > 1)Q̌i,(j�1)k.

The empirical ergodic probabilities b⇡i = (b⇡i1, . . . , b⇡iK) are now

b⇡i = (bA
0
i
bAi)

�1 bA
0
ieK+1 �

1

T
bB⇡i , bAi =

 
IK � bP i

10

!
,

where bB⇡i is an estimator of the bias coming from the nonlinearity of ⇡i as a functional

of (�i(y
1
i ), . . . ,�i(y

K
i )). We give the expression of bB⇡i in the Appendix.

The estimator of the stationary distribution is

bF1(y) =
1

N

NX

i=1

bFi,1(y), bFi,1(y) =
X

k:yki y

b⇡ik.

Estimators of stationary counterfactual distributions can be formed by replacing
b�i(y

j
i ) by b�

g

i (y
j
i ) and modifying the bias estimator, bB⇡i , in (3.3). The modified

expression of the estimator of the bias is given in the Appendix. The resulting

estimator of G1 is denoted by bG1.

3.1.3. Third stage: Quantile e↵ects. The estimators of the short and long term

quantile e↵ects are:

cQEt(⌧) = e�( bGt, ⌧)� e�( bFt, ⌧), cQE1(⌧) = e�( bG1, ⌧)� e�( bF1, ⌧), (3.5)

where e� is the generalized inverse or rearrangement operator

e�(F, ⌧) =
Z 1

0

1{F (y)  ⌧}dy �
Z 0

�1
1{F (y) � ⌧}dy.
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which monotonizes y 7! F (y) before applying the inverse operator.

3.2. Inference. To begin we highlight an important problem with standard

analytical plug-in methods where the heterogeneous coe�cients are estimated via

fixed e↵ect approaches. We show that these methods are not uniformly valid

with respect to the degree of heterogeneity as measured by the variance of

the coe�cients. We propose a cross-sectional bootstrap scheme that has good

computational properties and prove its uniform validity over a large class of data

generating processes in Section 5.4.1.

3.2.1. Inference problem. While the inference problem a↵ects all the functionals we

consider, we illustrate it via a simple example that abstracts from other complications

such as the need of debiasing. Consider the model

yit = �i + eit, E(eit | �i) = 0, E(�i) = ✓,

where we allow Var(�i) 2 [0, C] to be on a compact support, with zero as an

admissible value. This class of data generating processes captures di↵erent degrees

of heterogeneity that might arise in empirical applications. For simplicity, we assume

eit and �i are both i.i.d. sequences in both i and t and mutually independent. The

estimator of ✓ is

b✓ = 1

N

NX

i=1

b�i, b�i =
1

T

TX

t=1

yit = �i +
1

T

TX

t=1

eit.

The goal is to make inference about ✓ based on b✓ that remains uniformly valid over

Var(�i) 2 [0, C].

Let � =
PN

i=1 �i/N . The asymptotic distribution of b✓ is determined by two

components:
b✓ � ✓ = (b✓ � �) + (� � ✓),

where

b✓ � � =
1

NT

NX

i=1

TX

t=1

eit, � � ✓ =
1

N

NX

i=1

(�i � E(�i)).

While both terms admit central limit theorems, they may have di↵erent rates of

convergence. The rate of convergence of ��✓ depends on the degree of heterogeneity,

Var(�i), which is unknown. All we know is that it is supported on a compact set [0, C]

for some C > 0, with zero as an admissible boundary. This makes the final rate of
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convergence and the associated asymptotic distribution unknown. To illustrate this,

consider two special extreme cases:

(1) Strong heterogeneity : It has been customary in the literature to assume that

Var(�i) is bounded away from zero, such that � � ✓ = OP (N�1/2). Then this

term dominates in the expansion, yielding
p
N(b✓ � ✓) !d N (0,Var(�i)).

(2) Weak heterogeneity : If Var(�i) is near the zero boundary, such that when

treated as a sequence, it decays faster than O(T�1), then b✓ � � becomes the

dominating term, yielding
p
NT (b✓ � ✓) !d N (0,Var(eit)).

We refer to this case as “weak heterogeneity” as it covers not only when �i is

homogeneous, but also when the degree of heterogeneity is small relative to

the sample size as formalized by Var(�i) = o(T�1). This case can be relevant

in many empirical applications where the degree of heterogeneity is unknown

and the time dimension is only moderately large.

It can be also shown that any degree of heterogeneity in between the above two

extreme cases would lead to an unknown rate of convergence b✓� ✓ = OP (⇠NT ) where

⇠NT 2 [(NT )�1/2, N�1/2].

The unknown rate of convergence has consequences for the properties of standard

inferential methods. Note that

Var(b✓) = 1

NT
Var(eit) +

1

N
Var(�i). (3.6)

A common method to estimate this variance is to plug in sample analogs of Var(eit)

and Var(�i). This procedure, however, does not provide uniformly valid inference. To

understand the issue, consider the estimation of Var(�i). If �i were known, it could

have been estimated by

fVar(�i) :=
1

N

NX

i=1

(�i � �)2. (3.7)

Replacing �i with its consistent estimator b�i, we obtain

cVar(�i) :=
1

N

NX

i=1

(b�i � b✓)2.
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Then cVar(�i)� Var(�i) has the following decomposition:

1

N

NX

i=1

[(b�i � b✓)2 � (�i � �)2]

| {z }
�- estimation error

+
1

N

NX

i=1

[(�i � �)2 � Var(�i)]

| {z }
LLN- error

, (3.8)

where “LLN- error” refers to the error associated with the law of large numbers.

The main issue is that the �- estimation error cannot be controlled uniformly over

Var(�i) 2 [0, C]. Note that

b�i � b✓ = �i � � + (ēi � ē), ēi =
1

T

TX

t=1

eit, ē =
1

N

NX

i=1

ēi.

This leads to, if T = o(N),

�- estimation error =
1

N

X

i

(ēi � ē)2 +
2

N

X

i

(ēi � ē)(�i � �) ⇣ OP (T
�1).

The �-estimation error is an incidental parameter bias whose order does not adapt to

Var(�i), leading to first order bias of cVar(b✓) in the weak heterogeneity case. Thus, the

estimation error |cVar(b✓)�Var(b✓)| is lower bounded by an order of OP ((NT )�1), which

is not negligible when
p
NT (b✓�✓) !d N (0,Var(eit)). Consequently, the usual plug-in

variance estimator using cVar(b✓) would lead to an asymptotically incorrect inference.

To see this, note that the confidence interval will be distorted by a quantity of the

same order as the length of the interval, that is

CI1�p(✓) = b✓ ± z1�p/2

q
cVar(b✓) = b✓ ± z1�p/2

q
Var(b✓) +OP ((NT )�1),

where zp is the p-quantile of the standard normal. The two terms inside the square

root are of the same order since Var(b✓) = O((NT )�1), leading to incorrect coverage

even asymptotically,

Pr(✓ 2 CI1�p(✓)) = 1� p+O(1).

Alternatively, ignoring Var(�i) by setting cVar(�i) = 0 would result in asymptotic

under-coverage unless we are in the weak heterogeneity case. We can conclude that

the plug-in method is not uniformly valid over Var(�i) 2 [0, C].

A simple solution in this example is to estimate Var(b✓) by

cVar(b✓) = 1

N
cVar(b�i),
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i.e., omit the first term of (3.6) in the plug-in estimator. This is an appropriate

estimator since

N(cVar(b✓)�Var(b✓)) = 1

N

X

i

[(ēi � ē)2 � Var(ēi)] +
2

N

X

i

(ēi � ē)(�i � �)

| {z }
�- estimation error

+LLN- error

automatically adapts to the rate of convergence of b✓. The key is that the recentering

by Var(ēi) = Var(eit)/T reduces the order of the first term of the �- estimation

error. Note that the LLN-error is of a higher order regardless of the magnitude of

Var(�i) 2 [0, C]. For example, the LLN- error= 0 if Var(�i) = 0 because �i = � almost

surely. In the next section, we propose a bootstrap method that is also robust to the

degree of heterogeneity and is convenient for simultaneous inference on function-

valued parameters.

3.2.2. The cross-sectional bootstrap. We develop a simple cross-sectional bootstrap

scheme that is uniformly valid over a large class of data generating processes that

include both weak and strong heterogeneity. We introduce the method in the context

of the example from the previous section and provide implementation algorithms for

the functionals of interest in our model in Appendix A. The formal theoretical results

on the validity of cross-sectional bootstrap are given in Section 5.4.1.

The cross-sectional bootstrap is based on resampling with replacement of the

estimated coe�cients b�i instead of the observations yit. We call this a cross-sectional

bootstrap because it is equivalent to resampling the entire time series {yi1, . . . , yiT} of

each cross-sectional unit. Let {b�⇤
i : i = 1, ..., N} be random sample with replacement

from {b�i : i = 1, ..., N}. The bootstrap draw of b✓ is

b✓⇤ = 1

N

NX

i=1

b�⇤
i .

We approximate the asymptotic distribution of b✓� ✓ by the bootstrap distribution of
b✓⇤ � b✓. If qp is the p-quantile of the bootstrap distribution of |b✓⇤ � b✓|/s⇤, where s⇤ is

the bootstrap standard deviation of b✓⇤, then the p-confidence interval for ✓ is

CIp(✓) = b✓ ± qps
⇤.

This procedure is very simple, but perhaps surprisingly, leads to the desired uniform

coverage. To see this, note that the bootstrap variance of b✓⇤ is

1

N2

NX

i=1

(b�i � b✓)2 =
1

N
cVar(b�i),
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which, as we have shown above, is an estimator of Var(b✓) that adapts automatically

to the degree of heterogeneity.

Figure 3.1 provides a numerical comparison of analytical and cross-sectional

bootstrap estimators of the standard deviation of b✓ using a design where eit ⇠ N (0, 1),

�i ⇠ N (✓,Var(�i)), Var(�i) 2 {0, 0.1, . . . , 1}, ✓ = 1, N = 100, and T = 10. It reports

the (true) standard deviation of b✓, based on Var(b✓) = Var(eit)/(NT ) + Var(�i)/N , as

a function of Var(�i); together with averages over 5, 000 simulations of the following

estimators:

(1) Standard plug-in: based on

cVar(b✓) = 1

N2T 2

NX

i=1

TX

t=1

(yit � b�i)2 +
1

N2

NX

i=1

(b�i � b✓)2.

This estimator is labeled as “over”.

(2) Plug-in that omits the heterogeneity in �i: based on the first term of the

previous expression. This estimator is labeled as “under”.

(3) Cross-sectional bootstrap standard deviation based on 1, 000 draws.

0.0 0.2 0.4 0.6 0.8 1.0

0.
04

0.
06

0.
08

0.
10

Var(βi)

true
over
under
CSB

Figure 3.1. Comparison of analytical and cross-sectional bootstrap
estimators of standard deviation of b✓ in this example.

We find that the standard analytical plug-in estimator overestimates the standard

error for any degree of heterogeneity, whereas the analytical plug-in estimator that

omits the heterogeneity in �i underestimates the standard error in the presence of any
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heterogeneity. The mean of cross-sectional bootstrap estimator is very close to the

standard error uniformly for all the degrees of heterogeneity considered, as predicted

by the asymptotic theory.

3.2.3. Simultaneous Inference. The bootstrap algorithms for the model functionals

presented in Appendix A are designed to construct confidence bands that cover the

functionals simultaneously over the region of points of interest. For example, if we are

interested in the scalar function y 7! ⇠(y) over y 2 Y , the asymptotic p-confidence

band CIp(⇠(y)) := [b⇠l(y), b⇠u(y)] is defined by the data dependent end-point functions

y 7! b⇠l(y) and y 7! b⇠u(y) that satisfy

Pr
⇣
b⇠l(y)  ⇠(y)  b⇠u(y), y 2 Y

⌘
! p as N, T ! 1.

We illustrate in Section 4 how this confidence bands can be used to test multiple

hypotheses about the sign and shape of the functionals. Pointwise confidence intervals

are special cases by setting the region Y to include only one point.

4. The Dynamics of Labor Income

4.1. Data. We employ data from the Panel Study of Income Dynamics for the years

1967 to 1996 (PSID, 2020). The sample selection is the same as in Hu et al. (2019)

which restricts the sample to male heads of household working a minimum of 40

weeks.5 We drop the worker-year observations where labor income is above the 99

sample percentile or below the 1 sample percentile, and keep workers observed for

a minimum of 15 years. This selection results in an unbalanced panel with 1,629

workers and 33,338 worker-year observations.

The variables used in the analysis include measures of labor income, years of

schooling, number of children, marital status, year of birth, survey year and an

indicator for the worker being white. The years of schooling variable is constructed

from the categorical variable highest grade completed with the following equivalence:

0-5 grades = 5 years, 6-8 grades = 7 years, 9-11 grades = 10 years, 12 grades = 12

years, some college = 14 years, and college degree = 16 years. Following the literature

on labor income processes, we construct the outcome, yit, as the residuals of the pooled

regression of the logarithm of annual real labor income in 1996 US dollars, deflated

by the CPI-U-RS price deflator, on indicators for marital status, number of children,

year of birth and survey year. We refer to these residuals as labor income.

5This sample is commonly employed in this literature as it represents full time full year workers.
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4.2. Model coe�cients. We estimate the HDR model (2.1) with xit = (1, yi,t�1)0.

We denote the model coe�cients by �i(y) = (↵i(y), ⇢i(y))0 and their bias corrected

estimates by b�i(y) = (b↵i(y), b⇢i(y))0, where we refer to y 7! ↵i(y) as the intercept or

level function and y 7! ⇢i(y) as the slope or persistence function. These estimates are

obtained using (3.1). The left panel of Figure 4.1 (Between Median) plots the kernel

density of the estimated slope function b⇢i(y) at a fixed value of y corresponding

to the sample median of yit pooled across workers and years. We find substantial

heterogeneity between workers in this parameter. The density of the persistence

coe�cient includes both positive and negative values corresponding to positive and

negative state dependencies in the labor income process at the median. The right

panel of Figure 4.1 (Within Median) plots the pointwise sample median of the

function y 7! b⇢i(y) over a region Y that includes all the sample percentiles of the

sample values of yit pooled across workers and years. The function is plotted with

respect to the probability level of the sample percentile to facilitate interpretation.

We find substantial heterogeneity in the slope within the distribution of the median

worker. The slope is increasing with the percentile level indicating higher persistence

parameter at the upper tail of the distribution. The two figures combined illustrate the

existence of substantial heterogeneity in income dynamics both between and within

workers.
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Figure 4.1. The left panel plots the cross-sectional density of b⇢i(y) when
y is fixed to the sample median of yit in the pooled sample; the right panel
plots the cross-sectional pointwise median of the function y 7! b⇢i(y).
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4.3. Goodness of Fit. To assess the model’s performance, Figure 4.2 compares the

empirical distributions of yit in 1981 and 1991 with the corresponding distributions

predicted by the HDR model. We find that the model provides a remarkably close fit

to the empirical distribution for all the values of y, including the tails.

-2 -1 0 1
0

0.5

1
1981

estimated CDF

empirical CDF

-2 -1 0 1
0

0.5

1
1991

estimated CDF

empirical CDF

Figure 4.2. Empirical and predicted actual distributions, Ft, t 2 {1981, 1991}.

4.4. Projections of Coe�cients. We obtain projections of the estimated

coe�cients to explore if specific worker characteristics are associated with the

heterogeneity in the level and persistence of labor income between workers. We

apply (3.2) with zi including a constant, the initial labor income, number of years of

schooling, a white indicator and year of birth, and wi = zi.
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Figure 4.3. Projection coe�cients of �i(y) = (⇢i(y),↵i(y)) on worker
education levels. The confidence bands are obtained by cross-sectional
bootstrap using Algorithm A.1 with B = 500.

Figure 4.3 reports the estimates and 90% confidence bands of the projection

coe�cient function y 7! ✓(y) for education over a region Y that includes all the sample
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percentiles of the pooled sample of yit with probability levels {0.10, 0.11, . . . , 0.90},
plotted with respect to these probability levels. We find education level is associated

with coe�cient heterogeneity at some locations of the distribution. For example, the

persistence parameter ⇢i(y) is negatively associated with education at the bottom

of the distribution, whereas the level parameter ↵i(y) is positively associated with

education in the middle of the distribution. The e↵ect of education on ⇢i(y) is

increasing with y, although this pattern should be interpreted carefully as the function

is not very precisely estimated, as reflected by the width of the confidence band.

4.5. The Impact of Tax Policies. An important implication of the HDR

representation of labor income is that an individual’s location in the income

distribution in a specific time period partially depends on his location in previous

periods. Moreover, the nature of this dependence varies by worker. This indicates

that a shock to current labor income will determine the path of future income. To

illustrate the presence and heterogeneity of this dependence we examine the impact

on future income resulting from a negative shock to initial income. We implement the

shock through two hypothetical tax policies corresponding to a proportional tax of 25

percent and the progressive tax between 0 and 50 percent on labor income in 1985.6

We interpret this as a partial equilibrium analysis in that we change the level of initial

income but keep all other aspects of the model constant. Specifically, we estimate

the counterfactual distribution (2.4) for the transformations hit given in (2.5) with

 = 0.25 and (2.6). Each transformation yields a counterfactual distribution of labor

income in t = 1986. We also estimate the actual distribution and the corresponding

quantile e↵ects. We compare the estimates from the proposed HDR model with

estimates obtained from the homogenous location-shift, homogenous location-shift

with fixed e↵ects and homogenous DR models described in Section 2.1.

The parameters of the location-shifts models are estimated by least squares; the

parameters of the homogeneous DR model are estimated by distribution regression

with ⇤ equal to the standard logistic distribution.

Figure 4.4 reports estimates and 90% confidence bands of the quantile e↵ects

for the proportional tax in the left panel and for the progressive tax in the right

panel, together with the estimates obtained from the alternative models. The

confidence bands are computed using Algorithm A.3 with p = .90, B = 500

and T = {.05, .06, . . . , .95}. The estimates of the proportional tax show that the

6We choose 1985 as the base year because it is the year with the largest number of observations in
the dataset.
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Figure 4.4. Quantile e↵ects of counterfactual tax policies. Left panel:
proportional tax; right panel: progressive tax. Hetero.DR refers to the
proposed approach; LS refers to the homogeneous location-shift model;
LS-fixed e↵ect additionally adds fixed e↵ects; Homo.DR refers to the
homogeneous DR model. The confidence band for the estimation of the
heterogeneous DR model (the proposed approach) is also plotted.

fully homogeneous location-shift and DR models predict that the tax reduces next

period income almost in a one-for-one basis throughout the distribution. The model

with fixed e↵ects lowers the e↵ect to about 15%, whereas the HDR model further

ameliorates it to about 10%. The confidence band shows that there is no evidence

of heterogeneous e↵ects across the distribution. The comparison of the estimated

e↵ects from the progressive tax from each of the models reveals that allowing for

heterogeneity again reduces the impact of the tax. However, the progressive nature

of the tax produces heterogeneous e↵ects across the distribution.

For both taxes, the confidence bands of the HDR model do not fully cover

the estimates of the other three models. This comparison provides the basis of

a specification test. The results in this plot are su�cient to formally reject the

restrictions imposed by the alternative models.

4.6. Dynamic Aspects of Relative Poverty. We now analyze labor income

mobility and the existence of “relative poverty” traps. We evaluate the probability of

remaining in lower locations of the residual distribution noting that we refer to this

as relative poverty as we acknowledge that the total income level may not be below

the poverty line. We do so via the model from Section 2.3, where the conditional

distribution is represented by a discrete Markov chain. We set the states for each

worker as the observed values of yit, that is Yi := {yit : t = 1, ..., T} and K = T .
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Following Hu et al. (2019), consider the following probabilities to describe mobility:

Pi(p, q, h) := Pr(yi(t+h) < yp | yit < yq,Fit), i = 1, ..., N,

where yp and yq are the p-quantile and q-quantile of the distribution of labor income.

These probabilities correspond to the following experiment: If we exogenously set

labor income below yq at time t, then Pi(p, q, h) is the probability labor income is

below yp after h years.7 For example, if we define the poverty line as the 10-percentile,

then Pi(0.1, 0.1, 5) is the probability that worker i would remain in poverty after 5

years if he falls below the poverty line due to, for example, a negative income shock.

Our model allows the probabilities Pi(p, q, h) to be heterogeneous across workers.

To summarize this heterogeneity, we can examine the average probability:

P̄ (p, q, h) =
1

N

NX

i=1

Pi(p, q, h).

For instance, P̄ (0.3, 0.1, 1) is the probability that a randomly chosen worker is below

the 30-percentile if the previous year he was below the 10-percentile. We also examine

quantiles of the probabilities such as:

Q⌧ (p, q, h)

which denotes the ⌧ -quantile of {Pi(p, q, h) :, i = 1, ..., N} for fixed (p, q, h). For

example, Q0.25(0.3, 0.1, 1) is the first quartile of the probability that a worker is below

the 30-percentile if the previous year he was below the 10-percentile.

The upper panel of Figure 4.6 plots p 7! P̄ (p, q, h) for p 2 [0, 0.5], q 2
{0.1, 0.25, 0.5} and h 2 {1, 2, 5}. We find heterogeneity with respect to the initial

condition that vanishes with time due to the ergodicity of the process. The probability

that a randomly selected worker remains below the 10-percentile after one year is more

than 50%, whereas this probability decreases by about half if the worker was initially

below the median. This di↵erence in probabilities reduces after two years and almost

vanishes after five years. The lower panel of Figure 4.6 plots p 7! Q⌧ (p, q, h) for

p 2 [0, 0.5], q = 0.1, h 2 {1, 2, 5} and ⌧ 2 {0.1, 0.5, 0.9}. We uncover significant

heterogeneity across workers that is hidden in the analysis of the mean worker. Even

after 5 periods the deciles of the probability of remaining below the 10-percentile

range from 0 to more than 0.9. This illustrates the importance of accounting for

heterogeneity in understanding labor income risk.

7The probability Pi(p, q, h) is identified if yit is observed below yp for some t. We restrict the sample
to workers that satisfy this condition in the sample period to estimate these probabilities.
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Figure 4.5. Means and quantiles of probabilities of income mobility. The
upper panels report P̄ (p, q, h) and the lower panels report Q⌧ (p, q, h).

Let hi(p) denote the recurrence time of yp, that is, starting from {yit < yp}, the
number of years h until the first occurrence of {yi(t+h) > yp}. For example, if y0.10
is the poverty line, hi(0.10) is a random variable that measures the number of years

that worker i takes to escape from poverty. Then,

Pr(hi(p) = h) = Pr(yi(t+h) > yp, yi(t+h�1) < yp, ..., yi(t+1) < yp | yit < yp,Fit),

which can be expressed as a functional of the parameters of the HDR model. Another

interesting quantity is

Hi(p) =
X

h

hPr(hi(p) = h),

which gives the expected recurrence time for each individual. In the previous example,

Hi(0.10) gives the expected number of years that worker i would take to escape from

poverty. Figure 4.6 plots a histogram of the estimated Hi(0.10). More than 60% of

the workers would escape from the poverty in two or less years, but about 10% of the

workers would stay for more than 20 years. Table 4.6 reports several quantiles of the

estimated Hi(0.1) for groups stratified by education and race. We find substantial

heterogeneity between workers associated with education and race. Whereas the

deciles of the expected recurrence time range from 1 to 7 years for workers with at
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least high school, the corresponding value of 176 years indicates there are more than

10% of workers with less than high school that would never escape poverty. The

distribution of the expected recurrence time also di↵ers by race. The upper decile of

the expected recurrence time is about 20 years higher for nonwhite than for white

workers. This heterogeneity in the persistence of poverty has clear implications for

the design of poverty alleviation policies. As they employ a di↵erent sample to ours

and employ a di↵erent definition of “relative poverty” we do not directly compare

these results to Lillard and Willis (1978). However, in addition to confirming the

dependence in labor income documented in their study, we illustrate the remarkable

di�culty facing some workers in escaping relative poverty.

Figure 4.6. Histogram of expected recurrence time out-of-poverty in
years, Hi(0.10)

Table 4.1. Quantiles of expected recurrence time out-of-poverty in years,
Hi(0.10), by education and racial groups

Quantiles
0.10 0.25 0.50 0.75 0.90

All 1.00 1.00 1.47 3.63 19.45
Edu< 12 years 1.00 1.35 2.92 9.75 175.8
Edu� 12 years 1.00 1.00 1.20 2.39 7.37

White 1.00 1.00 1.27 3.12 13.88
non-White 1.00 1.11 1.81 5.52 33.91

4.7. The Impact of Completing High School. We now evaluate a hypothetical

scenario in which workers with less than 12 years of schooling are assigned a high
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school degree (12 years of schooling). This also reflects a form of partial equilibrium

analysis as the model parameters and the income distribution are based on the pre-

intervention setting and we do not allow for possible general equilibrium e↵ects. In

particular, we assume that the resulting distribution is (2.4) with h(xit) = xit and

g defined in (2.7). We set the values of yi(t�1) to the observed values in 1985 and

assume that the change occurs at the beginning of 1986. We estimate the actual

and counterfactual distributions in 1986 using (3.3), and the short and long term

quantile e↵ects using (3.5). To estimate the stationary distributions, we set the

states for each worker in the Markov chain to the observed values of yit, that is

Yi := {yit : t = 1, ..., T} and K = T .

Figure 4.7 reports estimates and 90% confidence bands of QEt in the left panel

and QE1 in the right panel. The confidence bands are computed using Algorithm

A.3 with p = .90, B = 500 and T = {.05, .06, . . . , .95}. We find this intervention

has heterogeneous e↵ects across the distribution. The lower tail increases by around

7.5% after one year to almost 15% in the long run, whereas there is very little e↵ect

at the upper tail both in the short and long run. The confidence bands show that the

results at the lower tail are statistically significant and allow us to formally reject the

hypothesis of constant e↵ects across the distribution. The magnitudes of the e↵ects

are economically noteworthy given the policy a↵ects a relatively small fraction of the

population. The results indicate that the increase in education for those with lower

levels of education shifts the bottom tail of the labor income distribution of the entire

population. This supports the commonly held policy view that increasing education

of the lowly educated will reduce the level of inequality. There is no evidence of

movements in the distribution at higher levels of labor income.
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Figure 4.7. Quantile e↵ects of counterfactual high school policy.
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5. Asymptotic Theory

This section develops asymptotic theory for the estimators of the functionals of

interest. We start by introducing some notation. Recall that the loss function for the

estimation of the coe�cients is: Qy,i(b) = T�1
PT

t=1 qy,it(b), where

qy,it(b) = 1{yit  y}⇤(�x0
itb) + 1{yit > y}[1� ⇤(�x0

itb)].

Let

 it(y) = rqy,it(�i(y))

$d
it(y) = rdqy,it(�i(y))� Erdqy,it(�i(y)), d = 1, 2, 3.

A1i(y) = [Er2qy,it(�i(y))]
�1, A2i(y) = Er3qy,it(�i(y)),

where all terms are defined using the true �i(y). Specifically, when � is a

vector, the third order derivative matrix r3q(�) is a d� ⇥ d2� matrix, defined as

(rB1(�), ...,rBd�(�)), where Bj(�) is the d� ⇥ d� Jacobian of the j th row of r2q,

here d� := dim(�).

5.1. Sampling. The following assumptions relate to the properties of the sampling

process. Recall that Fi1 ⇢ ... ⇢ FiT is the sequence of filtrations over time that

include covariates and any time invariant variables for unit i.

Assumption 5.1 (Cross-section dimension). (i) E(�i(y1)|wi, it(y2)) = 0 for any

y1, y2 and i = 1, ..., N.

(ii) The filtrations FiT are independent across i = 1, ..., N .

(iii) {(Yit,xit,wt) : t  T} are identically distributed across i = 1, ..., N .

Assumption 5.2 (Time series dimension). There are universal constants C, c > 0

such that almost surely,

max
iN

E
"
sup
y2Y

k 1p
T

X

t

$d
it(y)k8+c

#
< C,

max
iN

E
"

sup
|y1�y2|✏

k 1p
T

X

t

$d
it(y1)�

1p
T

X

t

$d
it(y2)k8

#
< C✏2,

for d = 1, 2, 3.

Assumption 5.2 imposes conditions regarding serial dependence. We impose two

high level conditions regarding the empirical process for weakly dependent data. It

requires some primitive conditions, e.g., mixing conditions, so that {(Yit,xit) : t  T}
is serially weakly dependent.
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5.2. Projections of Coe�cients. The main result of this section is to show that
b✓(y)� ✓(y) converges to a Gaussian process.

We start by defining the covariance kernel of the limiting process of b✓ � ✓. For a

given integer M > 0, let YM = (y1, ..., yM)0 be an arbitrary M -dimensional vector on

⌦M
i=1Y . Let Swz := C�1

1 C2(C 0
2C

�1
1 C2)�1 where C1 = Ewiw0

i, C2 = Ewiz0
i, and

V (yk, yl) = E
(
(S 0

wzwiw
0
iSwz)⌦

"
A1i(yk)E(

1

T

X

s,tT

 it(yk) it(yl)
0|wi)A1i(yl)

#)
.

V�(yk, yl) = E {(S 0
wzwiw

0
iSwz)⌦ E(�i(yk)�i(yl)0 | wi)}

⌃NT (yk, yl) =
1

NT
V (yk, yl) +

1

N
V�(yk, yl)

⌃NT (y) = ⌃NT (y, y). (5.1)

The covariance kernel is now given by the limit of the elements of the followingM⇥M

matrix:

H⌘,NT = (H⌘,NT (yk, yl))M⇥M

where

H⌘,NT (yk, yl) =
⌘0⌃NT (yk, yl)⌘

[⌘0⌃NT (yk)⌘]1/2[⌘0⌃NT (yl)⌘]1/2

and ⌘ 2 Rdim(vec✓). We make the following assumptions about the covariance kernel:

Assumption 5.3 (Covariance kernel). For any ⌘ 2 Rdim(vec✓)
and k⌘k > c > 0, any

integer M > 0, and any M-dimensional vector YM = (y1, ..., yM)0 on ⌦M
i=1Y, there is

an M ⇥M matrix H⌘, such that almost surely,

lim
N,T!1

H⌘,NT = H⌘. (5.2)

In addition, there is cYM ,⌘ > 0 such that

�min(H⌘) > cYM ,⌘. (5.3)

Here cYM ,⌘ may depend on YM ,M and ⌘.

Condition (5.3) is used to establish the finite dimensional distribution (f.i.d.i.) of

⌘0vec(b✓(·)� ✓(·)), which is required for a given YM ,M and ⌘. Therefore, the constant

cYM ,⌘ is allowed to depend on these parameters. To show that Assumption 5.3 is

reasonable even though the variance of �i(y) = �i(y) � ✓(y)zi may vary across y in

the second-stage regression, we consider the following model:

�i(y) = ⇠NT (y)�̄i(y), 8y 2 Y , 8i  N.

V�(yk, yl) = ⇠NT (yk)⇠NT (yl)V�̄(yk, yl), inf
y
�min(V�̄(y, y)) > c. (5.4)
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Here ⇠NT (y) is a bounded non-stochastic sequence that may converge to zero, whose

rate depends on y; �̄i(y) is a random vector of “normalized” �i(y) , so V�̄(y, y) can

be understood as a normalized covariance matrix. Hence the strength of �i(y) is

determined by the rate of convergence of ⇠NT (y). Given this setting, consider the

following special cases:

Case 1: ⇠NT (yk) = o(T�1/2) and ⇠NT (yl) � T�1/2. Here the explanatory power

of wi is strong for �i(yk), but relatively weak for �i(yl). Then

lim
N,T!1

H⌘,NT (yk, yl) = 0.

Note that the opposite case of ⇠NT (yk) � o(T�1/2) and ⇠NT (yl) = T�1/2 is

also covered.

Case 2: Both ⇠NT (yk), ⇠NT (yl) � T�1/2. Here the explanatory power of wi is

strong for both �i(yk) and �i(yl). Then

lim
N,T!1

H⌘,NT (yk, yl) = lim
N!1

⌘0V�̄(yk, yl)⌘

[⌘0V�̄(yk, yk)⌘]1/2[⌘0V�̄(yl, yl)⌘]1/2
,

where the limit of the right hand side is assumed to exist.

Case 3: Both ⇠NT (yk), ⇠NT (yl) ⌧ T�1/2. Here the explanatory power of wi is

relatively weak for both �i(yk) and �i(yl). Then

lim
N,T!1

H⌘,NT (yk, yl) = lim
N!1

⌘0V (yk, yl)⌘

[⌘0V (yk, yk)⌘]1/2[⌘0V (yl, yl)⌘]1/2
,

where the limit of the right hand side is assumed to exist.

So each element has a limit given on the right hand side. With su�cient variations

(across yk), one may assume the limit of the matrix H⌘,NT is non-degenerate that

satisfies (5.3).

The following condition describes the continuity of some moment functions. For

notational simplicity, we write

V�(y) := V�(y, y), V (y) := V (y, y).

Assumption 5.4 (Continuity). There is a universal constant C > 0 such that for

all y1, y2 2 Y,

kV (y1)� V (y2)k+max
iN

kAd,i(y1)� Ad,i(y2)k < C|y1 � y2|, d = 1, 2.
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In addition, for all ✏ > 0,

1

N

NX

i=1

E
"

sup
|y1�y2|<✏

k�i(y1)w0
i � �i(y2)w0

ik4

M(y1, y2)2

#
< C✏

sup
|y1�y2|<✏

kV�(y1)� V�(y2)k
M(y1, y2)

 C✏.

where M(y1, y2) := min{�min(V�(y1)),�min(V�(y2))}.

Assumption 5.5 (Moment bounds). There are universal constants C, c > 0 so that

(i) For some a > 0,

E

2

4sup
y2Y

 
k�i(y)w0

ik
�1/2min(V�(y))

!4
3

5 < C.

(ii) Let ⇥ be the parameter space for {�1(y), ..., �N(y) : y 2 R}. The following

moment bounds hold:

(a) maxiN supy2Y [kA1i(y)k+ kA2i(y)k] < C

(b) supy supb2⇥ maxiN [kr3Qy,i(b)k+ kr4Qy,i(b)k+ k(r2Qy,i(b))�1k] = OP (1)

(c) maxiN Ekwik8+c < C.

(iii) For all y 2 Y, and all i = 1, ..., N , we have mintT yit < y < maxtT yit with

probability approaching one.

(iv) Let S ,i(y) = Var
⇣

1p
T

PT
t=1  it(y)|wi

⌘
. Then almost surely,

min
i

inf
y2Y

�min(S ,i(y)) > c.

In addition, all eigenvalues of C1 and C 0
2C2 are bounded away from zero and infinity,

where C1 = Ewiw0
i and C2 = Ewiz0

i, with rank(C2) � dim(zi).

(v)
1
T

P
t Eixitx0

it is of full rank for each i, where the expectation Ei is taken with

respect to the joint density of (xi1, ...,xiT ) conditional on Fi1.

Condition (i) of this assumption requires that the fourth moment of �i(y) is bounded

by its second moment up to a constant, uniformly in y. To see the plausibility of this

condition, again consider model (5.4). Then the left hand side of condition (i) becomes

E
"
sup
y2Y

✓
k�i(y)w0

ik2

�min(V�(y))

◆2
#
=

1
N

PN
i=1 E(k�̄i(y)w0

ik4)
infy2Y �2min(V�̄(y, y))

,

which is upper bounded by a constant provided 1
N

PN
i=1 E(k�̄i(y)w0

ik4) < C. Other

conditions of this assumption are standard. Condition (iii) requires that we only focus

on y 2 Y that are in the range of the observed outcomes. Finally, conditions (iv) and
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(v) of Assumption 5.5 identify the parameters ✓(y) and �i(y). To see this, note that

the model implies

� 1

T

TX

t=1

Eixit⇤
�1 (Pr(yit  y|Fit)) =

 
1

T

TX

t=1

Eixitx
0
it

!
�i(y).

Inverting 1
T

PT
t=1 Eixitx0

it leads to the identification of �i(y). In addition, rank(C2) �
dim(zi) implies the identification of ✓(y).

In the theorem below, L denotes the number of lags used for the Newey-West

truncation for long-run variance, which is needed for analytical bias corrections.

Theorem 5.1. Suppose N = o(T 2) and NL2 = o(T 3). Assumptions 5.1-5.5 hold. If

�i(y) is estimated using Jackknife-debias, then we additionally assume Assumption

C.1. For any ⌘ such that k⌘k > c > 0,

⌘0vec(b✓(·)� ✓(·))
[⌘0⌃NT (·)⌘]1/2

) G(·)

where ⌃NT (y) =
1

NT V (y) +
1
N V�(y) and G(·) is a centered Gaussian process with a

covariance function H(yk, yl) as the (k, l) element of H⌘.

5.3. Counterfactual distributions and quantile e↵ects. For a generic estimator
bF (y) of F (y), which may be one of the cross-sectional distributions that we discussed

earlier, one can show that it has the following expansion

bF (y)� F (y) =
1

N

NX

i=1

[
1p
T
d ,i(y) + d�,i(y)] + oP (⇣NT (y))

where ⇣NT (y) = (NT )�1/2 + N�1/2Vart(d�,i)1/2, and the two leading terms d ,i(y)

and d�,i(y) are asymptotically independent, and respectively capture the sampling

variation from the first-stage and second-stage. The quantile e↵ects have similar

expansions:

cQE(⌧)� QE(⌧) =
1

N

NX

i=1

[
1p
T
p ,i(⌧) + p�,i(⌧)] + oP (⇣̄NT (⌧)) (5.5)

where ⇣̄NT (⌧) = (NT )�1/2 + N�1/2Vart(p�,i(⌧))1/2, and p ,i(⌧) and p�,i(⌧) are zero-

mean uncorrelated terms.

We make the following additional assumptions, which are assumed to hold for

all exit 2 {xit, hit(xit)}, i.e., either the original variable xit or the counterfactual

hit(xit). The formal definitions of (d ,i, d�,i, p ,i, p�,i) depend on the specific F 2
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{Ft, Gt, F1, G1} and QE 2 {QEt,QE1}, which are given in the Appendix. We

emphasize that Ft, Gt respectively denote the actual and counterfactual distributions

at time t and F1, G1 respectively denote the actual and counterfactual stationary

distributions.

Let ⇤̇(s) = d
ds⇤(s) and ⇤̈(s) =

d2

ds2⇤(s).

Assumption 5.6 (Moment bounds). (i) sups |⇤̇(s)|+ sups |⇤̈(s)| < C.

(ii) E[ it(yk)|�i(yl), exit, zi,wi, �i(yl)] = 0 for any yk, yl 2 Y .

(iii) Etkexitk8 + Ekxitk8kg(zi)� zik8 < C.

(iv)

Et sup
y


d�,i(y)

Vart(d�,i(y))1/2

�4
< C, inf

y
�min(Vart(d ,i(y))) > c > 0.

Assumption 5.7 (Continuity). (i) There are C > 0 and k � 4, for any y1, y2 2 Y,

Et|⇤̈(�ex0
it�i(y1))� ⇤̈(�ex

0
it�i(y2))|kkexitk2k  C|y1 � y2|k

Et|⇤̇(�ex0
it�i(y1))� ⇤̇(�ex

0
it�i(y2))|kkexitkk  C|y1 � y2|k

Et|⇤̈(�x0
it�

g
i (y1))� ⇤̈(�x0

it�
g
i (y2))|kkxitk2k  C|y1 � y2|k

Et|⇤̇(�x0
it�

g
i (y1))� ⇤̇(�x0

it�
g
i (y2))|kkxitkk  C|y1 � y2|k

Et|⇤̇(�x0
it�

g
i (y1))� ⇤̇(�x0

it�
g
i (y2))|kxit[g(zi)� zi]

0k  C|y1 � y2|.

(ii) There is C > 0, for all ✏ > 0,

sup
|y1�y2|<✏

|Vart(d�,i(y1))� Vart(d�,i(y2))|
M(y1, y2)

 C✏

sup
|⌧1�⌧2|<✏

|Vart(p�,i(⌧1))� Vart(p�,i(⌧2))|
M2(⌧1, ⌧2)

 C✏

Et

"
sup

|y1�y2|<✏

|d�,i(y1)� d�,i(y2)|4

M(y1, y2)2

#
< C✏.

where M(y1, y2) = Vart(d�,i(y1))1/2Vart(d�,i(y2))1/2 and M2(⌧1, ⌧2) = Vart(p�,i(⌧1))1/2

Vart(p�,i(⌧2))1/2.

We present the notation of (d�,i, d ,i, p�,i, p ,i) for all objects of interest in the

appendix. The theorems below additionally require Assumptions C.2, C.3, which are

based on some additional notation for the stationary distribution. We present them

in the appendix.
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Theorem 5.2. Suppose the assumptions of Theorem 5.1 and Assumptions 5.6-5.7,

C.3 hold. Then for F 2 {Ft, Gt, F1, G1} and bF 2 { bFt, bGt, bF1, bG1}, we have

bF (·)� F (·)
�NT (·)

) G(·)

where v2NT (y) = 1
NT Vart(d ,i(y)) +

1
NVart(d�,i(y)) and G(·) is a centered Gaussian

process with covariance kernel function

lim
N,T

v2NT (yk, yl)

vNT (yk)vNT (yl)
, v2NT (yk, yl) :=

1

NT
Etd ,i(yk)d ,i(yl) +

1

N
Etd�,i(yk)d�,i(yl),

assuming that limNT exists for each pair (yk, yl).

Theorem 5.3. Suppose the assumptions of Theorem 5.2 and Assumption C.2 hold.

Assume also, for all F 2 {Ft, Gt, F1, G1}, F is continuously di↵erentiable, whose

density (denoted by Ḟ ) satisfies inf⌧ inf |y��(F,⌧)|<C Ḟ (y) > c for some C, c > 0.

Then for QE 2 {QEt,QE1} and cQE 2 {cQEt, cQE1},
cQE(·)� QE(·)

JNT (·)
) GQE(·),

where J2
NT (y) := J2

NT (y, y), with

J2
NT (yk, yl) :=

1

NT
Etp ,i(yk)p ,i(yl) +

1

N
Etp�,i(yk)p�,i(yl),

and GQE(·) is a centered Gaussian process with covariance kernel function

lim
N,T

J2
NT (yk, yl)

JNT (yk)JNT (yl)
,

assuming that limNT exists for each pair (yk, yl).

5.4. Discussion of asymptotic behavior. To discuss the asymptotic behavior of

the estimators, we closely examine the spot counterfactual e↵ect QE = QEt, estimated

by cQE = cQEt. We illustrate the complications that arise in our context and the need

for a new inference method that is uniformly valid.

The asymptotic properties of other estimators are very similar. In this case,

expansion (5.5) holds, with two leading terms 1p
T
p ,i and p�,i. The first term arises

from the e↵ect of estimating �i(y). The second term is due to the cross-sectional

projection, and can be expressed as

p�,i(⌧) = II(⌧) · (a) + II(⌧) · (b) + 0(⌧) · (c)
(a) = w0

iSwzḠ(y1)�i(y1)

(b) = ⇤(�hit(xit)
0�g

i (y1))� Et⇤(�hit(xit)
0�g

i (y1))
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(c) = ⇤(�x0
it�i(y0))� Et⇤(�x0

it�i(y0)),

where y1 = �(Gt, ⌧) and y0 = �(Ft, ⌧), and other related quantities such as II(⌧),

0(⌧) and Ḡ(y1) are given in the supplementary appendix, and for now we treat

them as constants that do not a↵ect the asymptotic behavior. The key feature of

our asymptotic analysis is that we allow any or all of the three terms to be either

equal to or arbitrarily close to zero, leading to the robustness on the magnitude of

Vart(p�,i(⌧)). Robustness on (a) is equivalent to robustness to the explanatory power

in the random coe�cient model �i(y) = ✓(y)wi + �i(y), while being robust on either

(b) or (c) admits cross-sectional homogeneous models as special cases. This may also

vary across quantile levels ⌧ . For instance, at some quantiles, the model might be

homogeneous in which both (b) and (c) are exactly zero; at other quantiles, the model

might be heterogeneous, leaving one or both of them being nonzero. In practice, the

heterogeneity is unobservable, and we make no assumptions about it.

The weak convergence of Theorem 5.3 implies that for each fixed ⌧ ,

cQE(⌧)� QE(⌧)

JNT (⌧)
!d N (0, 1).

Consider a local sequence ⇠NT (⌧) � 0 and represent

p�,i(⌧) = ⇠NT (⌧)p̄�,i(⌧)

where Vart(p̄�,i(⌧)) > c > 0. So ⇠2NT (⌧) is the local rate of Vart(p�,i(⌧)), and

cQE(⌧)� QE(⌧) = OP (
1p
NT

+
⇠NT (⌧)p

N
).

If ⇠2NT (⌧) > c for some constant c > 0, then
p
NVart(p�,i(⌧))

�1/2[cQE(⌧)� QE(⌧)] !d N (0, I).

The e↵ect of the first-stage time series is absorbed by the cross-sectional regression.

This leads to the usual
p
N - rate of convergence for two-step panel regressions. If,

however, ⇠2NT (⌧) = o(T�1), then
p
NTVart(p ,i(⌧))

�1/2[cQE(⌧)� QE(⌧)] !d N (0, I).

This occurs when the observed characteristic wi has almost full explanatory power of

✓i(⌧) and the model is cross-sectionally homogeneous at the quantile level ⌧ . The e↵ect

of the first stage time series regression plays the leading role in the final estimator,

and the rate of convergence is much faster.
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While the above considers two special cases, ⇠NT (y) can be any sequence on a

compact set [0, C] that includes 0 as an admissive boundary point. This results in

possibly varying rates of convergence for cQE(⌧) � QE(⌧) at various values of ⌧ and

data generating processes. This suggests the need for a uniform inferential method.

5.4.1. Uniform inference using cross-sectional bootstrap. The following result proves

the validity of cross-sectional bootstrap in our setting, uniformly over a large class of

data generating processes with varying degrees of coe�cient heterogeneity.

Theorem 5.4. Suppose the assumptions of Theorem 5.1 hold for all probability

sequences {PT : T � 1} ⇢ P, where the universal constants do not depend on the

specific choice of PT . Then uniformly for all {PT : T � 1} ⇢ P,

(i) For the confidence level 1� a, we have

PT (⌘0vec(✓(y)) 2 CIa(y), 8y 2 Y) ! 1� a,

where CIa(y) = {m : |b✓(y) �m|  qaes⇤(y)}, and qa and es⇤ are defined corresponding

to (✓, b✓) using the cross-sectional bootstrap algorithm in Appendix A.

(ii) For (F, bF ) 2 {(Ft, bFt), (Gt, bGt), (F1, bF1), (G1, bG1)}

PT (F (y) 2 CIa(y), 8⌧ 2 Y) ! 1� a.

where CIa(y) = {m : | bF (y)�m|  qaes⇤(y)}, and qa and es⇤ are defined corresponding

to the specific (F, bF ) using the cross-sectional bootstrap algorithm in Appendix A.

(iii) For (QE, cQE) 2 {(QEt, cQEt), (QE1, cQE1)}

PT (QE(⌧) 2 CIa(⌧), 8⌧ 2 T ) ! 1� a.

where CIa(⌧) = {m : |cQE(⌧)�m|  qaes⇤(⌧)}, and qa and es⇤ are defined corresponding

to the specific (QE, cQE) using the cross-sectional bootstrap algorithm in Appendix A.

6. Simulation Evidence

We report finite-sample performances of our methods using simulations for two

objects of interest: the projection parameters and the counterfactual treatment

e↵ects. Our simulation results illustrate the importance of bias correction and the

uniform validity of our inference methods. The online appendix presents further

simulation results using a calibrated model based on the PSID dataset.

Consider the following dynamic distribution regression model,

Pr(yit  y | Fit) = �(yi(t�1)�i(y)),

�i(y) = ✓(y)wi + ✓(y)�̄i, E(�̄i | wi) = 0.
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with

✓(y) = 3 sgn(y � 2)(y � 2)2, for y 2 Y .

We set Y = {1.7, 1.8, ..., 2.3}, where the two endpoints of Y are chosen to avoid the

estimation of extreme quantiles. The marginal probabilities Pr(yit < 1.7) and Pr(yit >

2.3) are both approximately 0.1. We generate the simulated data by independently

drawing (eit, wi, �̄i) from:

eit ⇠ N (0, 1), wi ⇠ Uniform(1.5, 2.5), �̄i ⇠ Uniform(�0.5, 0.5).

Finally, yit is initialized by yi0 ⇠ Uniform(0.52, 1.52), and iteratively generated via

yit = ✓�1

✓
eit

yi(t�1)(wi + �̄i)

◆
.

The parameters of this DGP are chosen so that yi(t�1)(wi + �̄i) > 0 for all t almost

surely. Therefore, Pr(yit  y | Fit) = �(yi(t�1)�i(y)) is satisfied.

Figure 6 plots the variance of �i(y) = ✓(y)�̄i, the noise level of �i(y), across y 2 Y .

By construction, Var(�i(y)) degenerates at y = 2, and increases as y deviates from 2,

which a↵ects the rate of convergence for estimating ✓(y). The right panel plots the

true standard error of the estimator b✓(y), along with three estimators: the proposed

bootstrap standard error se⇤(y) and two additional plug-in estimators defined below.

The plug-in methods are clearly not robust to changes in Var(�i(y)) across y.

1.6 1.8 2 2.2 2.4

y

0

1

2

3

4

5

6

7
10-3 Var(

i
(y))

1.6 1.8 2 2.2 2.4

y

0.5

1

1.5

2

2.5

3
10-3 standard errors

se*(y)
plug-in-over
plug-in-under
true se

Figure 6.1. Left: Var(�i(y)). Right: estimated and true standard errors
of b✓(y) for y 2 M in the dynamic DR model. In the right panel, we plot four
“standard errors” for y 2 Y under N = T = 300. The true standard error
is calculated as the standard deviation of b✓(y) from 1,000 simulations, while
the other three are calculated using a fixed simulation of data.
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6.1. Coverage Probabilities of ✓(y). We examine the coverage properties of ✓(y)

and compare five inferential methods: (i ) Proposed : the proposed uniform inference

procedure using the interquartile range described in Remark A.1. (ii) No-debias : this

method does not debias, while all other steps are the same as the proposed method.

We expect it to perform unsatisfactorily when T  N. (iii) Conser-boot : this method

replaces Steps 4-5 of Algorithm A.1: Let q⇤⌧ be the (1� ⌧) th bootstrap quantile of
⇢
sup
y2Y

|⌘0vec(b✓⇤b (y)� b✓(y))|
�B

b=1

.

Compute the confidence band

[⌘0vec(b✓(y))� q⇤⌧ , ⌘
0vec(b✓(y)) + q⇤⌧ ].

Since the critical value q⇤⌧ is chosen for the worst case y 2 Y , we expect this method to

be conservative. (iv) Plug-in-over : this method plugs in the estimated standard error,

while assumes the second stage regression error to be non-degenerate. Specifically, it

estimates the two components V (y) and V�(y) in the standard error, and constructs

confidence band:

[⌘0vec(b✓(y))� q⌧ (⌘
0b⌃NT (y)⌘)

1/2, ⌘0vec(b✓(y)) + q⌧ (⌘
0b⌃NT (y)⌘)

1/2],

where
b⌃NT (y) =

1

NT
bV (y) +

1

N
bV�(y).

As noted above, the estimation error of bV�(y) is not negligible when V�(y) is near

the boundary so this approach should have an over coveraging probability. (iv) Plug-

in-under : this method also plugs in the estimated standard error, but assumes that

wi fully explains �i(y), which is the standard treatment in the varying coe�cient

literature. Specifically, it replaces b⌃NT (y) of the Plug-in-over method with

e⌃NT (y) =
1

NT
bV (y).

We expect the confidence band resulting from e⌃NT (y) would under-cover ✓(y).

The last two “plug-in” procedures estimate V (y) and V�(y) by:

bV (y) =
1

N

NX

i=1

(S 0
wzwiw

0
iSwz)⌦

h
bAy,1i⌅(y)bAy,1i

i
.

bV�(y) =
1

N

NX

i=1

(S 0
wzwiw

0
iSwz)⌦ (b�i(y)b�i(y)0)
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where computing the estimators bAy,1i and b�i(y) are straightforward. Meanwhile, we

apply the Newey-West type estimator ⌅(y) to estimate E( 1
T

P
s,tT  it(yk) it(yl)0 |

W ), which is given by, for the bandwidth L,

⌅(y) :=
1

T

TX

t=1

b it(y) b it(y)
0 +

1

T

LX

h=1

(1� h

L
)
X

t>h

[ b it(y) b i(t�h)(y)
0 + b i(t�h)(y) b it(y)

0].

Table 6.1 summarizes the coverage probabilities of {✓(y) : y 2 Y} where Y =

{1.7, 1.8, ..., 2.3} out of 1,000 replications. The results are genearlly as expected

although the conservative bootstrap does not appear conservative.

Table 6.1. Coverage Probabilities of {✓(y) : y 2 Y}

Methods
T N Proposed No-debias Conser-boot Plugin-over Plugin-under
50 300 0.942 0.576 0.944 0.994 0.894

400 0.945 0.440 0.952 0.998 0.899
100 300 0.946 0.813 0.957 0.995 0.854

400 0.947 0.740 0.943 0.996 0.852
200 300 0.951 0.914 0.954 0.975 0.632

400 0.958 0.883 0.947 0.970 0.621

6.2. Coverage probabilities for quantile treatment e↵ects. We now investigate

the performance of our proposed estimators of counterfactual QEs arising from the

change of wi, and the corresponding inferential methods. Specifically, we investigate

how the analytical debiasing and the jack-knife debiasing help reduce the MSEs of the

estimators and improve the coverage probabilities of the confidence intervals relative

those without debiasing. We consider the QEt at t = 1 of a counterfactual increase in

wi by the amount of 0.5 for all i and the consequent changes in �i (y), while keeping

yi,t�1 of each i unchanged. We set N = 200 and T = 50.

Table 6.2. QEt at t = 1

Estimator MSE ⇥10�6 95% CI Coverage
quantiles 15% 25% 50% 75% 85% 15% 25% 50% 75% 85% joint

No-debias 0.47 0.32 0.27 0.39 0.63 0.95 0.94 0.90 0.89 0.93 0.89
Analytical 0.44 0.32 0.24 0.29 0.47 0.92 0.93 0.89 0.95 0.92 0.91
Jackknife 0.45 0.31 0.24 0.28 0.47 0.94 0.94 0.91 0.96 0.94 0.94
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The left panel of Table 6.2 reports the MSE of the three versions of our estimators

for the QE at the 15%, 25%, 50%, 70% and 85% quantiles. The right panel reports

the coverage rates of the 95% confidence intervals, first separately for each of the five

quantiles separately, and then uniformly for the five quantiles together (“joint”). The

CIs are constructed based on our cross-sectional bootstrap procedures in Algorithm

A.3. The results illustrate that both the analytical debiasing and the jackknife

debiasing improve the finite-sample performances of our QE estimators and CIs.

The estimator MSEs under the analytical debiasing and the jackknife debiasing are

uniformly lower than those without debiasing across all five quantiles. There is also

a noticeable improvement in the coverage rates of the uniform CIs with debiasing.

7. Conclusion

We develop estimation and inference methods for dynamic distribution regression

panel models that incorporate heterogeneity both within and between units. Our

model can be employed in a large number of empirical settings. An empirical

investigation of labor income processes illustrates some economic insights our

approach can provide. We find that accounting for individual heterogeneity is

important in studying the potential impact of taxes on future income and evaluating

how the income distribution responds to increases in the education levels of sub-

populations of the data. Individual heterogeneity is also important in understanding

income mobility and poverty persistence.

In the econometric analysis, the unknown degree of heterogeneity a↵ects both

the rate of convergence and the asymptotic distribution, making them unknown

and continuously varying across di↵erent assumptions on the heterogeneity. While

analytical plug-in methods for inference break down when the degree of heterogeneity

varies, we prove that a simple cross-sectional bootstrap method is uniformly valid for a

large class of data generating processes including the case of homogeneous coe�cients.

We could extend our model in several directions. For instance, we could explicitly

include time fixed e↵ects and covariates with homogeneous coe�cients in the first

stage. This could be useful in empirical applications which directly model an outcome

variable with trends rather than the residuals. To reduce the number of estimated

parameters, we could model the individual coe�cients in HDR using factor structures

as in Chernozhukov et al. (2018b). We could also reduce dimensionality by modeling

the between and within heterogeneity though a pseudo-factor structure where the

value y plays the role of time. For example, in the empirical application we can
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model the persistence coe�cient as ⇢i(y) ⇡ �0
if y, where �i is a vector of loadings and

f y a vector of factors. Alternatively, we could use the grouped fixed e↵ects approach

of Bonhomme and Manresa (2015). Finally, while our focus here is a panel comprising

repeated time series observations on the same unit our approach could be applied to

a network setting in which there is contemporaneous dependence across units. We

leave these extensions to future work.

Appendix A. The bootstrap algorithms

In this section we introduce the bootstrap algorithm for confidence bands.

Algorithm A.1 (Confidence Band for Projections of Coe�cients).

Step 0: Pick the confidence level p, number of bootstrap repetitions B, region

Y and a component of the linear projection. This amounts to selecting a

vector ⌘ such that ⌘0vec(✓(y)) over y 2 Y is the function of interest.

Step 1: For any y 2 Y , obtain the debiased DR coe�cient estimates

b�(y) := {b�i(y) : i = 1, ..., N01(y)}

using (3.1), and the estimates of the linear projection, b✓(y), using (3.2).

Step 2: For any y 2 Y , let {(b�
⇤
i (y),w

⇤
i , z

⇤
i ) : i = 1, ..., N01(y)} be a random

sample with replacement from {(b�i(y),wi, zi) : i = 1, ..., N01(y)}. Compute

b✓
⇤
(y) =

N01(y)X

i=1

b�
⇤
i (y)bz

⇤
i (y)

0

0

@
N01(y)X

i=1

bz⇤
i (y)bz

⇤
i (y)

0

1

A
�1

,

bz⇤
i (y) :=

N01(y)X

j=1

z⇤
jw

⇤0
j

0

@
N01(y)X

j=1

w⇤
jw

⇤0
j

1

A
�1

w⇤
i .

Step 3: Repeat Step 2 for B times to obtain {b✓
⇤
b(y)}Bb=1 for each y 2 Y .

Step 4: Let q⌧ be the booststrap ⌧ -quantile of
(
sup
y2Y

�����
⌘0vec(b✓⇤b (y)� b✓(y))

s⇤(y)

�����

)B

b=1

where s⇤(y) could be either the bootstrap standard deviation or rescaled

interquartile range of {⌘0vec(b✓
⇤
b(y)}Bb=1. See remark A.1 below.

Step 5: Compute the asymptotic p-confidence band

CIp(⌘
0vec(✓(y))) := [⌘0vec(b✓(y))� q⌧s

⇤(y),⌘0vec(b✓(y)) + q⌧s
⇤(y)].
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Remark A.1 (Standard Errors). We show in the appendix that the bootstrap

standard deviation s⇤(y) is consistent, (s⇤(y) � �(y))/�(y) = oP (1), uniformly in

y, where �(y) =
p

⌘0⌃NT (y)⌘. The bootstrap interquartile range rescaled with the

standard normal distribution is an alternative: s⇤(y) = (q⇤.75(y)� q⇤.25(y))/(z.75� z.25),

where q⇤p is the bootstrap p-quantile of ⌘0vec(b✓
⇤
b(y)� b✓(y)) and zp is the p-quantile of

the standard normal. Our theory covers both cases.

For the actual and counterfactual distributions, it is convenient to express the

estimator in (3.3) as

bGt(y) =
1

N

NX

i=1

 i(y;h(xit), b�
g

i (y))

with

 i(y;x, b) = 1{i  N01(y)}⇤(�x0b) +
N1(y)

N

�1{i  N01(y)}
1

2T
tr
⇣
⇤̈(�x0b)xx0b⌃i(y)

�1
⌘
,

to simplify the notation.

Algorithm A.2 (Confidence Band for Actual and Counterfactual Distribution).

Step 0: Pick the confidence level p, number of bootstrap repetitions B, and

region Y .

Step 1: For each y 2 Y , obtain the debised estimate bGt from (3.3).

Step 2: Let {(x⇤
it, b�

⇤
i (y),w

⇤
i , z

⇤
i ) : i = 1, ..., N01(y)} be a random sample with

replacement from {(xit, b�i(y),wi, zi) : i = 1, ..., N01(y)}. Compute

bG⇤
t (y) =

1

N

NX

i=1

 i(y;hit(x
⇤
it), b�

g⇤
i (y), b�

g⇤
i (y) = b�

⇤
i (y) + b✓

⇤
(y)[g(z⇤

i )� z⇤
i ],

where b✓
⇤
(y) is defined as in Step 2 of Algorithm A.1

Steps 3-5: The same as Steps 3-5 of Algorithm A.1, with ( bG⇤, bG) in place of

(⌘0vec(b✓
⇤
),⌘0vec(b✓)).

The bootstrap inference for the actual distribution Ft(y) is a special case with

h(xit) = xit and g(zi) = zi. Finally, the algorithm below computes the confidence

band for the quantile e↵ects.

Algorithm A.3 (Confidence Bands for Quantile E↵ect).
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Step 0: Pick the confidence level p, number of bootstrap repetitions B, and

region of quantile indexes T .

Step 1: For any ⌧ 2 T , obtain the estimate cQEt(⌧) using (3.5).

Step 2: Compute the bootstrap draws of cQEt(⌧):

(1) Obtain bF ⇤
t and bG⇤

t as in step 2 of Algorithm A.2. For bF ⇤
t , set h(xit) = xit

and g(zi) = zi.

(2) For any ⌧ 2 T , calculate

cQE
⇤
t (⌧) = e�( bG⇤

t , ⌧)� e�( bF ⇤
t , ⌧).

Steps 3-5: The same as Steps 3-5 of Algorithm A.1, with (cQE
⇤
t , cQEt) in place

of (⌘0vec(b✓⇤),⌘0vec(b✓)).

Remark A.2 (Computation). The most computationally expensive task is the

computation of coe�cient estimates, which is conducted only in Step 1 of the

algorithms.

Remark A.3 (Stationary Distributions and E↵ects). The bootstrap algorithms for

stationary distributions and quantile e↵ects are omitted because their steps are similar

to the corresponding steps in Algorithms A.2 and A.3.
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Appendix B. Additional Simulation Results

B.1. Design 2: Calibrated Model. Next, we simulate a dynamic distribution

regression model from a heterogeneous-coe�cient autoregressive model with calibrated

parameters using the PSID data.

Specifically, using the empirical data, we first estimate the following model

Yi,t = ��0i � �1iYi,t�1 + �✏it, (B.1)

for each in-sample individual i to calibrate �0i, �1i and �, which we then use to

calibrate the second-stage model parameters (✓00, ✓01, ✓10, ✓11) and �0, �1 by running

the regressions

�0,i = ✓00 + w0
1i✓01 + �0�0,i, (B.2)

�1,i = ✓10 + w0
1i✓11 + �1�1,i.

where Yi,t is the outcome variables (residual log income), and w1i is the vector of

individual characteristics consisting of the variables edu, race, birth, and initialsalary.

Letting xit := (1, Yi,t�1)
0, wi := (1, w0

1i)
0 and assume ✏it ⇠ N (0, 1), we may

then rewrite (B.1) and (B.2) into the following heterogeneous dynamic distribution

regression model

P (Yi,t  y| xit) = �
⇣
e�0,i (y) + e�1,i (y)Yi,t�1

⌘

where

e�0,i (y) :=
y + �0,i
�

= e✓0 (y)0 wi + �0�0,i, (B.3)

e�1,i (y) :=
�1,i
�

= e✓1 (y)0 wi + �1�1,i,

e✓0 (y) :=
✓
y + ✓00
�

,
✓01
�

◆0

,

e✓1 (y) :=
✓
✓10
�
,
✓11
�

◆0

.
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Table B.1. QTE of Increasing edu by 1

Estimator MSE ⇥10�2

Quantiles 15% 25% 50% 75% 85%

No-debias 0.015 0.015 0.022 0.019 0.015
Analytical 0.012 0.07 0.016 0.016 0.015
Jackknife 1.99 1.54 1.48 1.76 2.03

We then simulate Yi,t according to models (B.1) and (B.2) based on the calibrated

values of �, �, �0 and �1 and calculate the implied distribution regression parameters
e�0,i (y), e�1,i (y), e✓0 (y) and e✓1 (y) based on (B.3), and apply the estimation methods we

proposed in this paper to estimate the quantile treatment e↵ects of a counterfactual

increase of edui (education) by 1 year for every individual in the sample.

Table B.1 reports the results about the MSEs of our proposed estimators, one using

analytical debiasing (“Analytical”) and one using jackknife debiasing (“Jackknife”),

in comparison with the estimator without debiasing (“No-debias”). Here we note that,

while the estimator with analytical debiasing performs well and generally better than

the one with no debiasing, the jackknife debiased estimator su↵ers from notably larger

MSEs. The main reason underlying the problem with jackknife debiasing here is a

drastic worsening of the split-sample estimator on half of time periods, which seems

to come from a reduction in the variations of the outcome variable. This suggests

that the anlaytical debiasing be used when the number of time periods is relatively

small.

B.2. Dynamic probit model. We also consider a dynamic probit model

P (yi,t+1(y) = 1|yi,t(y), �i(y)) = �(yi,t(y)�i(y) + 0.1)

�i(y) = ✓(y)w1,i + 0.3w2,i + ✓(y)�̄i.

The outcome variable depends on y 2 (0, 1) through the coe�cient �i(y).We independently

simulate the relevant variables and the initial yi,0 as follows:

(w1,i, w2,i, �̄i) ⇠ Uniform(�0.5, 0.5), yi,0(y) ⇠ Bernoulli(0.7).

As for the coe�cient function, we take ✓(y) = 0.5/T 2y2 which is strictly decreasing

and depends on T . Note that

⌃NT (y) ⇡

8
<

:

1
NT V (y), y ! 1

1
N 3Var(�̄i), y ! 0

.
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Hence the convergence rate of ⌃NT (y) varies as y approaches to either boundary of

its support. Also note that |�i(y)| < 0.65 almost surely so Yit(y) is stationary.

Table B.2 reports the coverage probabilities of the confidence band for {✓(y) : y 2
M}, where M = {0, 0.2, ..., 1}. The three bootstrap based methods: proposed, no-

debias and conservative bootstrap, perform overall satisfactorily, while the two plug-

in methods are either very conservative or under-coveraging. In addition, Figure B.1

plots the true and estimated standard errors of b✓(y). As expected, the two plug-in

standard errors are not uniformly good.

Table B.2. Coverage Probabilities of {✓(y) : y 2 M} in dynamic probit model

Methods
T N Proposed No-debias Conser-boot Plugin-over Plugin-under

200 300 0.947 0.945 0.950 0.996 0.894
400 0.961 0.956 0.954 0.995 0.910

250 300 0.945 0.940 0.943 0.997 0.886
400 0.951 0.948 0.949 0.997 0.909

300 300 0.950 0.951 0.959 0.996 0.894
400 0.953 0.947 0.953 0.996 0.886

Figure B.1. Var(�i(y)) and estimated and true standard errors of b✓(y) for
y 2 M in the dynamic probit model. N = 400, T = 300.
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Appendix C. Technical Details

C.1. Debiased estimators for �i(y). First of all, recall that N0(y) is the number

of indexes i for which y < y
i
, N1(y) be the number of indexes i for which y � yi, and

N01(y) = N �N0(y)�N1(y), that is the number of indexes i for which e�i(y) exists.
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In addition, the imposed assumptions ensure that with probability approaching one,

the following event holds:

For all y 2 Y , and all i = 1, ..., N , we have mintT yit < y < maxtT yit.

Under this event, N0(y) = N1(y) = 0 and N01(y) = N for all y 2 Y . So throughout

the technical proofs, we condition on this event, which would not a↵ect the asymptotic

results.

C.1.1. Analytical Debias. The initial estimator can be expanded as

e�i(y)� �i(y) = �A1i(y)rQy,i(�i(y))�
1

T
Bi,1T (y)�

1

T
Bi,2T (y) +Ri(y)

where A1i = [r2EQy,i(�i(y))]
�1, rQy,i(�i(y)) = � 1

T

PT
t=1  it(y) and Ri(y) is the

higher order term. To describe the first-order biases Bi,1T (y) and Bi,2T (y), write

A1i = [r2Qy,i(�i(y))]
�1, A2i = r3Qy,i(�i(y)), and A2i = r3EQy,i(�i(y)). Then

A1i

p
TrQy,i(�i(y)) =

1p
T

X

t

A1i it(y),
p
T [A�1

1i � A�1
1i ] =

1p
T

X

t

$2
it(y).

Here $2
it(y) is dim(�i)⇥ dim(�i). Let $2

it,k(y) be its k th column and

Vi,k(y) := Var

"
1p
T

X

t

`it

#
=

 
M1(y) M2,k(y)0

M2,k(y) M3k(y)

!
, `it :=

 
A1i it(y)

$2
it,k(y)

!
.

Then

Bi,1T (y) =
1

2
A1iA2ivec(M1(y))

Bi,2T (y) = �A1i

0

B@
tr(M2,1(y))

...

tr(M2,dim(�i)(y))

1

CA . (C.1)

Hence we can estimate Bi,1T (y) and Bi,2T (y) by replacing Vi,k(y) by its estimator
bVi,k(y); the latter can be obtained by the Newey-West truncation.

bVi,k(y) =
1

T

TX

t=1

b̀
it
b̀0
it +

1

T

LX

h=1

X

t>h

[b̀itb̀0i(t�h) + b̀i(t�h)
b̀0
it].

Let bBi,1T = 1
2
bA1i
bA2ivec(cM1(y)) and bBi,2T be defined as Bi,2T (y) with A1i and M2,k(y)

replaced with their estimates.

C.1.2. Jackknife Debias. Alternative to the analytical debias, we can also employ the

sample-splitting Jackknife debias to remove the higher order bias, which was used for

instance, by Dhaene and Jochmans (2015); Okui and Yanagi (2019).
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Randomly split {1, ..., T} = I [ Ic, so that |I| = T/2. Let e�i,I(y) be the same

estimated �i(y), but using data only for t 2 I. Similarly, let e�i,Ic(y) be the estimated

�i(y), but using data only for t 2 Ic. Let

�̄i(y) =
1

2
[e�i,I(y) + e�i,Ic(y)].

Then the Jackknife debiased estimator is defined as:

b�i(y) = 2e�i(y)� �̄i(y).

C.2. The counterfactual distribution of stationary distribution.

C.2.1. The model. We recall that the stationary distribution is defined as F1(y) =

E[Fi,1(y)], where Fi,1(y) =
P

k:yki y ⇡ik; the ergodic probabilities ⇡i = (⇡i1, . . . , ⇡iK)

are

⇡i = (A0
iAi)

�1A0
ieK+1, Ai =

 
IK � P i

10

!

and eK+1 is the (K+1)th column of IK+1. Also, P i is a K⇥K matrix with element

Pi,jk = Pr(yit = yji | yi(t�1) = yki ,Fit) = ⇤
⇣
�xk0

i �i(y
j
i )
⌘
� 1(j > 1)⇤

⇣
�xk0

i �i(y
j�1
i )

⌘
.

Hence we can write

F1(y) = Efi(�i, y)

where �i = vec(�i(y1i ), ..., �i(y
K
i )) and

fi(�i, y) =
KX

k=1

1{yki  y}e0
kGi(�i), Gi(�i) = (A0

iAi)
�1A0

ieK+1.

The counterfactual stationary distribution is defined as

G1(y) = Efi(�i,✓i, y), ✓i = vec(✓(y1i ), ..., ✓(y
K
i )),

where

fi(�i,✓i, y) =
KX

k=1

1{yki  y}e0
k(Ai(�i,✓i)

0Ai(�i,✓i))
�1Ai(�i,✓i)

0eK+1

and Ai(�i,✓i) is defined as Ai but with �i replaced by

�g
i = vec(�i(y

k
i ) + ✓(yki )(g(zi)� zi) : k = 1, ..., K).
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C.2.2. The Estimators of stationary distributions. Under the condition that ⇤
�
�xk0

i �i(y
j
i )
�
=

1 for j = K, we have

bF1(y) =
1

N

NX

i=1

fi(b�i, y)�
1

T

1

N

NX

i=1

bB⇡i

where bB⇡i =
1
2tr
h
@2�fi(b�i, y)

1
T

P
t
bZit
bZ

0
it

i
and

bZit = vec(bA1i(y
1
i ) b it(y

1
i ), ..., bA1i(y

K
i ) b it(y

K
i )).

Similarly, we estimate G1 by the following bias-corrected estimator:

bG1(y) =
1

N

X

i

fi(b�i, b✓i, y)�
1

2NT

X

i

tr

"
@2�fi(b�i, b✓i, y)

1

T

X

i

bZit
bZ

0
it

#
.

C.3. Definitions of leading terms in expansions. We shall show that

bFt(y)� Ft(y) =
1

N

NX

i=1

[
1p
T
d0 ,i(y) + d0�,i(y)] + oP (⇣NT (y))

bGt(y)�Gt(y) =
1

N

NX

i=1

[
1p
T
dII ,i(y) + dII�,i(y)] + oP (⇣NT (y))

bF1(y)� F1(y) =
1

N

NX

i=1

[
1p
T
d1 ,i(y) + d1�,i(y)] + oP (⇣NT (y))

bG1(y)�G1(y) =
1

N

NX

i=1

[
1p
T
d1,II
 ,i (y) + d1,II

�,i (y)] + oP (⇣NT (y))

cQEt(⌧)� QEt(⌧) =
1

N

NX

i=1

[
1p
T
pII ,i(y) + pII�,i(⌧)] + oP (⇣̄NT (⌧))

cQE1(⌧)� QE1(⌧) =
1

N

NX

i=1

[
1p
T
p1,II
 ,i (y) + p1,II

�,i (⌧)] + oP (⇣̄NT (⌧)).

The involved terms are defined as follows. We introduce some notation. Let

Zjt,i = vec(A1j(y
1
i ) jt(y

1
i ), ...,A1j(y

K
i ) jt(y

K
i )). Zit := Zit,i.

In addition, q1,0(⌧) = �(F1, ⌧), and q1,II(⌧) = �(G1, ⌧), and �j,i = vec(�j(y1i ), ..., �j(y
K
i )).

d0 ,i(y) :=
1p
T

TX

t=1

⇤̇(�x0
it�i(y))x

0
itA1i(y) it(y),

dII ,i(y) =
1p
T

TX

t=1

[w0
iSwzḠ(y) + ⇤̇(�hit(xit)

0�g
i (y))x

0
it]A1i(y) it(y)
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d0�,i(y) = ⇤(�x0
it�i(y))� Et⇤(�x0

it�i(y))

dII�,i(y) = w0
iSwzḠ(y)�i(y) + ⇤(�hit(xit)

0�g
i (y))� Et⇤(�hit(xit)

0�g
i (y)),

d1 ,i(y) := �@�fi(�i, y)
0 1p

T

TX

t=1

Zit,

d1�,i(y) := f(�i, y)� Ef(�i, y)

d1,II
 ,j (y) := � 1p

T

X

t

@�fj(y)
0Zjt +

1p
T

X

t

Hjt(y)w
0
jSwz, Hjt(y) :=

1

N

X

i

@✓fi(y)
0Zjt,i

d1,II
�,j (y) :=

1

N

X

i

@✓fi(�i,✓i, y)
0�j,iw

0
jSwz +

1

N

X

i

f(�i,✓i, y)� Ef(�i,✓i, y),

pII ,i(⌧) = II(⌧)dII ,i(�(Gt, ⌧)) + 0(⌧)d0 ,i(�(Ft, ⌧))

pII�,i(⌧) = II(⌧)dII�,i(�(Gt, ⌧)) + 0(⌧)d0�,i(�(Ft, ⌧))

p1,II
 ,i (⌧) = 1,II(⌧)d1,II

 ,i (�(G1, ⌧)) + 1(⌧)d1 ,i(�(F1, ⌧))

p1,II
�,i (⌧) = 1,II(⌧)d1,II

�,i (�(G1, ⌧)) + 1(⌧)d1�,i(�(F1, ⌧)).

where Ḡ(y) = �Et⇤̇(�hit(xit)0�
g
i (y))vec(xit(g(zi)� zi)0), and

II(⌧) =
�1

Ġt(�(Gt, ⌧))
, 0(⌧) =

1

Ḟt(�(Ft, ⌧))

1,II(⌧) =
�1

Ġ1(�(G1, ⌧))
, 1(⌧) =

1

Ḟ1(�(F1, ⌧))
. (C.2)

C.4. Further technical conditions. We additional assume the following assumptions.

Assumption C.1 (For Jackknife). (i) For each i, {(Yit,xit) : t = 1, ..., T} is serially

strictly stationary.

(ii) Long-run covariance: write

µi,T (y) :=
1p
T

TX

t=1

( it(y)
0, vec($2

it(y))
0).

Then almost surely, limT!1 Cov(µi,T (y)) exists and

max
i

sup
y

kCov(µi,T (y))� lim
T!1

Cov(µi,T (y))k = O(T�1/2).

For the estimation of QE, we additionally require the following.

Assumption C.2 (For QE). There is C > 0, so that

Vart(d
0
�,i(q0(⌧))) + Vart(d

I
�,i(qI(⌧)))  CVart(

0(⌧)d0�,i(q0(⌧)) + I(⌧)dI�,i(qI(⌧)))

Vart(d
0
�,i(q0(⌧))) + Vart(d

II
�,i(qII(⌧)))  CVart(

0(⌧)d0�,i(q0(⌧)) + II(⌧)dII�,i(qII(⌧))).

Assumption C.3 (For stationary distributions). (i) For d = 1, 2, maxi E supy k@d�fi(�i, y)k2 <
C. Also
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maxi E supy k@d�fi(�i,✓i, y)k2 < C and maxi E supy k@d✓fi(�i,✓i, y)k4 < C.

(ii) For every y1, y2, for d = 1, 2,

E sup
|y1�y2|✏

k@d�fi(�i, y1)� @d�fi(�i, y2)k4  C✏4

E sup
|y1�y2|✏

k@d�fi(�i,✓i, y1)� @d�fi(�i,✓i, y2)k4  C✏4

E sup
|y1�y2|✏

k@d✓fi(�i,✓i, y1)� @d✓fi(�i,✓i, y2)k4  C✏4

In addition, for fi 2 {fi(�i, y), fi(�i,✓i, y)}.

E sup
⇢(y1,y2)<�

|fi(y1)� Efi(y1)� (fi(y2)� Efi(y2))|2p
Var(fi(y1))Var(fi(y2))

 �2

sup
⇢(y1,y2)<�

|Var(fi(y1))� V̄ar(fi(y2))|2

Var(fi(y1))Var(fi(y2))
 �2

E sup
⇢(y1,y2)<�

k@✓fi(�i,✓i, y1)� @✓fi(�i,✓i, y2)k2k�j,iw
0
jk2p

V̄�(y1)V̄�(y2)
 �2

sup
⇢(y1,y2)<�

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)
 �2

(iii) k@2�fi(b1, y)�@2�fi(b2, y)k  Ci(y)kb1�b2k and k@2�fi(b1,✓i, y)�@2�fi(b2,✓i, y)k 
Ci(y)kb1 � b2k where supy

1
N

P
i Ci(y)4 = OP (1).

(iv) E supy k 1p
T

PT
t=1 @�fi(�i, y)

0Zitk2+a  C for some a � 2. In addition,

E sup
y

k 1p
T

TX

t=1

@�fi(�i,✓i, y)
0Zitk2+a + E sup

y
k 1p

T

TX

t=1

Hit(y)wik2+a  C.

(v) E supy [Zt(gi(y))]
2a < C, for all

gi(y) 2 {f(�i, y), @✓fi(�i,✓i, y)
0�j,iw

0
jSwz + fi(�i,✓i, y)}

(vi) E[k 1p
T

PT
t=1 Zitk4|�i] < C and 1

N

P
i Ekw0

jSwzk4k 1p
T

P
t Zjt,ik4 < C.

(vii) Let Vk1,k2 denote the (k1, k2) th block of Var( 1p
T

P
t Z̄jt|�,wj), which is a

matrix collecting pairwise conditional covariances between elements of Zjt,k1 and

Zjt,k2. We have maxk1,k2N kVk1,k2k  C.

(viii) Vart(d1�,i) + Vart(d
1,II
�,i ) = O(Var(p1,II

�,i )).

Appendix D. Theories for the debiased estimators b�i

Using the true value �i := �i(y) (we drop y for notational simplicity), define

Ri,4 =
1

2
A1iA2iE[(A1irQi(�i))⌦ (A1irQi(�i))]�

1

2
A1iA2i[(A1irQi(�i))⌦ (A1irQi(�i)]



10 IVÁN FERNÁNDEZ-VAL, WAYNE YUAN GAO, YUAN LIAO, AND FRANCIS VELLA

Ri,5 = A1i[(A
�1
1i � A�1

1i )A1irQi(�i)� E((A�1
1i � A�1

1i )A1irQi(�i))]

Bi,1T =
1

2
A1iA2iE[(A1i

p
TrQi(�i))⌦ (A1i

p
TrQi(�i)]

Bi,2T = �A1iE[
p
T (A�1

1i � A�1
1i )A1i

p
TrQi(�i)].

Standard first-order Taylor expansion gives

e�i � �i = �r2Qi(�i)
�1rQi(�i) +�i (D.1)

where for some �⇤
i between e�i and �i,

�i = �r2Qi(�i)
�1[r2Qi(�

⇤
i )�r2Qi(�i)](e�i � �i).

Let A1i = [r2Qi(�i)]�1, A2i = r3Qi(�i), A1i = [r2EQi(�i)]�1, A2i = r3EQi(�i).

D.1. Asymptotic expansion for b�i. Recall that the jackknife debiased estimator

is
b�i := e�i � (�̄i � e�i)

and the analytical debiased estimator is given by

b�i = e�i +
1

T
[ bBi,1T + bBi,2T ].

Lemma D.1 (Jackknife debias). Additionally assume Assumption C.1. Let Ri,d,I be

similarly defined using data in I, and R̄i,d = 1
2 [Ri,d,I + Ri,d,Ic ]. Then the jackknife

estimator satisfies: for some Ri,9, (we drop y for notational simplicity)

b�i � �i = �A1i
1

T

X

t

 it(y) +Ri,9 + 2Ri,4 + 2Ri,5 � R̄i,4 � R̄i,5

where supy
1
N

P
i kRi9k2 = OP (T�3) and 1

T

P
t  it(y) = rQi(�i).

Proof. By Lemma D.3, for supy
1
N

P
i k�ik2 = OP (T�3),

e�i � �i = �A1irQi(�i)�
1

T
Bi,1T � 1

T
Bi,2T +Ri,4 +Ri,5 +�i

= �A1irQi(�i)�
1

T
Bi +Ri,4 +Ri,5 +�i +Ri,7

where

Bi = lim
T!1

Bi,1T + lim
T!1

Bi,2T

Ri,7 =
1

T
( lim
T!1

Bi,1T + lim
T!1

Bi,2T � Bi,1T � Bi,2T ).

Note that the existence of limT!1 Bi,1T + limT!1 Bi,2T follows from Assumption 5.2

because Bi,1T + Bi,2T is a function of Cov(µi,T (y)|wi) and A1i; A1i does not depend
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on T due to the serial stationarity. We introduce Bi = limT!1 Bi,1T + limT!1 Bi,2T

in the above expansion so that the higher-order bias � 1
TBi becomes independent of

T ; in contrast Bi,1T +Bi,2T may depend on T due to the weak serial dependence. The

fact that Bi is independent of T is required to apply the jackknife debias devise, as

we show below. By Assumption 5.2

1

N

X

i

kRi,7k2  O(T�3).

Similar expansion holds for e�i,I and e�i,Ic , whose sample size is T/2. For instance,

e�i,I � �i = �A1irQi,I(�i)�
1

T/2
Bi +Ri,4I +Ri,5I +�iI +Ri,7I .

Let �̄i =
1
2 [�i,I +�i,Ic ]. Therefore, with �̄i =

1
2 [
e�i,I + e�i,Ic ]:

�̄i � �i = �A1i
1

2
[rQi,I(�i) +rQi,Ic(�i)]�

2

T
Bi + R̄i,4 + R̄i,5 + R̄i,7 + �̄i

= �A1irQi(�i)�
2

T
Bi + R̄i,4 + R̄i,5 + R̄i,7 + �̄i +Ri,8

where we note that the definition of Bi does not depend on the split sample, and

R̄i,7 =
1

2
[Ri7,I +Ri7,Ic ] ) 1

N

X

i

kR̄i,7k2 = OP (T
�3),

1

N

X

i

k�̄ik2 = OP (T
�3)

Ri,8 = �1{T is odd} A1i

T � 1
[rQi(�i)�rQi,I(�i)], if |I| = (T + 1)/2when T is odd.

Then uniformly in y,

1

N

X

i

kRi,8k2  OP (
1

T 2
)
1

N

X

i

[krQi(�i)k2 + krQi,I(�i)k2] = OP (T
�3).

Hence

�̄i � e�i = � 1

T
Bi + �̄i + R̄i,4 + R̄i,5 + R̄i,7 +Ri,8 � (�i +Ri,4 +Ri,5 +Ri,7).

So the jackknife debiased estimator b�i := e�i � (�̄i � e�i) admits:

b�i � �i = �A1irQi(�i) +Ri,9 + 2Ri,4 + 2Ri,5 � R̄i,4 � R̄i,5

where Ri,9 = 2�i � �̄i �Ri,8 + 2R̄i,7 � R̄i,7 and 1
N

P
i kRi,9k2 = OP (T�3). ⇤

The following lemma characterizes the analytical debias, without assuming time

series stationarity.
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Lemma D.2 (Analytical debias). Use the true value �i := �i(y) (we drop y for

notational simplicity). The analytical-debiased estimator satisfies: for some Ri,9,

b�i � �i = �A1i
1

T

X

t

 it(y) +Ri,4 +Ri,5 + e�i

where supy
1
N

P
i ke�ik2 = OP (L2T�3).

Proof. It follows from Lemma D.5 and Lemma D.3,

e�i � �i = � 1

T
Bi,1T (y)�

1

T
Bi,2T (y)� A1i

1

T

X

t

 it(y) +Ri,4 +Ri,5 +�i

= � 1

T
bBi,1T (y)�

1

T
bBi,2T (y)� A1i

1

T

X

t

 it(y) +Ri,4 +Ri,5

+�i � (
1

T
bBi,1T (y)�

1

T
Bi,1T (y))� (

1

T
bBi,2T (y)�

1

T
Bi,2T (y))

| {z }
e�i

,

where supy
1
N

P
i ke�ik2 = OP (L2/T 3). ⇤

Note that Lemma D.3 below does not assume the serial stationarity.

Lemma D.3 (Undebiased estimator). Then for some �i,

e�i � �i = � 1

T
Bi,1T (y)�

1

T
Bi,2T (y)� A1i

1

T

X

t

 it(y) +Ri,4 +Ri,5 +�i

where supy
1
N

P
i k�ik2 = OP (T�3) and 1

T

P
t  it(y) = rQi(�i).

Proof. For notational simplicity, we drop y. The notation for higher order matrix

derivatives associated with Taylor expansions are as defined in Rilstone et al. (1996).

For a real-valued function Q(�), let r3Q(�) be a dim(�) ⇥ dim(�)2 matrix, whose

j th row is given by [vecr2(@jQ(�))]0. For instance, when � = (x, y)0, then the first

row of r3Q(x, y) is given by

[@2xg, @xyg, @yxg, @
2
yg], g = @xQ(x, y).

With this notation, the third-order Taylor expansion leads to

e�i � �i = �r2Qi(�i)
�1rQi(�i)�

1

2
r2Qi(�i)

�1r3Qi(�i)[(e�i � �i)⌦ (e�i � �i)] +Ri,1

where ⌦ denotes Kronecker product and

Ri,1 = �1

6
r2Qi(�i)

�1r4Qi(�
⇤
i )[(e�i � �i)⌦ (e�i � �i)⌦ (e�i � �i)].
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Substituting from (D.1),

e�i � �i = �A1irQi(�i)�
1

2
A1iA2i[(�A1irQi(�i) +�i)⌦ (�A1irQi(�i) +�i)] +Ri,1

= �A1irQi(�i)�
1

2
A1iA2i[(A1irQi(�i))⌦ (A1irQi(�i)] +Ri,1 +Ri,2

= �A1irQi(�i)�
1

2
A1iA2i[(A1irQi(�i))⌦ (A1irQi(�i)] +Ri,1 +Ri,2 +Ri,3

= �A1irQi(�i)�
1

T
Bi,1T +

4X

d=1

Ri,d + [A1i � A1i]rQi(�i)

= �A1irQi(�i)�
1

T
Bi,1T +

6X

d=1

Ri,d �
1

T
Bi,2T (D.2)

where

Ri,2 = A1iA2i {[(�A1irQi(�i) +�i)⌦ (�A1irQi(�i) +�i)]� [(A1irQi(�i))⌦ (A1irQi(�i)]}
Ri,3 =

1

2
A1iA2i[(A1irQi(�i))⌦ (A1irQi(�i)]�

1

2
A1iA2i[(A1irQi(�i))⌦ (A1irQi(�i)].

Ri,6 = A1i[A
�1
1i � A�1

1i ](A1i � A1i)rQi(�i).

By CS and Holder’s inequalities, and Lemma D.4, Assumption 5.5,

1

N

X

i

kRi,1k2  OP (1)(
1

N

NX

i=1

ke�i � �ik8)3/4 = OP (T
�3). (by Holder p = 4/3, q = 4)

1

N

X

i

kRi,2k2  OP (1)

vuut 1

N

NX

i=1

krQy,i(�i(y))k4
1

N

NX

i=1

k�ik4 +OP (1)
1

N

NX

i=1

k�ik4 = OP (T
�3).

1

N

X

i

kRi,3k2  OP (1)

s
1

N

X

i

kA1i � A1ik4 +
1

N

X

i

kA2i � A2ik4
s

1

N

X

i

krQy,i(�i(y))k8

= OP (T
�3).

1

N

X

i

kRi,6k2  OP (1)

s
1

N

X

i

kA1i � A1ik4
s

1

N

X

i

kA�1
1i � A�1

1i k2
s

1

N

X

i

krQy,i(�i(y))k4

= OP (T
�3).

1

N

X

i

kRi,7k2  O(T�3), (Assumption 5.2).

Hence for �i := Ri,1 +Ri,2 +Ri,3 +Ri,6 +Ri,7, we have

e�i � �i = �A1irQi(�i)�
1

T
Bi,1T � 1

T
Bi,2T +Ri,4 +Ri,5 +�i

and supy
1
N

P
i k�ik2 = OP (T�3).

⇤
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D.2. Technical lemmas. Lemmas in this subsection do not assume the serial stationarity.

Lemma D.4. Uniformly in y 2 Y,

(i) 1
N

PN
i=1 ke�i � �ik8 = OP (T�4).

(ii) 1
N

PN
i=1 k�ik4 = OP (T�4).

(iii) 1
N

P
i kA1i � A1ik4 = OP (T�2) and 1

N

P
i kA2i � A2ik4 = OP (T�2).

Proof. For notational simplicity, we drop y in these quantities. We have

e�i � �i = �r2Qi(bi)
�1rQi(�i)

where bi is between e�i and �i. Hence

sup
y

1

N

NX

i=1

ke�i � �ik8  OP (1) sup
y

1

N

NX

i=1

krQi(�i)k8

 OP (T
�4)max

i
E sup

y
k 1p

T

X

t

 it(y)k8 = OP (T
�4)

where the first inequality is from: supy supb kr2Qi(b)�1k = OP (1) (Assumption 5.5).

(ii) Since r2Qi(�) is di↵erentiable with a uniformly bounded gradient,

1

N

NX

i=1

k�ik4 
C

N

NX

i=1

ke�i � �ik8 = OP (T
�4).

(iii) Since supy maxi kA1ik < C almost surely and supy maxi kA1ik < C,

1

N

X

i

kA1i � A1ik4  OP (
1

T 2
)max

i
E sup

y
k 1p

T

X

t

$2
it(y)k4 = OP (

1

T 2
).

1

N

X

i

kA2i � A2ik4  OP (
1

T 2
)max

i
E sup

y
k 1p

T

X

t

$3
it(y)k4 = OP (

1

T 2
).

⇤

Lemma D.5. Suppose Vi,k(y) is independent of W . In addition, suppose there is ady,it
so that for d = 1, 2,, supy

1
NT

P
it kady,itk4 = OP (1) and for all b1, b2,

krdqy,it(b1)�rdqy,it(b2)k  kady,itkkb1 � b2k.

Also suppose as N, T, L ! 1,

E sup
y

�����
1

T

TX

t=1

`it`
0
it +

1

T

LX

h=1

X

t>h

[`it`
0
i(t�h) + `i(t�h)`

0
it]� Var(

1p
T

X

t

`t)

�����

2

= OP (T
�1).

Then uniformly in y 2 Y,

(i) 1
N

P
i k bBi,1T � Bi,1Tk2 = OP (T�1).
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(ii) 1
N

P
i k bBi,2T � Bi,2Tk2 = OP (L2/T ).

Proof. (i) By Assumption 5.5, kA1ik, kA2ik and bA2ik are all bounded uniformly in i

and y. Then by Lemma D.4 1
N

P
i k bBi,1T � Bi,1Tk2  a1 + a2 + a3 where

a1 =
1

N

X

i

kbA1i � A1ik2kbA2ivec(cM1(y))k2 
s

C

N

X

i

kbA1i � A1ik4
s

C

N

X

i

kcM1(y)k4

 OP (T
�1)

a2 =
1

N

X

i

kA1i(bA2i � A2i)vec(cM1(y))k2 
s

C

N

X

i

kbA2i � A2ik4
s

C

N

X

i

kcM1(y)k4

 OP (T
�1)

a3 =
1

N

X

i

kA1iA2ivec(cM1(y)�M1(y))k2 
C

N

X

i

kb⌃i(y)� Var(
1p
T

X

t

A1i it(y))k2

and b⌃i(y) =
1
T

P
t
bA1i
b it(y) b it(y)0bA1i. Note that

C

N

X

i

kb⌃i(y)� Var(
1p
T

X

t

A1i it(y)|W )k2  OP (T
�1) +

s
C

NT

X

it

k b it(y)�  it(y)k4

 OP (T
�1) +

s
C

NT

X

it

ka11,itk4ke�i(y)� �i(y)k4

 OP (T
�1) + (

C

NT

X

it

ka11,itk8)1/4(
1

N

X

i

ke�i(y)� �i(y)k8)1/4 = OP (T
�1).

(ii) 1
N

P
i k bB2,1T � B2,1Tk2  a1 + a2 where

a1 =
1

N

X

i

kbA1i � A1ik2kcM2(y)k2 
s

C

N

X

i

kbA1i � A1ik4
s

C

N

X

i

kcM2(y)k4

 OP (T
�1)

a2 =
1

N

X

i

�������
A1i

0

B@
tr(M2,1(y)� cM2,1(y))

...

tr(M2,dim(�i)(y)� cM2,1(y))

1

CA

�������

2

 max
k

C

N

X

i

���M2,k(y)� cM2,k(y)
���
2

 max
k

C

N

X

i

�����
1

T

TX

t=1

`it`
0
it +

1

T

LX

h=1

X

t>h

[`it`
0
i(t�h) + `i(t�h)`

0
it]� Var(

1p
T

X

t

`t)

�����

2

+max
k

C

N

X

i

kJit(y)Jit(y)0 � bJit(y) bJit(y)0k2

+max
k

C

N

X

i

k 1
T

LX

h=1

X

t>h

[JitJ
0
i(t�h) � bJit bJ 0

i(t�h)]k2 = OP (L
2/T ).
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where Jit(y) := A1i it(y)$2
it,k(y) and bJit(y) is its estimator by replacing A1i,  it(y)

and $2
it(y) with their estimates.

⇤

Appendix E. Proof of Theorem 5.1

E.1. A high-level weak convergence result. Suppose a functional estimator has

the following expansion:

b#(y)� #(y) =
1

N

NX

i=1


1p
T
d ,i(y) + d�,i(y)

�
+ oP (⇣NT (y)) (E.1)

where ⇣NT (y) = (NT )�1/2 +N�1/2kV̄�(y)k, and define

V̄ (yk, yl) = Ed ,i(yk)d ,i(yl), V̄�(yk, yl) = Ed�,i(yk)d�,i(yl)
�2
T (yk, yl) =

1

T
V̄ (yk, yl) + V̄�(yk, yl)

�2
T (y) = �2

T (y, y), s2NT (y) =
1

N
�2
T (y)

V̄ (y) = V̄ (y, y), V̄�(y) = V̄�(y, y)

H = lim
T
(
�2
T (yk, yl)

�T (yk)�T (yl)
)M⇥M

We make the following assumption.

Assumption E.1. (i) Ed ,i(y) = Ed�,i(y) = 0, Ed ,i(yk)d�,i(yl) = 0 for all y, yk, yl.

(ii) We have 0 < c < infy V̄ (y) < C. In addition, V̄�(y) 2 [0, C], with zero as a

feasible value for V̄�(y).

(ii) E supy |d ,i(y)|2+a + E supy |
d�,i(y)2

V̄�(y)
|a < C for some a � 2.

(iii) For any � > 0,

E sup
⇢(y1,y2)<�

|d ,i(y1)� d ,i(y2)|2 + E sup
⇢(y1,y2)<�

|d�,i(y1)� d�,i(y2)|2p
V̄�(y1)V̄�(y2)

 �2

sup
⇢(y1,y2)<�

|V̄ (y1)� V̄ (y2)|2 + sup
⇢(y1,y2)<�

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)
 �2.

Proposition E.1. Suppose {d ,i(y), d�,i(y) : y 2 T } are i.i.d. across i. Assumption

E.1 holds. In addition, for each M , and any (y1, ..., yM), suppose the M ⇥M matrix

H as defined above exists, and �min(H) > c > 0.

Then
b#(·)� #(·)
sNT (·)

) G(·)
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where G(·) is a centered Gaussian process with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.

Proof. We have b#(y)� #(y) =
PN

i=1 ↵i(y) + oP (⇣NT (y)) where

↵i(y) =
1

N

1p
T
d ,i(y) +

1

N
d�,i(y).

Below we prove the weak convergence of
P

i ↵i(.)/sNT (.).

(i) show the fidi of
P

i ↵i(.)/sNT (.). For any finite integerM > 0, and any y1, ..., yM .

Let Ai = (↵i(y1)/sNT (y1), ...,↵i(yM)/sNT (yM))0. We shall show

g0
P

i Aip
g0Hg

!d N (0, 1),

for any g 6= 0 as an M -dimensional fixed vector. Here

HT = Var(
X

i

Ai) = (
�2
T (yk, yl)

�T (yk)�T (yl)
)M⇥M , H = lim

T
HT ,

Then the fidi follows from the Cramer-Wold theorem.

We proceed by verifying the Lindeberg condition. First, we bound
P

i E ((g0Ai)4).

X

i

E
�
(g0Ai)

4
�

 Mkgk4
X

i

E
 

MX

m=1

↵i(ym)4

s4NT (ym)

!

 Mkgk4 1

N4

X

i

E
 

MX

m=1

kd ,i(ym)k4

s4NT (ym)

1

T 2
+

kd�,i(ym)k4

s4NT (ym)

!

 Ckgk4 1
N

MX

m=1

E

d ,i(ym)4

V̄ (ym)2
+

d�,i(ym)4

V̄�(ym)2

�
= O(

kgk4

N
). (E.2)

In addition, �min(HT ) > �min(H) � o(1) > c for large T . Therefore, for all ✏ > 0,

we use the inequality that E|Y |1{|X| > a}  E|Y X2|/a2,
1

g0HTg

X

i

E
⇣
(g0Ai)

21{|g0Ai| > ✏
p

g0HTg}
⌘

 1

(g0HTg)2✏2

X

i

E
�
(g0Ai)

4
�
 O(N�1).

The Lindeberg’s central limit theorem then gives

YNT := g0
P

i Ai/
p
g0HT g !d N (0, 1). Therefore,

g0
P

i Aip
g0Hg

= YNT + YNT

 s
g0HTg

g0Hg
� 1

!
= YNT + oP (1) !d N (0, 1).
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(ii) Let `1(Y) be the set of all uniformly bounded real functions on Y . We show
P

i ↵i(.)/sNT (.) is asymptotically tight in `1(Y), by verifying the three conditions of

Theorem 2.11.11 in van der Vaart and Wellner (1996). Let

bi(y) =
1p
T
d ,i(y)

�T (y)
, ci(y) =

d�,i(y)

�T (y)
.

b̄i(y) =
1p
T
d ,i(y)

⇥
1
T V̄ (y)

⇤1/2 , c̄i(y) =
d�,i(y)

V̄�(y)1/2
. (E.3)

Let Fi(y) =
ai

sNT
= 1p

N
(bi(y) + ci(y)). Define ⇢(y1, y2) = C|y1 � y2|1/4 for some C > 0.

Condition (1). For every ⌘ > 0, and an arbitrarily small a > 0,
X

i

E sup
y

|Fi(y)|1{sup
y

|Fi(y)| > ⌘}

 ⌘�1 1

N

X

i

E sup
y

|bi(y) + ci(y)|21{sup
y

|bi(y) + ci(y)| >
p
N⌘}

 C

⌘a+1Na/2

1

N

X

i

E sup
y

|b̄i(y)|2+a +
1

⌘a+1Na/2

1

N

X

i

E sup
y

|c̄i(y)|2+a = o(1).

Condition (2): For every y1, y2 2 Y ,

X

i

E|Fi(y1)� Fi(y2)|2  C
1

N

X

i

E|bi(y1)� bi(y2)|2 + C
1

N

X

i

E|ci(y1)� ci(y2)|2

 CE[d ,i(y1)� d ,i(y2)]
2 + C|V̄ (y1)� V̄ (y2)|2 + C

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)

+
E|d�,i(y1)� d�,i(y2)|2p

V̄�(y1)V̄�(y2)
 C|y1 � y2|1/2  ⇢(y1, y2)

2.

Condition (3): By Assumption 5.4, for every � > 0,

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)| > ⌘

!


X

i

E
 

sup
⇢(y1,y2)<�

|Fi(y1)� Fi(y2)|2
!

 1

N

X

i

E
 

sup
⇢(y1,y2)<�

|bi(y1)� bi(y2)|2
!

+
1

N

X

i

E
 

sup
⇢(y1,y2)<�

|ci(y1)� ci(y2)|2
!

 CE sup
⇢(y1,y2)<�

|d ,i(y1)� d ,i(y2)|2

+C

"
sup

⇢(y1,y2)<�
|V̄ (y1)� V̄ (y2)|2 + sup

⇢(y1,y2)<�

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)

#
E

sup
y

d ,i(y)
2 + sup

y

d�,i(y)2

V̄�(y)

�
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+E sup
⇢(y1,y2)<�

|d�,i(y1)� d�,i(y2)|2p
V̄�(y1)V̄�(y2)

 �2. (E.4)

Thus all conditions are satisfied;
P

i ↵i

sNT
is asymptotically tight.

Together, the process
P

i ↵i(.)/sNT (.) weakly converges to a centered Gaussian

process, with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.

(iii) Next, we show that oP (1) supy ⇣NT (y)s
�1
NT (y) = o(1). We have

o(
1p
NT

)
1

infy sNT (y)
=

1

infy V̄ (y)
o(1) = o(1)

o(
1p
N
) sup

y
kV̄�(y)k1/2s�1

NT (y)  o(1) sup
y
(
V̄�(y)

V̄�(y)
)1/2 = o(1).

Hence uniformly in y,

b#(y)� #(y)

sNT (y)
=

P
i ↵i(y)

sNT (y)
+ oP (1) ) G

This implies the weak convergence .

⇤

E.2. Proof of Theorem 5.1.

Proof. Recall that wi is the exogenous variable and

b✓(y) = 1

N

NX

i=1

b�i(y)w
0
iSwz,N , Swz,N := (

1

N
W 0W )�1W 0Z(Z 0PWZ)�1.

Let Swz := C�1
1 C2(C 0

2C
�1
1 C2)�1 where C1 =

P
i Ewiw0

i and C2 = Ewiz0
i. Then

kSwz,N�Swzk = OP (N�1/2). Also by Lemma H.2, k 1
N

PN
i=1 �i(y)w

0
ik = oP (1)kV̄�(y)k1/2

uniformly in y. It implies that

1

N

NX

i=1

�i(y)w
0
iSwz,N =

1

N

NX

i=1

�i(y)w
0
iSwz + oP (

1p
N
)kV̄�(y)k1/2. (E.5)

Write

⇣NT (y) :=
1p
NT

+
1p
N
kV̄�(y)k1/2. (E.6)

By Lemmas D.3, E.1, with assumption N = o(T 2), uniformly in y 2 Y ,

b✓(y)� ✓(y) =
1

N

NX

i=1

[b�i(y)� �i(y)]w
0
iSwz,N +

1

N

NX

i=1

�i(y)w
0
iSwz,N
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=
1

NT

NX

i=1

TX

t=1

A1i(y) it(y)w
0
iSwz,N +

1

N

NX

i=1

�i(y)w
0
iSwz,N

+
1

N

NX

i=1

Ri,9w
0
iSwz,N +

1

N

NX

i=1

[2Ri,4 + 2Ri,5 � R̄i,4 � R̄i,5]w
0
iSwz,N

=(a) 1

NT

NX

i=1

TX

t=1

A1i(y) it(y)w
0
iSwz +

1

N

NX

i=1

�i(y)w
0
iSwz

+OP (T
�3/2 + T�1N�1/2 + T�1/2N�1) + oP (

1p
N
)kV̄�(y)k1/2

=
1

NT

NX

i=1

TX

t=1

A1i(y) it(y)w
0
iSwz +

1

N

NX

i=1

�i(y)w
0
iSwz + oP (⇣NT (y)),

(E.7)

where (a) follows from (E.5) and Lemma H.2. So for ⌘ 6= 0, uniformly in y, ⌘0vec(b✓(y)�
✓(y)) = 1

N

P
i ⌘

0vec( 1p
T
a ,i(y) + a�,i(y) + oP (⇣NT (y)) where

a ,i(y) =
1p
T

TX

t=1

A1i(y) it(y)w
0
iSwz

a�,i(y) = �i(y)w
0
iSwz

V (yk, yl) =
1

N

NX

i=1

E (vec(a ,i(yk))vec(a ,i(yl))
0)

= E
"
(S 0

wzwiw
0
iSwz)⌦

 
A1i(yk)E(

1

T

X

s,tT

 it(yk) it(yl)
0|wi)A1i(yl)

!#
.

V�(yk, yl) =
1

N

NX

i=1

E (vec(a�,i(yk))vec(a�,i(yl))
0)

= E [(S 0
wzwiw

0
iSwz)⌦ E(�i(yk)�i(yl)0|wi)]

V (y) = V (y, y), V�(y) = V�(y, y).

Note that vec(a ,i(y)) = (S 0
wzwi) ⌦ 1p

T

PT
t=1 A1i(y) it(y), and vec(a�,i(yk)) =

(S 0
wzwi)⌦ �i(y). Hence b✓ � ✓ can be written as (H.1) with notation

d ,i(y) = ⌘0vec(a ,i(y)), d�,i(y) = ⌘0vec(a�,i(y))

V̄ (yk, yl) = ⌘0V (yk, yl)⌘, V̄�(yk, yl) = ⌘0V�(yk, yl)⌘.

We apply Proposition E.1 by verifying Assumption E.1.

Condition (i). This follows from the assumption that E(�i(yl)| it(yk),wi) = 0 for

all yk, yl.
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Condition (ii). First, note that V̄�(y) � k⌘k2�min(V�(y)) and

|d ,i(y)|  Ckwikk
1p
T

TX

t=1

 it(y)k, |d�,i(y)|  Ck�i(y)w0
ik

V̄�(y) � k⌘k2�min(V�(y)).

E sup
y

|d ,i(y)|2+a  C

vuutEkwik4+2aE sup
y

k 1p
T

TX

t=1

 it(y)k4+2a < C

E sup
y

|d�,i(y)
2

V̄�(y)
|a  CE sup

y


k�i(y)w0

ik2

�min(V�(y))

�a
< C.

Condition (iii). We have

E sup
⇢(y1,y2)<�

|d ,i(y1)� d ,i(y2)|2  C sup
⇢(y1,y2)<�

kA1i(y1)� A1i(y2)k2E sup
y

k 1p
T

X

t

 itw
0
ik2

+CE sup
⇢(y1,y2)<�

k 1p
T

X

t

 it(y1)�
1p
T

X

t

 it(y2)k2kwik2  �2.

E sup
⇢(y1,y2)<�

|d�,i(y1)� d�,i(y2)|2p
V̄�(y1)V̄�(y2)

 CE sup
⇢(y1,y2)<�

k�i(y1)wi � �i(y2)wik2p
�min(V�(y1))�min(V�(y2))

< �2

sup
⇢(y1,y2)<�

|V̄ (y1)� V̄ (y2)|2  C sup
⇢(y1,y2)<�

kV (y1)� V (y2)k2  �2

sup
⇢(y1,y2)<�

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)
 C sup

⇢(y1,y2)<�

kV�(y1)� V�(y2)k2

�min(V�(y1))�min(V�(y2))
 �2

Hence Assumption E.1 holds. Thus the weak convergence of ⌘0vec(b✓(y)�✓(y))
sNT (y) follows

from Proposition E.1.

⇤

Lemma E.1. Uniformly in y 2 Y,

(i) 1
N

P
i Ri,4w0

i = OP (
1

T
p
N
), 1

N

P
i R̄i,4w0

i = OP (
1

T
p
N
)

(ii) 1
N

P
i Ri,5w0

i = OP (
1

T
p
N
), and 1

N

P
i R̄i,5w0

i = OP (
1

T
p
N
).

Proof. (i) Term 1
N

P
i Ri,4w0

i. Recall that
1
N

P
i Ri,4w0

i =
1
N

P
i[E(Mi(y))�Mi(y)]w0

i.

where by (AB)⌦ (AB) = (A⌦ A)(B ⌦ B),

Mi(y) =
1

2
A1iA2i(A1irQi(�i))⌦ (A1irQi(�i))

=
1

2
A1iA2i(A1i ⌦ A1i)(rQi(�i)⌦rQi(�i))

While this is a randommatrix, as the dimension is fixed, we consider a one-dimensional

case without loss of generality. In this case, Mi(y) is a scalar variable, which depends
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on y through �i. Let bi(y) =
1
2A1iA2i(A1i ⌦ A1i) and

ai(y) = TrQi(�i)⌦rQi(�i)� TE[rQi(�i)⌦rQi(�i)].

Also, let Fi(y) = � 1p
N
ai(y)bi(y)w0

i. Then
T
p
N

N

P
i Ri,4w0

i =
P

i Fi(y) and EFi(y) = 0.

Let `1(Y) be the set of all uniformly bounded read functions on Y . It su�ces

to show that
P

i Fi(y) is asymptotically tight in `1(Y), by verifying conditions of

Theorem 2.11.11 in van der Vaart and Wellner (1996).

Define a semi-metric ⇢(y1, y2) = C̄|y1 � y2|1/4 for all y 2 Y and some large C̄ > 0.

To verify Condition (1) of the cited theorem, note for every ⌘ > 0, and fix some

0 < a < 2, we use the inequality xb1{x > ⌘}  xb+a⌘�a for x > 0 to have:
X

i

E sup
y

|Fi(y)|1{sup
y

|Fi(y)| > ⌘}

 ⌘�1 1

N

X

i

E sup
y

|ai(y)bi(y)wi|21{sup
y

|ai(y)bi(y)wi| >
p
N⌘}

 1

⌘a+1Na/2

1

N

X

i

E sup
y

|ai(y)bi(y)wi|2+a

 C

⌘a+1Na/2

1

N

X

i

[E sup
y

|ai(y)|m]bkwik4

for some constants b > 0 and m = 4(2 + a)/(2� a) using Holder’s inequality.

By assumption 5.2 for some c > 0, E[supy(
1p
T

P
t  

j
it(y))

8+c|W ] < C. Note that

without loss of generality, we can write

ai(y) =
1p
T

X

t

 1
it(y)

1p
T

X

t

 2
it(y)� E[ 1p

T

X

t

 1
it(y)

1p
T

X

t

 2
it(y)]

for some functions E 1
it(y) = E 2

it(y) = 0. This implies 1
N

P
i E supy |ai(y)|m < C.

This verifies Condition (1).

Condition (2): For every y1, y2 2 Y ,

X

i

E|Fi(y1)� Fi(y2)|2 
1

N

X

i

(E|ai(y1)bi(y1)� ai(y2)bi(y2)|4)1/2(Ekwik4)1/2

 C
1

N

X

i

bi(y1)
2 1

N

X

i

(E|ai(y1)� ai(y2)|4)1/2 + C
1

N

X

i

|bi(y1)� bi(y2)|2
1

N

X

i

(Eai(y2)4)1/2

 C
1

N

X

i

(E|ai(y1)� ai(y2)|4)1/2 + C
1

N

X

i

|bi(y1)� bi(y2)|2

 C|y1 � y2|1/2  C⇢(y1, y2)
2.

In the third line above, 1
N

P
i |bi(y1) � bi(y2)|2 < C|y1 � y2|2 since A1i(y) and A2i(y)

are Lipschitz continuous with universe constants.
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To show 1
N

P
i(E|ai(y1) � ai(y2)|4)1/2 < C|y1 � y2|1/2, note that the left hand side

is bounded by I1 + I2 where for A⌦2 := A⌦ A,

I1 =

"
1

N

X

i

|E( 1p
T

X

t

 it(y1))
⌦2 � E( 1p

T

X

t

 it(y2))
⌦2|4

#1/2
 C|y1 � y2|2

I2 =

"
1

N

X

i

E|( 1p
T

X

t

 it(y1))
⌦2 � (

1p
T

X

t

 it(y2))
⌦2|4

#1/2
.

The bound for I1 is due to the Lipschitz continuity with a universe constant (Assumption

5.4). To bound I2, we fix any two elements of  it(y):  it(y1)1 and  it(y1)2, and let

fj(y) =
1p
T

P
t  it(y)j for j = 1, 2. Then

"
1

N

X

i

E|f1(y1)f2(y1)� f1(y2)f2(y2)|4
#1/2

 C(max
j=1,2

1

N

X

i

E|f1(y1)� f1(y2)|8)1/4(max
j=1,2

sup
y

1

N

X

i

E|fj(y)|8)1/4

 C|y1 � y2|1/2.

The last inequality is due to Assumption 5.2. This verifies Condition (2).

Condition (3): For every � > 0,

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)| > ⌘

!


X

i

E
 

sup
⇢(y1,y2)<�

|Fi(y1)� Fi(y2)|2
!

 1

N

X

i

E
 

sup
⇢(y1,y2)<�

|ai(y1)bi(y1)� ai(y2)bi(y2)|2kwik2
!

 C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4

|ai(y1)� ai(y2)|4)1/2 + C
1

N

X

i

sup
|y1�y2|<(�/C̄)4

|bi(y1)� bi(y2)|2

 �2

by choosing a su�ciently large C̄ in the definition of ⇢. In the above, to bound
1
N

P
i(E sup|y1�y2|<(�/C̄)4 |ai(y1)�ai(y2)|4)1/2, note that a similar argument as verifying

Condition (2) yields, by Assumption 5.2,

1

N

X

i

(E sup
|y1�y2|<(�/C̄)4

|f1(y1)f2(y1)� f1(y2)f2(y2)|4)1/2

 C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4

|f1(y1)� f1(y2)|8)1/4
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 C(�/C̄)2 < �2.

Hence all su�cient conditions of Theorem 2.11.11 in van der Vaart and Wellner

(1996) are verified. Thus
P

i Fi(y) = OP (1) uniformly in y.

(ii) Term 1
N

P
i Ri,5w0

i. Recall that

1

N

X

i

Ri,5w
0
i =

1

T
p
N

X

i

Fi(y)

Fi(y) =
1p
N
A1iMi(y)w

0
i

Mi(y) = T (A�1
1i � A�1

1i )A1irQi(�i)� TE((A�1
1i � A�1

1i )A1irQi(�i))

We note EFi(y) = 0. It remains to show
P

i Fi(y) to be asymptotically tight by

verifying the conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996).

Condition (1): for every ⌘ > 0, fix 0 < a < 2, by the same argument as for
1
N

P
i Ri,4w0

i,

X

i

E sup
y

|Fi(y)|1{sup
y

|Fi(y)| > ⌘}  C

⌘a+1Na/2

1

N

X

i

E sup
y

|Mi(y)|2+akwik2+a

 C

⌘a+1Na/2

1

N

X

i

[E sup
y

|
p
T (A�1

1i � A�1
1i )|4+2a]1/2|[E sup

y
|
p
TrQi(�i)|8+4a]1/4 + o(1)

= o(1).

Condition (2). Define ai(y) =
p
TA1i[A

�1
1i �A�1

1i ]A1i and bi(y) =
p
TrQi(�i). Then

Fi(y) =
1p
N
[ai(y)bi(y)� Eai(y)bi(y)]w0

i, for E = E(|wi),

X

i

E|Fi(y1)� Fi(y2)|2  C
1

N

X

i

E|ai(y1)bi(y1)� ai(y2)bi(y2)|2kwik2

+C
1

N

X

i

EkEai(y1)bi(y1)� Eai(y2)bi(y2)k2kwik2

 C
1

N

X

i

[Ekai(y1)� ai(y2)k4]1/2 + C
1

N

X

i

[Ekbi(y1)� bi(y2)k4]1/2.

where we used assumption Var(ai(y)|wi) < 1. The second term is bounded by C|y1�
y2|1/2 = C⇢(y1, y2)2. We now work on the first term. Let ci(y) =

p
T [A�1

1i (y)�A�1
1i (y)].

ai(y1)� ai(y2) = A1i(y1)ci(y1)A1i(y1)� A1i(y2)ci(y2)A1i(y2)

= [A1i(y1)� A1i(y2)]ci(y1)A1i(y1) + A1i(y2)[ci(y1)� ci(y2)]A1i(y1)

+A1i(y2)ci(y2)[A1i(y1)� A1i(y2)].
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Hence

[
1

N

X

i

Ekai(y1)� ai(y2)k4]1/2  Cmax
i

kA1i(y1)� A1i(y2)k2[
1

N

X

i

Ekci(y1)k8]1/4

+[
1

N

X

i

Ekci(y1)� ci(y2)k4]1/2

 C|y1 � y2|2 + [
1

N

X

i

Ekci(y1)� ci(y2)k4]1/2

 C|y1 � y2|1/2,

where the bound for terms involving A1i(y1)�A1i(y2) simply applies the fact that A1i

is continuously di↵erentiable with respect to y, with bounded gradients uniformly in

(y, i) (almost surely).

Condition (3): For every � > 0, for su�ciently large C̄,

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)| > ⌘

!

 1

N

X

i

E
 

sup
⇢(y1,y2)<�

|ai(y1)bi(y1)� ai(y2)bi(y2)� E[ai(y1)bi(y1)� ai(y2)bi(y2)]|2 kwik2
!

 C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4

|ai(y1)� ai(y2)|4)1/2 + C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4

|bi(y1)� bi(y2)|4)1/2

+C
1

N

X

i

E
 

sup
⇢(y1,y2)<�

Ekai(y1)� ai(y2)k2kwik2
!
sup
y

Ekbi(y)k2

+C
1

N

X

i

E
 

sup
⇢(y1,y2)<�

Ekbi(y1)� bi(y2)k2kwik2
!
sup
y

Ekai(y)k2

 (C/C̄)�2 + C[
1

N

X

i

E sup
|y1�y2|<(�/C̄)4

kci(y1)� ci(y2)k4]1/2

+C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4

|bi(y1)� bi(y2)|4)1/2

+C sup
wi

sup
|y1�y2|<(�/C̄)4

[Ekci(y1)� ci(y2)k2 + kbi(y1)� bi(y2)k2]  �2.

The proof of 1
N

P
i R̄i,dw0

i is the same.

⇤

Lemma E.2. infy �min(V (y)) > c > 0.

Proof. We first define some notation. For matrices we write A � 0 if A is semipositive

definite, and writeA � B ifA�B � 0. LetGi(y) := A1i(y)Var(
1p
T

P
tT  it(y))A1i(y).
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Let Si = S 0
wzwiw0

iSwz and S ,i(y) = Var( 1p
T

P
tT  it(y)|wi). Then almost surely

inf
YM

min
i
�min(Gi(y)) � inf

YM

min
i
�2min(Ai,y1)min

i
�min(S ,i(y)) > c.

So Si ⌦ [Gi(y) � cI] � 0, which implies Si ⌦ Gi(y)) � Si ⌦ (cI). Let vy be the

eigenvector of V (y) corresponding to its smallest eigenvalue,

inf
YM

�min(V (y)) = inf
YM

v0yE[Si ⌦Gi(y)]vy � inf
YM

v0y[ESi ⌦ (cI)]vy

= inf
YM

v0y[(ESi)⌦ (cI)]vy � �min[(ESi)⌦ (cI)]

= c�min(ESi) = c�min(S
0
wzEwiw

0
iSwz) > c.

⇤

Lemma E.3. Let Xi(y1, y2) be a random variable so that there are C, c > 0, for all

✏ > 0 1
N

P
i E sup|y1�y2|✏ kXi(y1, y2)k < C✏c. Then for all y1 6= y2,

1

N

X

i

EkX(y1, y2)k < C|y1 � y2|c.

Proof.

1

N

X

i

E|X(y1, y2)|  sup
✏>0

1

✏c
1

N

X

i

E sup
|y1�y2|=✏

kX(y1, y2)k|y1 � y2|c  C|y1 � y2|c.

⇤

Appendix F. Proof of Theorem 5.2

We present the proof for a general case where, consider functionals taking the form

#g(y) = Etf(�i(y),✓(y), Dit)

for some known function f and “data” Dit. This admits both the actual distribution

f(�i(y),✓(y), Dit) = ⇤(�x0
it�i(y)), and the counterfactual distribution f(�i(y),✓(y), Dit) =

⇤(�hit(xit)0�
g
i (y)), where �g

i (y) = ✓(y)[g(zi)� zi] + �i(y), as special cases.

We apply Proposition E.1 by verifying Assumption E.1. For any random variable

xit, let

Zt(xit) :=
xit � Etxitp
Vart(xit)

where Et and Vart are the expectation and variance operators with respect to the

cross-sectional distribution of xit given t.
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F.1. The functional #g(y) = Etf(�i(y),✓(y), Dit). We estimate it by the debiased

estimator

b#g(y) =
1

N

X

i

f(b�i(y), b✓(y), Dit)�
1

2NT

X

i

tr
h
@2�f(b�i(y), b✓(y), Dit)b⌃i(y)

�1
i

where b⌃i(y) = �r2Qy,i(b�i(y)).

Let @�fi(y) = @�fi(�i(y),✓(y), y), f̈i,� := @2�f(�i(y),✓(y), Dit), f̈i,✓ := @2✓f(�i(y),✓(y), Dit),,

and f̈i,�✓ := @2�✓f(�i(y),✓(y), Dit). In addition, let Ḡ(y) = Et@✓f(�i(y),✓(y), Dit)0,

where @✓ is taken with respect to the coordinates of vec(✓).

Assumption F.1. (i) maxi E supy krfik8 +maxi E supy kr2fik4 < C.

(ii) There is C > 0, for all y1, y2, and i,

E|@�fi(y1)� @�fi(y2)|4 + E|f̈i,�(y1)� f̈i,�(y2)|4  C|y1 � y2|4.

(iii) E[ it(yk)|�i(yl), Dit] = 0 and Vart(d ,i(y)) > c > 0.

(iv) E supy

⇥
Zt(w0

iSwzḠ(y)�i(y) + f(�i(y),✓(y), Dit))
⇤4

< C.

(v) Write f(y) = f(�i(y),✓(y), Dit) for simplicity.

E sup
⇢(y1,y2)<�

|f(y1)� Ef(y1)� (f(y2)� Ef(y2))|2p
V̄�(y1)V̄�(y2)

 �2

E sup
⇢(y1,y2)<�

k�i(y1)w0 � �i(y2)w0k2p
V̄�(y1)V̄�(y2)

 �2, sup
⇢(y1,y2)<�

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)
 �2.

(vi) supy kḠ(y)k < C, and kḠ(y1)� Ḡ(y2)k < C|y1 � y2|.

Define

V̄ (yk, yl) = Et[@�fi(yk)
0A1i(yk)

1

T

X

sl

 is(yk) il(yl)
0A1i(yl)@�fi(yl)],

V̄�(yk, yl) = Covt[f(�i(yk),✓(yk), Dit), f(�i(yl),✓(yl), Dit)]

�2
T (yk, yl) =

1

T
V̄ (yk, yl) + V̄�(yk, yl)

�2
T (y) = �2

T (y, y), s2NT (y) =
1

N
�2
T (y)

H = lim
T
(
�2
T (yk, yl)

�T (yk)�T (yl)
)M⇥M

Proposition F.1. Suppose Assumption F.1 holds. Also, N = o(T 2) and NL2 =

o(T 3). Then
b#g(·)� #g(·)

sNT (·)
) G(·)
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where G(·) is a centered Gaussian process with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.

Proof. Lemma F.1 shows uniformly in y,

b#g(y)� #g(y) =
1

N

NX

i=1


1p
T
d ,i(y) + d�,i(y)

�
+ oP (⇣NT (y)),

where @�fi(y) := @�f(�i(y),✓(y), Dit), ⇣NT = 1p
NT

+ V̄�(y),

d ,i(y) =
1p
T

TX

t=1

(w0
iSwzḠ(y)� @�fi(y)

0)A1i(y) it(y)

d�,i(y) = w0
iSwzḠ(y)�i(y) + f(�i(y),✓(y), Dit)� Etf(�i(y),✓(y), Dit).

We now verify the three conditions in Assumption E.1.

Assumption E.1 (i). This follows from E[ it(yk)|�i(yl),wi, �i(yl), Dit] = 0.

Assumption E.1 (ii).

E sup
y

|d ,i(y)|2+a  CE sup
y

k 1p
T

TX

t=1

 it(y)w
0
ik2+a + CE sup

y
k 1p

T

TX

t=1

 it(y)@�fi(y)
0k2+a

< C

E sup
y

|d�,i(y)
2

V̄�(y)
|a  CE sup

y

⇥
Zt(w

0
iSwzḠ(y)�i(y) + f(�i(y),✓(y), Dit))

⇤2a
< C.

Assumption E.1 (iii). This condition is verified using the triangular inequality and

the primitive inequalities in Assumption F.1.

Hence Assumption E.1 is verified. We then have the weak convergence, following

from Proposition E.1. ⇤

Lemma F.1. Uniformly in y,

b#g(y)� #g(y) = oP (⇣NT (y)) +
1

NT

X

it

(w0
iSwzḠ(y)� @�fi(y)

0)A1i(y) it(y)

+
1

N

NX

i=1

�
w0

iSwzḠ(y)�i(y) + [f(�i(y),✓(y), Dit)� Etf(�i(y),✓(y), Dit)]
�
.

Proof. Write @�fi(y) := @�f(�i(y),✓(y), Dit). LetGN(y) :=
1
N

P
i @✓f(�i(y),✓(y), Dit),

where @✓ is taken with respect to the coordinates of vec(✓). By the Taylor expansion

up to the second order, (for the first term involving b✓� ✓, use the identity tr(A0B) =
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vec(A)0vec(B)):

1

N

X

i

f(b�i(y), b✓(y), Dit)� f(�i(y),✓(y), Dit) = D0 + ...+D3 +R1

D0 :=
1

N

X

i

@�fi(y)
0(b�i(y)� �i(y))

D1 :=
1

2N

X

i

tr
h
f̈i,�(b�i(y)� �i(y))(b�i(y)� �i(y))

0
i

D2 := tr[GN(y)(b✓(y)� ✓(y))],

= tr[
1

NT

X

it

GN(y)A1i(y) it(y)w
0
iSwz] + tr[

1

N

NX

i=1

GN(y)�i(y)w
0
iSwz] + oP (⇣NT (y))

=
1

NT

X

it

w0
iSwzG(y)A1i(y) it(y) +

1

N

NX

i=1

w0
iSwzG(y)�i(y) + oP (⇣NT (y))

D3 :=
1

N

X

i

(b�i(y)� �i(y))
0f̈i,�✓(b✓ � ✓) + (b✓ � ✓)0

1

2N

X

i

f̈i,✓(b✓ � ✓) = oP (⇣NT (y))

(F.1)

where for some ai,

R1 =
1

6N

X

i

@3�f(ai, Dit)(b�i(y)� �i(y))⌦ (b�i(y)� �i(y))⌦ (b�i(y)� �i(y)).

We have

sup
y

R1  sup
y

C

N

X

i

kb�i � �ik3 = OP (
1

T 3/2
) = oP (

1p
NT

).

In the above, D2 is analyzed by using (E.7). Also all oP terms are uniform in y.

To analyze D0 +D1, by Lemma D.2, b�i � �i = �A1i
1
T

P
t  it(y) +Ri,4 +Ri,5 + e�i

where supy
1
N

P
i ke�ik2 = OP (L2T�3). Substitute to the above expression,

D0 +D1

= � 1

N

X

i

@�fi(y)
0A1i

1

T

X

t

 it(y) +
1

2NT

X

i

tr
h
f̈i,�Evi(y)

i
+

3X

d=1

Hd

H1 :=
1

2NT

X

i

tr
h
f̈i,�(vi(y)� Evi(y))

i

H2 :=
1

N

X

i

@�fi(y)
0(Ri,4 +Ri,5)

H3 :=
1

N

X

i

@�fi(y)
0 e�i �

1

2N

X

i

tr

"
f̈i,�A1i

1

T

X

t

 it(y)(Ri,4 +Ri,5)
0

#

� 1

2N

X

i

tr

"
f̈i,�A1i

1

T

X

t

 it(y)e�0
i

#
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+
1

2N

X

i

tr
h
f̈i,�(Ri,4 +Ri,5)(b�i(y)� �i(y))

0
i
+

1

2N

X

i

tr
h
f̈i,� e�i(b�i(y)� �i(y))

0
i

vi(y) := A1i
1p
T

X

t

 it(y)
1p
T

X

s

 is(y)
0A1i.

We proceed as following steps. Step 1, show
P3

d=1 Hd is negligible. Step 2, estimate

the bias Evi(y) by b⌃i(y)�1 and compute the debiased estimator, and show that the

bias estimation is negligible.

step 1. Write Fi(y) =
1

2
p
N
tr
h
f̈i,�(vi(y)� Evi(y))

i
. Then H1 =

1
T
p
N

P
i Fi(y). We

now show
P

i Fi(y) = OP (1) uniformly in y by showing it is asymptotically tight.

For notational simplicity, we focus on an arbitrary element of f̈i,�Bi(y) and continue

using f̈i,�Bi(y) to denote this element with abuse of notation. Since the dimension

of �i(y) is fixed, this does not a↵ect the asymptotic behavior. For any ⌘ > 0, and

a > 0,
X

i

E sup
y

|Fi(y)|1{sup
y

|Fi(y)| > ⌘}  1

⌘

X

i

E sup
y

|Fi(y)|21{sup
y

|Fi(y)| > ⌘}

=
1

4N⌘

X

i

E sup
y

h
f̈i,�(vi(y)� Evi(y))

i2
1{sup

y
|
h
f̈i,�(vi(y)� Evi(y))

i
| > 2

p
N⌘}

 1

4Na/2⌘1+a

1

N

X

i

E sup
y

h
f̈i,�(vi(y)� Evi(y))

i2+a

 C

Na/2⌘1+a

1

N

X

i

[E sup
y

[vi(y)� Evi(y)]4](2+a)/4 = o(1)

provided that E supy [vi(y)� Evi(y)]4  CE supy vi(y)
4 and maxi E supy kf̈k4/3 < C.

We recall that f̈i,� depends on y through �i(y). For every y1, y2 2 Y , by Assumption

5.2 and Lemma E.3, 1
N

P
i E(vi(y1)� vi(y2))4  C|y1 � y2|. Hence

X

i

E|Fi(y1)� Fi(y2)|2 
C

N

X

i

(E|f̈i,�(y1)� f̈i,�(y2)|4)1/2(Evi(y1)4)1/2

+[
C

N

X

i

E(vi(y1)� vi(y2))
4]1/2  C|y1 � y2|2 + C|y1 � y2|1/2  C|y1 � y2|1/2.

For every � > 0, and ⇢(y1, y2) = C̄|y1 � y2|1/4, for su�ciently large C̄,

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)| > ⌘

!

X

i

E
 

sup
⇢(y1,y2)<�

|Fi(y1)� Fi(y2)|2
!

 C

N

X

i

(E sup
⇢(y1,y2)<�

|f̈i,�(y1)� f̈i,�(y2)|4)1/2(E sup
y

vi(y)
4)1/2
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+[
C

N

X

i

E sup
⇢(y1,y2)<�

(vi(y1)� vi(y2))
4]1/2  �2.

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are

verified. Thus
P

i Fi(y) = OP (1) uniformly in y. This implies supy H1 = OP (
1

T
p
N
).

In addition, it follows from the same argument of that of Lemma E.1 that supy H2 =

OP (
1

T
p
N
). Next, by Cauchy-Schwarz inequality, uniformly in y,

H2
3  OP (1)

1

N

X

i

ke�ik2 +OP (1)

0

@ 1

N

X

i

"
1

T

X

t

 it(y)

#41

A
1/2

1

N

X

i

h
kRi,4 +Ri,5k2 + ke�ik2

i

+OP (1)

 
1

N

X

i

h
b�i � �i

i4
!1/2

1

N

X

i

h
kRi,4 +Ri,5k2 + ke�ik2

i
= OP (

1

T 3
+

L2

T 4
).

Together, provided that N = o(T 2) and NL2 = o(T 3),

sup
y

|H1 +H2 +H3| = OP (
1

T
p
N

+
1

T 3/2
+

L

T 2
) = oP (

1p
NT

).

Step 2. Bias correction. Because  is(y) is a martingale di↵erence, and the loss

function is the log-likelihood,

Evi(y) = A1i
1

T

X

t

E it(y)) it(y))
0A1i = �A1i.

The e↵ect of bias correction is: uniformly in y,

1

2NT

X

i

tr
h
@2�f(b�i(y), Dit)b⌃i(y)

�1
i
� 1

2NT

X

i

tr
⇥
@2�f(�i(y), Dit)Evi(y)

⇤

 1

2NT

X

i

tr
h
@2�f(b�i(y), Dit)� @2�f(�i(y), Dit)

i
b⌃i(y)

�1

+
1

2NT

X

i

tr@2�f(�i(y), Dit)
h
b⌃i(y)

�1 � Evi(y)
i

 C

T
(
1

N

X

i

kb�i(y)� �i(y)k2)1/2(
1

N

X

i

kb⌃i(y)k2)1/2 +
C

T
(
1

N

X

i

kb⌃i(y)
�1 � Evi(y)k2)1/2

= OP (
1

T 3/2
) = oP (

1p
NT

),

where we used

1

N

X

i

kb⌃i(y)
�1 � Evi(y)k2  OP (1)

1

N

X

i

k[r2Qi(b�i(y))]
�1 � [r2EQi(�i(y))]

�1k2 = OP (
1

T
).

So
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1

N

X

i

f(b�i(y), b✓(y), Dit)�
1

2NT

X

i

tr
h
@2�f(b�i(y), b✓(y), Dit)b⌃i(y)

�1
i
� f(�i(y),✓(y), Dit)

=
1

NT

X

it

[w0
iSwzG(y)� @�fi(y)

0]A1i(y) it(y) +
1

N

NX

i=1

w0
iSwzG(y)�i(y) + oP (⇣NT (y)).

⇤

F.2. Proof of Theorem 5.2.

Proof. We now apply Proposition F.1 to obtain the weak convergence of the cross-

sectional distributions. This boils down to verifying Assumption F.1 for Gt.

For Ft. In this case f(b,Dit) = ⇤(�x0
itb).

Verifying Assumption F.1(i). We have @�fi = �⇤̇(�x0
it�i(y))xit, and f̈i = ⇤̈(�x0

it�i(y))xitx0
it

Then

max
i

E sup
y

k@�fik8 +max
i

E sup
y

kf̈i,�k4  Cmax
i

Ekxitk8 < C

Verifying Assumption F.1(ii). For k � 4,

Ekf̈i,�(y1)� f̈i,�(y2)k4  E|⇤̈(�x0
it�i(y1))� ⇤̈(�x0

it�i(y2))|4kxitk8  C|y1 � y2|4

E|@�fi(y1)� @�fi(y2)|4  E|⇤̇(�x0
it�i(y1))� ⇤̇(�x0

it�i(y2))|4kxitk4  C|y1 � y2|4.

Verifying Assumption F.1(iii). This holds given E[ it(yk)|�i(yl),xit] = 0 and

Vart(d ,i(y)) = Et⇤̇(�x0
it�i(y))

2x0
itA1iVart(

1p
T

X

s

 is(y)|xit,�i(y))A1ixit

� �min(Vart(
1p
T

X

s

 is(y)|xit,�i(y)))�min(A1i(y)
2)Et⇤̇(�x0

it�i(y))
2kxitk2 > c.

Verifying Assumption F.1(iv). This holds since E supy [Zt(⇤(�x0
it�i(y)))]

4 < C.

Verifying Assumption F.1(v). This holds for f(�i(y), Dit) = ⇤(�x0
it�i(y)).

Therefore by Proposition F.1,

bFt(·)� Ft(·)
sNT (·)

) G(·),
bFt,I(·)� Ft,I(·)

sNT,I(·)
) GI(·).

For Gt. In this case f(�i(y),✓(y), Dit) = ⇤(�hit(xit)0�
g
i (y)), where

�g
i (y) = ✓(y)[g(zi)� zi] + �i(y).

Verifying Assumption F.1(i). We have @�fi = �⇤̇(�hit(xit)0�
g
i (y))hit(xit), and

f̈i,� = ⇤̈(�hit(xit)0�
g
i (y))hit(xit)hit(xit)0.

max
i

Et sup
y

k@�fik8 +max
i

Et sup
y

k@✓fik8  CEtkhit(xit)k8 + CEkhit(xit)k8kg(zi)� zik8 < C



SUPPLEMENT TO “DYNAMIC HETEROGENEOUS DISTRIBUTION REGRESSION” 33

max
i

Et sup
y

kf̈i,�k4 +max
i

Et sup
y

kf̈i,✓k4  CEtkhit(xit)k8 + CEkhit(xit)k8kg(zi)� zik8 < C

max
i

Et sup
y

kf̈i,�✓k4  CEkhit(xit)k8kg(zi)� zik4 < C.

Verifying Assumption F.1(ii). This holds by the assumption that for k � 4,

Et|⇤̈(�hit(xit)
0�g

i (y1))� ⇤̈(�hit(xit)
0�g

i (y2))|kkhit(xit)k2k  C|y1 � y2|k

Et|⇤̇(�hit(xit)
0�g

i (y1))� ⇤̇(�hit(xit)
0�g

i (y2))|kkhit(xit)kk  C|y1 � y2|k.

Verifying Assumption F.1(iii). This holds for E[ it(yk)|�i(yl), hit(xit), zi,wi] = 0

and

Vart(d ,i(y)) � �min(Vart(
1p
T

X

s

 is(y)|hit(xit), zi,�i(y)))�min(A1i(y)
2)

⇥Etkw0
iSwzḠ(y) + ⇤̇(�hit(xit)

0�g
i (y))hit(xit)

0k > c.

Verifying Assumption F.1(iv). This holds since

E sup
y

⇥
Zt(w

0
iSwzḠ(y)�i(y) + ⇤(�hit(xit)

0�g
i (y)))

⇤4
< C.

Verifying Assumption F.1(v). This holds for f(�i(y),✓(y), Dit) = ⇤(�hit(xit)0�
g
i (y)).

Verifying Assumption F.1(vi). Note that

Ḡ(y) = �Et⇤̇(�hit(xit)
0�g

i (y))vec(hit(xit)(g(zi)� zi)
0).

Hence supy kḠ(y)k  CEtkhit(xit)kkg(zi)� zik < C, and

kḠ(y1)�Ḡ(y2)k  CEt|⇤̇(�hit(xit)
0�g

i (y1))�⇤̇(�hit(xit)
0�g

i (y2))|khit(xit)[g(zi)�zi]
0k  C|y1�y2|.

Therefore by Proposition F.1, for F 2 {Ft, Gt} and bF 2 { bFt, bGt}
bF (·)� F (·)
sNT (·)

) G(·).

⇤

Appendix G. Proof of Theorem 5.3: the Counterfactual QE

Consider a generic F 2 {Ft, Gt}. Let bF 2 { bFt, bGt} be its estimator. The goal

is to obtain an expansion for �( bF , ⌧) � �(F, ⌧) uniformly in ⌧. The novelty of our

analysis is that bF � F does not weakly converge due to the issue of unknown rate

of convergence we discussed earlier. Hence the usual functional delta-method is not

directly applicable. Instead, we obtain an expansion for the standardized �( bF , ⌧) �
�(F, ⌧).
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Proof. Lemma G.1 below shows the uniform expansions of �( bF , ⌧)� �(F, ⌧) for F 2
{Ft, Gt} and bF 2 { bFt, bGt}. This implies

cQE(⌧)� QE(⌧) =
1

N

NX

i=1


1p
T
pII ,i(⌧) + pII�,i(⌧)

�
+ oP (

1p
NT

+ Vart(p
II
�,i(⌧))),

where for q0(⌧) = �(Ft, ⌧), qII(⌧) = �(Gt, ⌧),

pII ,i(⌧) =
�dII ,i(qII(⌧))

Ġt(qI(⌧))
+

d0 ,i(q0(⌧))

Ḟt(q0(⌧))
, pII�,i(⌧) =

�dII�,i(qII(⌧))

Ġt(qII(⌧))
+

d0�,i(q0(⌧))

Ḟt(q0(⌧))
.

(G.1)

We also used the assumption that Vart(d0�,i) + Vart(dII�,i) = O(Vart(pII�,i)). From here,

establishing the weak convergence can be done via applying Proposition E.1. We now

verify the three conditions in Assumption E.1.

Assumption E.1 (i). This follows from the assumption.

Assumption E.1 (ii).

E sup
y

|pII ,i(y)|2+a  CE sup
y
[|d0 ,i(y)|+ |dII ,i(y)|]2+a < C

E sup
y

|
pII�,i(y)

2

Vart(pII�,i(y))
|a  E sup

y
|

d0�,i(y)
2

Vart(pII�,i(y))
|a + E sup

y
|

dI�,i(y)
2

Vart(pII�,i(y))
|a

 E sup
y

|
d0�,i(y)

2

Vart(d0�,i(y))
|a + E sup

y
|

dII�,i(y)
2

Vart(dII�,i(y))
|a  C

where we also used the assumption Vart(d0�,i) + Vart(dI�,i) = O(Vart(pI�,i)).

Assumption E.1 (iii). This condition is verified using the triangular inequality and

the primitive inequalities in Assumption F.1.

Hence Assumption E.1 is verified. We then have the weak convergence, following

from Proposition E.1. ⇤

Lemma G.1. Let Ḟ be the density of F 2 {Ft, Gt}. Let q(⌧) = �(F, ⌧), z(y) =

(NT )�1/2 +N�1/2Vart(d�,i(y))1/2. Uniformly in ⌧ , we have

�( bF , ⌧)� �(F, ⌧) =
�1

Ḟ (q(⌧))

1

N

X

i


1p
T
d ,i(q(⌧)) + d�,i(q(⌧))

�
+ oP (z(q(⌧))),

where (d ,i, d�,i) 2 {(d0 ,i, d0�,i), (dII ,i, dII�,i)}, corresponding to F 2 {Ft, Gt}.

Proof. Consider a generic F 2 {Ft, Gt}. Let bF 2 { bFt, bGt} be its estimator. Note that

F (�(F, ⌧)) = bF (�( bF , ⌧)) = ⌧ , we have

F (�( bF , ⌧))� F (�(F, ⌧)) = �[ bF (�( bF , ⌧))� F (�( bF , ⌧))]. (G.2)
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Applying the mean value theorem to the left hand side, there is eq⌧ so that

�( bF , ⌧)� �(F, ⌧) =
�1

Ḟ (eq⌧ )
[ bF (�( bF , ⌧))� F (�( bF , ⌧))].

We have proved that supy | bF � F | = oP (1), e.g., Lemma F.1. By the continuous

mapping theorem sup⌧ |�(F, ⌧)� �(F, ⌧)| = oP (1). Hence 1/Ḟ (eq⌧ ) < C uniformly in

⌧ . This implies |�( bF , ⌧)� �(F, ⌧)|  C|�F (�( bF , ⌧))| where

�F (y) := bF (y)� F (y).

Applying the second-order mean value theorem to the left hand side of (G.2), there

is c⌧ so that, for q(⌧) := �(F, ⌧),

Ḟ (q(⌧))(�( bF , ⌧)� q(⌧)) +
1

2

d2F (c⌧ )

dy
(�( bF , ⌧)� q(⌧))2 = �[ bF (�( bF , ⌧))� F (�( bF , ⌧))].

Rearranging and applying |�( bF , ⌧)� �(F, ⌧)|  C|�F (�( bF , ⌧))|, we have

�( bF , ⌧)� q(⌧) =
�1

Ḟ (q(⌧))
�F (�( bF , ⌧)) +M1(⌧)

=
�1

Ḟ (q(⌧))
�F (q(⌧)) +M1(⌧) +M2(⌧)

M1(⌧)  C�F (�( bF , ⌧))2  C|�F (�( bF , ⌧))��F (q(⌧))|2 + C�F (q(⌧))
2

M2(⌧) = ��F (�( bF , ⌧))��F (q(⌧))

Ḟ (q(⌧))
 C|�F (�( bF , ⌧))��F (q(⌧))|.

(G.3)

Apply Lemma F.1, with #g(y) = Et⇤(hit(xit)0�
g
i (y)). We have, for all F 2 {Ft, Gt},

�F (y) =
1

N

X

i


1p
T
d ,i(y) + d�,i(y)

�
+ oP (z(y))

where z(y) = 1p
NT

+ 1p
N
Vart(d�,i(y))1/2. By Lemma G.2, 1p

N

P
i d ,i(y)

and Vart(d�,i(y))�1/2 1p
N

P
i d�,i(y) are stochastically equicontinuous in `

1(Y). Then

for q(⌧) = �(F, ⌧), bq(⌧) = �( bF , ⌧), VF (y) := Vart(d�,i(y)),

|�F (�( bF , ⌧))��F (q(⌧))| 
1p
NT

�����
1p
N

X

i

d ,i(bq(⌧))� d ,i(q(⌧))

�����

+
1p
N

�����
1p
N

X

i

d�,i(bq(⌧))� d�,i(q(⌧))

�����+ oP (z(q(⌧)))

=
VF (bq(⌧))1/2p

N

�����VF (bq(⌧))�1/2 1p
N

X

i

d�,i(bq(⌧))� VF (q(⌧))
�1/2 1p

N

X

i

d�,i(q(⌧))

�����
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+
1p
N

��VF (bq(⌧))1/2VF (q(⌧))
�1/2 � 1

��
�����

1p
N

X

i

d�,i(q(⌧))

�����
= oP (z(q(⌧)))

M1(⌧) +M2(⌧) = oP (z(q(⌧))).

The desired expansion then follows from (G.3).

⇤

Lemma G.2. 1p
N

P
i d ,i(y), and Vart(d�,i(y))�1/2 1p

N

P
i d�,i(y) are asymptotically

stochastically equicontinuous (ASE).

Proof. We show respectively that both 1p
N

P
i d ,i(y), and Vart(d�,i(y))�1/2 1p

N

P
i d�,i(y)

are asymptotically tight under the metric ⇢(y1, y2) = C̄|y1 � y2|1/4 for some large C̄.

(i) For any ⌘, � > 0, by Assumption E.1,
X

i

E sup
y

|N�1/2d ,i(y)|1{sup
y

|N�1/2d ,i(y)| > ⌘}

 1

N⌘

X

i

E sup
y

|d ,i(y)|21{sup
y

|d ,i(y)| >
p
N⌘}

 C
r

P (sup
y

|d ,i(y)|2 > N⌘2)  C

N

r
E sup

y
|d ,i(y)|2 = o(1).

1

N

X

i

E|d ,i(y1)� d ,i(y2)|2  C|y1 � y2|1/2.

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|d ,i(y1)� d ,i(y2)| >

p
N⌘

!
 E

 
sup

⇢(y1,y2)<�
|d ,i(y1)� d ,i(y2)|2

!

 �2.

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are

verified. This implies the ASE of 1p
N

P
i d ,i(y).

(ii) Write v(y) = Vart(d�,i(y))1/2. Suppose v(y1) � v(y2). Still by Assumption E.1,
X

i

E sup
y

|N�1/2v(y)�1d�,i(y)|1{sup
y

|N�1/2v(y)�1d�,i(y)| > ⌘}

 1

N⌘

X

i

E sup
y
[
|d�,i(y)|
v(y)

]21{sup
y

v(y)�1|d�,i(y)| >
p
N⌘}

 C

N

s

E sup
y
[
|d�,i(y)|
v(y)

]2 = o(1).

1

N

X

i

E|v(y1)�1d ,i(y1)� v(y2)
�1d ,i(y2)|2  E |d�,i(y1)� d�,i(y2)|2

v(y1)v(y2)
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+

s

E |d�,i(y2)|4
v4(y2)

s

E |v(y1)2 � v(y2)2|2
v(y1)2v(y2)2

 C|y1 � y2|1/2.

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|v(y1)�1d�,i(y1)� v(y2)

�1d�,i(y2)| >
p
N⌘

!

 E
 

sup
⇢(y1,y2)<�

|v(y1)�1d�,i(y1)� v(y2)
�1d�,i(y2)|2

!

 E sup
⇢(y1,y2)<�

|d�,i(y1)� d�,i(y2)|2

v(y1)v(y2)
+

s
E sup
⇢(y1,y2)<�

|d�,i(y2)|4
v4(y2)

s
E sup
⇢(y1,y2)<�

|v(y1)2 � v(y2)2|2
v(y1)2v(y2)2

 �2.

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are

verified. This implies the ASE of Vart(d�,i(y))�1/2 1p
N

P
i d�,i(y).

E sup
⇢(y1,y2)<�

|d ,i(y1)� d ,i(y2)|2 + E sup
⇢(y1,y2)<�

|d�,i(y1)� d�,i(y2)|2p
V̄�(y1)V̄�(y2)

 �2

sup
⇢(y1,y2)<�

|V̄ (y1)� V̄ (y2)|2 + sup
⇢(y1,y2)<�

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)
 �2.

⇤

Appendix H. Proof of Theorem 5.4: Bootstrap Validity

H.1. Boostrap weak convergence. Suppose a functional estimator, whose bootstrap

version also has the following expansion:

b#⇤(y)� #(y) =
1

N

NX

i=1


1p
T
d⇤ ,i(y) + d⇤�,i(y)

�
+ oP ⇤(⇣NT (y)) (H.1)

where (d⇤ ,i(y), d
⇤
�,i(y)) is an SRS with replacement from (d ,i(y), d�,i(y)).

Proposition H.1. Suppose b# satisfies conditions in Proposition E.1. We have

(i)
b#⇤(·)� b#(·)
sNT (·)

)⇤ G(·),

where s2NT (y) =
1

NT Vart(d ,i) +
1
NVart(d�,i), and G(·) is a centered Gaussian process

with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.
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(ii) For the same G,
b#⇤(·)� b#(·)
es⇤(·) )⇤ G(·)

where es⇤ is the interquartile range of b#⇤(·)� b#(·), defined as

es⇤(y) = q⇤.75(y)� q⇤.25(y)

z.75 � z.25
;

here q⇤p(y) is the p th bootstrap quantile of b#⇤(y)� b#(y) and zp is the p th quantile of

standard normal distribution.

(iii) Let q⌧ be the bootstrap quantile of supy |b#⇤(y) � b#(y)|/es⇤(y). Uniformly for

P 2 P,

P (|b#(y)� #(y)|  q⌧es⇤(y), 8y 2 Y) ! 1� ⌧.

Proof. (i) Comparing the expansions of b#⇤ with b#, we have

b#⇤(y)� b#(y) =
NX

i=1

[↵⇤
i (y)� E⇤↵⇤

i (y)] + oP ⇤(⇣NT (y))

where ↵⇤
i (y) = 1

N
1p
T
d⇤ ,i(y) +

1
N d⇤�,i(y). Below we prove the weak convergence of

P
i[↵

⇤
i � E⇤↵⇤

i ]/sNT , where sNT = 1
NT Vart(d ,i) +

1
NVart(d�,i).

(i) show the fidi. For any finite integer M > 0, and any y1, ..., yM . Let A⇤
i =

((↵⇤
i (y1)� E⇤↵⇤

i (y1))/sNT (y1), ..., ((↵⇤
i (yM)� E⇤↵⇤

i (yM))/sNT (yM))0. We shall show

g0
P

i A
⇤
ip

g0Hg
!d N (0, 1),

for any g 6= 0 as an M -dimensional fixed vector. Note that Var⇤(A⇤
i ) !P H. This

implies Var⇤(g0
P

i A
⇤
i )� g0Hg = oP (g0Hg), given that �min(H) > c > 0. Hence by the

central limit theorem for i.i.d. data (the bootstrap data is i.i.d. since they are SRS

draws with replacement),

g0
P

i A
⇤
ip

g0Hg
=

g0
P

i A
⇤
ip

Var⇤(g0
P

i A
⇤
i )

+ oP (1) !d⇤ N (0, 1).

(ii) Let `1(Y) be the set of all uniformly bounded real functions on Y . We show the

asymptotic tightness in `1(Y), by verifying the three conditions of Theorem 2.11.11

in van der Vaart and Wellner (1996). Let

b⇤i (y) =
1p
T
d⇤ ,i(y)

�T (y)
, ci(y) =

d⇤�,i(y)

�T (y)
.

b̄i(y) =
1p
T
d⇤ ,i(y)

⇥
1
T V̄ (y)

⇤1/2 , c̄i(y) =
d⇤�,i(y)

V̄�(y)1/2
. (H.2)
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Let F ⇤
i (y) =

↵⇤
i

sNT
= 1p

N
(b⇤i (y) + c⇤i (y)). Define ⇢(y1, y2) = C|y1 � y2|1/4/

p
✏ for some

C > 0 and an arbitrarily small ✏ > 0. Also recall the definition of bi, ci, b̄i, c̄i in (E.3).

Condition (1). For every ⌘ > 0, and an arbitrarily small a > 0,
X

i

E⇤ sup
y

|F ⇤
i (y)|1{sup

y
|F ⇤

i (y)| > ⌘}

 ⌘�1 1

N

X

i

sup
y

|bi(y) + ci(y)|21{sup
y

|bi(y) + ci(y)| >
p
N⌘}

 C

⌘a+1Na/2

1

N

X

i

sup
y

|b̄i(y)|2+a +
1

⌘a+1Na/2

1

N

X

i

sup
y

|c̄i(y)|2+a

= OP (1)
C

⌘a+1Na/2
E sup

y
|b̄i(y)|2+a +OP (1)

1

⌘a+1Na/2
E sup

y
|c̄i(y)|2+a = oP (1).

Condition (2): For every y1, y2 2 Y , and every ✏ > 0, with probability at least 1�✏,
1
N

P
i |Fi(y1)� Fi(y2)|2  1

N

P
i E|Fi(y1)� Fi(y2)|2/✏. On this event,

X

i

E⇤|F ⇤
i (y1)� F ⇤

i (y2)|2 =
X

i

|Fi(y1)� Fi(y2)|2


X

i

E|Fi(y1)� Fi(y2)|2/✏  CE|bi(y1)� bi(y2)|2/✏+ CE|ci(y1)� ci(y2)|2/✏

 CE[d ,i(y1)� d ,i(y2)]
2/✏+ C|V̄ (y1)� V̄ (y2)|2/✏+ C

|V̄�(y1)� V̄�(y2)|2

V̄�(y1)V̄�(y2)
/✏

+
E|d�,i(y1)� d�,i(y2)|2p

V̄�(y1)V̄�(y2)
/✏  C|y1 � y2|1/2/✏  ⇢(y1, y2)

2.

Condition (3): For every � > 0, on the event
P

i

�
sup⇢(y1,y2)<� |Fi(y1)� Fi(y2)|2

�


P
i E
�
sup⇢(y1,y2)<� |Fi(y1)� Fi(y2)|2

�
/✏,

sup
⌘>0

X

i

⌘2P ⇤

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)| > ⌘

!

X

i

E⇤

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)|2

!

=
X

i

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)|2

!

X

i

E
 

sup
⇢(y1,y2)<�

|Fi(y1)� Fi(y2)|2
!
/✏

 1

N

X

i

E
 

sup
⇢(y1,y2)<�

|bi(y1)� bi(y2)|2
!
/✏+

1

N

X

i

E
 

sup
⇢(y1,y2)<�

|ci(y1)� ci(y2)|2
!
/✏

 �2. (H.3)

Thus all conditions are satisfied. Together, the process
P

i[↵
⇤
i (.) � E⇤↵⇤

i (.)]/sNT (.)

weakly converges to a centered Gaussian process, with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.
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Hence uniformly in y,

Z⇤
NT (y) :=

b#⇤(y)� b#(y)
sNT (y)

=

P
i[↵

⇤
i (y)� E⇤↵⇤

i (y)]

sNT (y)
+ oP ⇤(1) ) G

This implies the weak convergence .

(ii) The interquartile range is defined as

es⇤(y) = q⇤.75(y)� q⇤.25(y)

z.75 � z.25
,

where q⇤p(y) is the p th bootstrap quantile of b#⇤(y)� b#(y) and zp is the p th quantile

of standard normal distribution. It su�ces to prove

sup
y

���
sNT

es⇤ � 1
��� = oP (1). (H.4)

To see this, note that P ⇤(Z⇤
NT (y) < v) !P P (G(y) < v) uniformly in (y, v) 2 Y⇥R.

Let p(y) be the p th bootstrap quantile of Z⇤
NT (y). Note that the covariance kernel of

G(y) satisfies H(y, y) = 1, so G(y) is standard normal for any give y. Thus p(y) !P

zp uniformly in y. Recall that q⇤p(y) is the p th bootstrap quantile of b#⇤(y)� b#(y) =
sNT (y)Z⇤

NT (y), we have q
⇤
p(y) = sNT (y)p(y). Let �q⇤(y) = q⇤.75(y)� q⇤.25(y); similarly

define �(y) and �z. We have �q⇤(y) = sNT (y)�(y). Therefore

es⇤(y)
sNT (y)

� 1 =
�q⇤(y)/�z � sNT (y)

sNT (y)
=
�(y)

�z
� 1 =

.75 � z.75
�z

� .25 � z.25
�z

,

which converges to zero in probability uniformly in y. This also implies (H.4).

(iii) Let

A := sup
y

�����
b#(y)� #(y)

sNT (y)

����� , B := sup
y

�����
b#(y)� #(y)

es⇤(y)

�����

CI(y) :=
n
a : |b#(y)� a|  q⌧es⇤(y)

o
.

By Proposition E.1 and the continuous mapping theorem, A !d supy |G(y)|. In

addition, by (H.4)

|B � A|  A sup
y

����
sNT

es⇤

✓
1� es⇤

sNT

◆���� = oP (1),

implying B !d supy |G(y)|. Next, by part (ii) of the proposition,

C := sup
y

�����
b#⇤(y)� b#(y)

es⇤

�����!
d⇤ sup

y
|G(y)|.
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Therefore for the event: E := {#(y) 2 CI⌧ (y), 8y}, we have

P (E) = P (B  q⌧ ) ! P ⇤(C  q⌧ ) = 1� ⌧.

Now consider a DGP sequence {PT : T � 1} ⇢ P and its subsequence {PTk
: k � 1}

so that

lim sup
T

sup
P2P

|P (E)� (1� ⌧)| = lim sup
T

|PT (E)� (1� ⌧)| = lim
k

|PTk
(E)� (1� ⌧)|.

Note that {PTk
: k � 1} ⇢ P so the probability measure PTk

satisfies the conditions

of this proposition. It implies limk PTk
(E) ! 1� ⌧. Hence

lim sup
T

sup
P2P

|P (E)� (1� ⌧)| = 0.

⇤

H.2. Proof of Theorem 5.4 (i): coverage of ✓(y).

Proof. The expansion of Lemma D.3 still holds:

b�
⇤
i � �⇤

i = �A⇤
1i

1

T

X

t

 it(y)
⇤ +R⇤

i,9 + 2R⇤
i,4 + 2R⇤

i,5 � R̄⇤
i,4 � R̄⇤

i,5

where the ⇤ variables are defined as a cross-sectional random sample with replacement.

Define, for P ⇤
W = W ⇤(W ⇤0W ⇤)�1W ⇤0 ,

b✓⇤(y) = 1

N

NX

i=1

b�
⇤
i (y)w

⇤0
i S

⇤
wz,N , S⇤

wz,N := (
1

N
W ⇤0W ⇤)�1W ⇤0Z⇤(Z⇤0P ⇤

WZ⇤)�1.

Also note that �⇤
i = ✓w⇤

i + �⇤i . Then similar to (E.7), by Lemmas H.1 and H.2,

b✓⇤(y)� ✓(y) =
1

NT

NX

i=1

TX

t=1

A⇤
1i(y) 

⇤
y,itw

⇤0
i S

⇤
wz,N +

1

N

NX

i=1

�⇤i (y)w
⇤0
i S

⇤
wz,N

+
1

N

NX

i=1

R⇤
i,9w

⇤0
i S

⇤
wz,N +

1

N

NX

i=1

[2R⇤
i,4 + 2R⇤

i,5 � R̄⇤
i,4 � R̄⇤

i,5]w
⇤0
i S

⇤
wz,N

=
1

NT

NX

i=1

TX

t=1

A⇤
1i(y) it(y)

⇤w⇤0
i S

⇤
wz,N +

1

N

NX

i=1

�⇤i (y)w
⇤0
i S

⇤
wz,N + oP ⇤(

1p
NT

)

=
1

NT

NX

i=1

TX

t=1

A⇤
1i(y) it(y)

⇤w⇤0
i Swz +

1

N

NX

i=1

�⇤i (y)w
⇤0
i Swz + oP ⇤(⇣NT (y))

=
1

NT

NX

i=1


1p
T
d⇤ ,i(y) + d⇤�,i(y)

�
+ oP ⇤(⇣NT (y)). (H.5)
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Hence expansion (H.1) holds. This leads to the desired result, following from Proposition

H.1.

⇤

Lemma H.1. For the cross sectional bootstrap, uniformly in y 2 Y, 1
N

P
i kR⇤

i8k2 =
OP ⇤(T�3), 1

N

P
i R

⇤
i,4w

⇤0
i = OP ⇤( 1

T
p
N
), and 1

N

P
i R̄

⇤
i,4w

⇤0
i = OP ⇤( 1

T
p
N
).

Also, 1
N

P
i R

⇤
i,5w

⇤0
i = OP ⇤( 1

T
p
N
), and 1

N

P
i R̄

⇤
i,5w

⇤0
i = OP ⇤( 1

T
p
N
).

Proof. First of all, the same proof of Lemma D.4, D.3 in the bootstrap world still

holds. So it is easy to claim 1
N

P
i kR⇤

i8k2 = OP ⇤(T�3). The proof is similar to that

of Lemma E.1, with a slight modification.

(i) For 1
N

P
i R

⇤
i,4w

⇤0
i , we define b⇤i (y) =

1
2A

⇤
1iA⇤

2i(A⇤
1i ⌦ A⇤

1i) and

a⇤i (y) = TrQ⇤
i (�i)⌦rQ⇤

i (�i)� T (E[rQi(�i)⌦rQi(�i)])
⇤.

Again, the star variable means a cross-sectional random sample from i = 1, ..., N.

Also, let F ⇤
i (y) = � 1p

N
a⇤i (y)b

⇤
i (y)w

⇤
i . Now E⇤F ⇤

i (y) =
P

i Fi(y). Hence

T
p
N

N

X

i

R⇤
i,4w

⇤
i =

X

i

F ⇤
i (y) =

X

i

[F ⇤
i (y)� E⇤F ⇤

i (y)] +
X

i

Fi(y).

The proof of Lemma E.1 shows supy k
P

i Fi(y)k = OP (1). It remains to prove
P

i[F
⇤
i (y)�E⇤F ⇤

i (y)] is asymptotically tight. The proof is mimicking that of Lemma

E.1 in the bootstrap world, so we are briefly outlying it here.

For Condition (1) of Theorem 2.11.11 in van der Vaart and Wellner (1996),

X

i

E⇤ sup
y

|F ⇤
i (y)|1{sup

y
|F ⇤

i (y)| > ⌘}  1

⌘a+1Na/2
E⇤ sup

y
|a⇤i (y)b⇤i (y)w⇤

i |2+a

 OP (
1

⌘a+1Na/2
)
1

N

X

i

E sup
y

|ai(y)bi(y)wi|2+a  OP (1).

The bound 1
N

P
i E supy |ai(y)|m < C follows from the proof of Lemma E.1.

Condition (2): Take y1, y2 2 Y . For an arbitrarily small ✏ > 0, with probability at

least 1� ✏,
P

i |Fi(y1)� Fi(y2)|2 
P

i E|Fi(y1)� Fi(y2)|2/✏. On this event,
X

i

E⇤|F ⇤
i (y1)� F ⇤

i (y2)|2 =
X

i

|Fi(y1)� Fi(y2)|2 
X

i

E|Fi(y1)� Fi(y2)|2/✏

 C
1

N

X

i

(E|ai(y1)� ai(y2)|4)1/2/✏+ C
1

N

X

i

|bi(y1)� bi(y2)|2/✏

 C|y1 � y2|1/2/✏  ⇢(y1, y2)
2,

where ⇢(y1, y2) = C̄|y1 � y2|1/4/
p
✏ for su�ciently large C̄.
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Condition (3): For every ✏ > 0, with probability at least 1� ✏,
P

i

�
sup⇢(y1,y2)<� |Fi(y1)� Fi(y2)|2

�

P

i E
�
sup⇢(y1,y2)<� |Fi(y1)� Fi(y2)|2

�
/✏. On this

event, for every � > 0,

sup
⌘>0

X

i

⌘2P ⇤

 
sup

⇢(y1,y2)<�
|F ⇤

i (y1)� F ⇤
i (y2)| > ⌘

!


X

i

E⇤

 
sup

⇢(y1,y2)<�
|F ⇤

i (y1)� F ⇤
i (y2)|2

!
=
X

i

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)|2

!

 1

N

X

i

E
 

sup
⇢(y1,y2)<�

|ai(y1)bi(y1)� ai(y2)bi(y2)|2kwik2
!
/✏

 C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4✏2

|ai(y1)� ai(y2)|4)1/2/✏+ C
1

N

X

i

sup
|y1�y2|<(�/C̄)4✏2

|bi(y1)� bi(y2)|2/✏

 �2
C✏

C̄2✏
< �2

by choosing a su�ciently large C̄ in the definition of ⇢. Hence all su�cient conditions

of Theorem 2.11.11 in van der Vaart and Wellner (1996) are verified. Thus
P

i[F
⇤
i (y)�

E⇤F ⇤
i (y)] is asymptotically tight.

(ii) For 1
N

P
i R

⇤
i,5w

⇤0
i , similar to Lemma E.1, we show supy k

P
i F

⇤
i (y)k = OP ⇤(1)

where

F ⇤
i (y) =

Tp
N
A⇤

1i[A
⇤�1
1i �A⇤�1

1i ]A⇤
1irQ⇤

i (�
⇤
i )w

⇤
i �

Tp
N
(EA1i[A

�1
1i �A�1

1i ]A1irQi(�i)wi)
⇤.

By Lemma E.1,

E⇤
X

i

F ⇤
i (y) =

Tp
N

X

i

A1i[A
�1
1i �A�1

1i ]A1irQi(�i)wi�E(A1i[A
�1
1i �A�1

1i ]A1irQi(�i)wi)

is asymptotically tight. Hence it remains to show
P

i(z
⇤
i (y)�E⇤z⇤

i (y)) is asymptotically

tight by verifying the conditions of Theorem 2.11.11 in van der Vaart and Wellner

(1996).

Condition (1): for every ⌘ > 0, fix 0 < a < 2,
X

i

E⇤ sup
y

|F ⇤
i (y)|1{sup

y
|F ⇤

i (y)| > ⌘} =
X

i

sup
y

|Fi(y)|1{sup
y

|Fi(y)| > ⌘}

 OP (
C

⌘a+1Na/2
)
1

N

X

i

[E sup
y

|
p
T (A�1

1i � A�1
1i )|4+2a]1/2|[E sup

y
|
p
TrQi(�i)|8+4a]1/4

 oP (1).

Condition (2). Define ai(y) =
p
TA1i[A

�1
1i � A�1

1i ]A1i , bi(y) =
p
TrQi(�i) and

ci(y) =
p
T [A�1

1i (y)� A�1
1i (y)]. With probability at least 1� ✏,
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P
i |Fi(y1)� Fi(y2)|2  E

P
i |Fi(y1)� Fi(y2)|2/✏. On this event,

X

i

E⇤|F ⇤
i (y1)� F ⇤

i (y2)|2

=
X

i

|Fi(y1)� Fi(y2)|2 
X

i

E|Fi(y1)� Fi(y2)|2/✏

 C
1

N

X

i

[Ekai(y1)� ai(y2)k4]1/2/✏+ C
1

N

X

i

[Ekbi(y1)� bi(y2)k4]1/2/✏

 C|y1 � y2|2/✏+ [
1

N

X

i

Ekci(y1)� ci(y2)k4]1/2/✏+ C|y1 � y2|1/2/✏

 C|y1 � y2|1/2/✏  ⇢(y1, y2)
2.

Condition (3): Define

M :=
1

N

X

i

 
sup

⇢(y1,y2)<�
|ai(y1)bi(y1)� ai(y2)bi(y2)|2kwik2

!
.

For every ✏ > 0, with probability at least 1� ✏, M  EM/✏. On this event, for every

� > 0, and su�ciently large C̄, recall ⇢(y1, y2) = C̄|y1 � y2|1/4/
p
✏.

sup
⌘>0

X

i

⌘2P ⇤

 
sup

⇢(y1,y2)<�
|F ⇤

i (y1)� F ⇤
i (y2)| > ⌘

!

 1

N

X

i

E⇤

 
sup

⇢(y1,y2)<�
|a⇤i (y1)b⇤i (y1)� a⇤i (y2)b

⇤
i (y2)|2kw⇤

i k2
!

+
1

N

X

i

E⇤

 
sup

⇢(y1,y2)<�
|(Eai(y1)bi(y1))⇤ � (Eai(y2)bi(y2))⇤|2kw⇤

i k2
!

= M +
1

N

X

i

E
 

sup
⇢(y1,y2)<�

|Eai(y1)bi(y1)� Eai(y2)bi(y2)|2kwik2
!

 EM/✏+
1

N

X

i

E
 

sup
⇢(y1,y2)<�

Ekai(y1)� ai(y2)k2kwik2
!
sup
y

Ekbi(y)k2

+
1

N

X

i

E
 

sup
⇢(y1,y2)<�

Ekbi(y1)� bi(y2)k2kwik2
!
sup
y

Ekai(y)k2

 C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4✏2

|ai(y1)� ai(y2)|4)1/2/✏

+C
1

N

X

i

(E sup
|y1�y2|<(�/C̄)4✏2

|bi(y1)� bi(y2)|4)1/2/✏

+C sup
wi

sup
|y1�y2|<(�/C̄)4

[Ekci(y1)� ci(y2)k2 + kbi(y1)� bi(y2)k2]  �2.

The proof of 1
N

P
i R̄

⇤
i,5w

⇤
i is the same.
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⇤

Lemma H.2. Let V̄�(y) = E(wiw0
i)⌦ E(�i(y)�i(y)0|wi). Then

(i) supy k 1
NT

PN
i=1

PT
t=1 A1i(y) it(y)w0

ik = OP (
1p
NT

),

(ii) supy kV̄�(y)�1/2vec( 1
N

P
i �i(y)w

0
i)k = oP (1),

(iii) 1
N

PN
i=1

1
T

PT
t=1 A⇤

1i(y) it(y)⇤w⇤0
i (S

⇤
wz,N � Swz) = oP ⇤( 1p

NT
),

(iv) 1
N

PN
i=1 �

⇤
i (y)w

⇤0
i (S

⇤
wz,N � Swz) = oP ⇤( 1p

N
kV̄�(y)k1/2).

Proof. Let bi(y) = 1p
N

1p
T

PT
t=1 A1i(y) it(y)w0

i; b⇤i (y) = 1p
N

1p
T

PT
t=1 A⇤

1y,i 
⇤
it(y)w

⇤0
i .

Also let ci(y) be any component of V̄�(y)�1/2vec( 1p
N

P
i �i(y)w

0
i), and c⇤i (y) be any

component of V̄�(y)�1/2vec( 1p
N

P
i �

⇤
i (y)w

⇤0
i ). In addition, let Fi,1(y) = 1p

N
bi(y),

F ⇤
i,1(y) =

1p
N
b⇤i (y), Fi,2(y) =

1p
N
ci(y), and F ⇤

i,2(y) =
1p
N
c⇤i (y).

Then, the same argument in part (ii) of the proof for Theorem 5.1 can be applied,

to show that both
P

i Fi,1(y) and
P

i Fi,2(y) are asymptotically tight in `1(Y). This

leads to (i) and (ii).

In addition, the same argument can be applied to show that both
P

i F
⇤
i,1(y) andP

i F
⇤
i,2(y) are asymptotically tight. Hence supy k 1

NT

PN
i=1

PT
t=1 A⇤

1y,i 
⇤
it(y)w

⇤0
i k =

OP ⇤( 1p
NT

), and supy kV̄�(y)�1/2vec( 1
N

P
i �

⇤
i (y)w

⇤0
i )k = oP ⇤(1). Finally, kS⇤

wz,N�Swzk =

oP ⇤(1). This leads to (iii)(iv).

⇤

H.3. Proof of Theorem 5.4 (ii): coverage of cross-section distributions.

Proof. We first prove the expansion of bGt. By (H.5),

b✓⇤(y)� ✓(y) =
1

NT

NX

i=1

TX

t=1

A⇤
1i(y) it(y)

⇤w⇤0
i Swz +

1

N

NX

i=1

�⇤i (y)w
⇤0
i Swz + oP ⇤(⇣NT (y)).

Recall that b�
g⇤
i (y) = b�

⇤
i (y) + b✓⇤(y)[g⇤(zi)� z⇤

i ]. Similar to (F.1),

1

N

X

i

⇤(�x⇤0
it
b�
g⇤
i (y))� 1

N

X

i

⇤(�hit(xit)
⇤0�g⇤

i (y)) = D⇤
0 + ...+D3 + oP ⇤(⇣NT )

D⇤
0 := � 1

N

X

i

⇤̇(�hit(xit)
⇤0�g⇤

i (y))x⇤0
it (b�

⇤
i (y)� �⇤

i (y))

= � 1

NT

X

it

⇤̇(�hit(xit)
⇤0�g⇤

i (y))x⇤0
itA⇤

1i 
⇤
it(y) + oP ⇤(⇣NT (y))

D⇤
1 :=

1

2N

X

i

tr
h
⇤̈(�hit(xit)

⇤0�g⇤
i (y))x⇤

itx
⇤0
it (b�

⇤
i (y)� �⇤

i (y))(b�⇤
i (y)� �⇤

i (y))
0
i

=
1

2NT

X

i

tr
h
⇤̈(�hit(xit)

⇤0�g⇤
i (y))x⇤

itx
⇤0
it
bB⇤
i (y)

�1
i
+ oP ⇤(⇣NT (y))
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D⇤
2 := tr[Ḡ(y)(b✓⇤(y)� ✓(y))]

=
1

NT

X

it

w⇤0
i SwzḠ(y)A⇤

1i(y) 
⇤
it(y) +

1

N

NX

i=1

w⇤0
i SwzḠ(y)�⇤i (y) + oP ⇤(⇣NT (y))

D⇤
3 :=

1

N

X

i

(b�
⇤
i (y)� �⇤

i (y))
0⇤̈(�hit(xit)

⇤0�g⇤
i (y))x⇤

itx
⇤0
it (b✓⇤ � ✓)[g⇤(zi)� z⇤

i ]

+
1

2N

X

i

⇤̈(�hit(xit)
⇤0�g⇤

i (y))[x⇤0
it (b✓⇤ � ✓)(g⇤(zi)� z⇤

i )]
2 = oP ⇤(⇣NT (y)).

Recall that ⇤
i,II(y; b�

g⇤
i (y)) = ⇤(�x⇤0

it
b�
g⇤
i (y))� 1

2T tr
⇣
⇤̈(�hit(xit)⇤

0
�g⇤

i (y))x⇤
itx

⇤0
it
bB⇤
i (y)

�1
⌘
.

Hence

bG⇤
t (y) :=

1

N

X

i

 ⇤
i,II(y; b�

g⇤
i (y)) =

1

N

X

i

⇤(�hit(xit)
⇤0�g⇤

i (y)) +
1

N

NX

i=1

w⇤0
i SwzḠ(y)�⇤i (y)

+
1

NT

X

it

[w⇤0
i SwzḠ(y)� ⇤̇(�hit(xit)

⇤0�g⇤
i (y))x⇤0

it ]A⇤
1i(y) 

⇤
it(y) + oP ⇤(⇣NT (y))

=
1

N

X

i

1p
T
dII⇤ ,i (y) +

1

N

X

i

dII⇤�,i (y) +Gt(y) + oP ⇤(⇣NT (y)) (H.6)

This shows

bG⇤
t (y)�Gt(y) =

1

N

NX

i=1


1p
T
dII⇤ ,i (y) + dII⇤�,i (y)

�
+ oP ⇤(⇣NT (y)).

Hence expansion (H.1) holds for Gt. The same proof also carries over to obtaining

expansions for Ft and Ft,I , so we omit the proof for brevity. This leads to the desired

coverage for following from Proposition H.1.

⇤

H.4. Proof of Theorem 5.4 (iii): coverage of QE.

Proof. For a generic and bF ⇤ 2 { bF ⇤
t , bG⇤

t}, and F 2 {Ft, Gt}, we have

bF ⇤(�( bF ⇤, ⌧)) = F (�(F, ⌧)) = ⌧.

Thus similar to the proof of Lemma G.1, for q⌧ := �(F, ⌧),

�( bF ⇤, ⌧)� �(F, ⌧) =
�1

Ḟt(q⌧ )
�F (q⌧ ) +M1(⌧) +M2(⌧)

�F (y) := bF ⇤(y)� F (y)

M1(⌧)  C|�F (�( bF ⇤, ⌧))��F (q⌧ )|2 + C�F (q⌧ )
2

M2(⌧)  C|�F (�( bF ⇤, ⌧))��F (q⌧ )|. (H.7)
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Expansion (H.6) can be proved very similarly for bF ⇤
t . Hence in general,

�F (y) =
1

N

X

i

1p
T
d⇤ ,i(y) +

1

N

X

i

d⇤�,i(y) + oP ⇤(⇣NT (y)). (H.8)

By Lemma H.3, 1p
N

P
i d

⇤
 ,i(y), and Vart(d�,i(y))�1/2 1p

N

P
i d

⇤
�,i(y) are asymptotically

stochastically equicontinuous. Then M1 + M2 = oP ⇤(⇣NT (y)). Combine (H.8) and

(H.7),

�( bF ⇤, ⌧)� �(F, ⌧) =
�1

Ḟt(q⌧ )

"
1

N

X

i

1p
T
d⇤ ,i(q⌧ ) +

1

N

X

i

d⇤�,i(q⌧ )

#
+ oP ⇤(⇣NT (q⌧ )).

Thus

cQE
⇤
t (⌧)� QEt(⌧) =

1

N

NX

i=1


1p
T
pII⇤ ,i (⌧) + pII⇤�,i (⌧)

�
+ oP ⇤(

1p
NT

+ Vart(p
II
�,i(⌧))),

where pII⇤ is SRS with replacement from pII ; the latter is defined in (G.1). Hence

expansion (H.1) holds forcQE
⇤
t (⌧)�QEt(⌧). This leads to the desired coverage result,

following from Proposition H.1.

⇤

Lemma H.3. 1p
N

P
i d

⇤
 ,i(y), and Vart(d�,i(y))�1/2 1p

N

P
i d

⇤
�,i(y) are asymptotically

stochastically equicontinuous.

Proof. The proof is the mimick of that of Lemma G.2 in the bootstrap world. As it

is almost the same, we omit the proof for brevity.

⇤

Appendix I. Proofs for the Stationary Distribution

I.1. The asymptotic distribution.

Proposition I.1. We have

bF1(·)� F1(·)
sNT (·)

) G(·)

where G(·) is a centered Gaussian process with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.
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Proof. For notational simplicity, we write d ,i = d1 ,i and d�,i = d1�,i. Lemma I.1 shows

uniformly in y, ⇣NT = 1p
NT

+ V̄�(y),

bF1(y)� F1(y) =
1

N

NX

i=1


1p
T
d ,i(y) + d�,i(y)

�
+ oP (⇣NT (y)).

We now verify the three conditions in Assumption E.1.

Assumption E.1 (i). This follows from E[ it(yk)|�i(yl),wi, �i(yl), Dit] = 0.

Assumption E.1 (ii).

E sup
y

|d ,i(y)|2+a  CE sup
y

k 1p
T

TX

t=1

@�fi(�i, y)
0Zitk2+a  C

E sup
y

|d�,i(y)
2

V̄�(y)
|a  CE sup

y
[Zt(f(�i, y))]

2a < C.

Assumption E.1 (iii). For any � 2 (0, 1), and ⇢(y1, y2) = C̄1/4|y1 � y2|1/4

E sup
⇢(y1,y2)<�

|d ,i(y1)� d ,i(y2)|2

 E sup
⇢(y1,y2)<�

k@�fi(�i, y1)
0 � @�fi(�i, y2)

0k2k 1p
T

TX

t=1

Zitk2

 C

 
E sup

|y1�y2|C̄�4
k@�fi(�i, y1)

0 � @�fi(�i, y2)
0k4
!1/2

 CC̄�4  �2.

Let V = Var( 1p
T

PT
t=1 Zit|�i) and r(y) = @�fi(�i, y). Then V̄ (y) = Er(y)0V r(y).

Hence

sup
⇢(y1,y2)<�

|V̄ (y1)� V̄ (y2)|2

 sup
⇢(y1,y2)<�

|E(r(y1)� r(y2))
0V r(y1)|2 + |E(r(y1)� r(y2))

0V r(y2)|2

 C sup
|y1�y2|<C̄�4

Ekr(y1)� r(y2)k2 sup
y

Ekr(y)k2  C sup
|y1�y2|<C̄�4

Ekr(y1)� r(y2)k2

 CC̄�8  �2.

Also, it is our assumption that

E sup
⇢(y1,y2)<�

|fi(�i, y1)� Efi(�i, y1)� (fi(�i, y2)� Efi(�i, y2))|2p
Var(fi(�i, y1))Var(fi(�i, y2))

 �2

sup
⇢(y1,y2)<�

|Var(fi(�i, y1))� V̄ar(fi(�i, y2))|2

Var(fi(�i, y1))Var(fi(�i, y2))
 �2.
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Hence Assumption E.1 is verified. We then have the weak convergence, following

from Proposition E.1. ⇤

Lemma I.1. Suppose Assumption F.1 holds. Uniformly in y,

bF1(y)� F1(y) = � 1

NT

X

it

@�fi(�i, y)
0Zit

+
1

N

X

i

[fi(�i, y)� Efi(�i, y)] + oP (
1p
NT

). (I.1)

Proof. By Lemma D.2,

b�i � �i = � 1

T

X

t

Zit +Ri,4 +Ri,5 + e�i

where supy
1
N

P
i ke�ik2 = OP (L2T�3) and Ri,d is the vectorization of (Ri,d(y) : y =

y1i , ..., y
K
i ). Hence

1

N

NX

i=1

fi(b�i, y)� F1(y)

=
1

N

X

i

ḟi(y)
0(b�i � �i) +

1

2N

X

i

tr
h
f̈i,�(y)(b�i � �i)(b�i � �i)

0
i

+
1

N

X

i

fi(�i, y)� Efi(�i, y) +R1

= � 1

NT

X

it

ḟi(y)
0Zit +

1

2NT

X

i

tr
h
f̈i,�(y)Evi

i

+
1

N

X

i

[fi(�i, y)� Efi(�i, y)] +
4X

d=1

Hd

where for some ai,

H1 :=
1

2NT

X

i

tr
h
f̈i,�(y)(vi � Evi)

i

H2 :=
1

N

X

i

ḟi(y)
0(Ri,4 +Ri,5)

H3 :=
1

N

X

i

ḟi(y)
0 e�i �

1

2N

X

i

tr

"
f̈i,�(y)

1

T

X

t

Zit(Ri,4 +Ri,5)
0

#

� 1

2N

X

i

tr

"
f̈i,�(y)

1

T

X

t

Zit
e�0

i

#

+
1

2N

X

i

tr
h
f̈i,�(y)(Ri,4 +Ri,5)(b�i � �i)

0
i
+

1

2N

X

i

tr
h
f̈i,�(y)e�i(b�i � �i)

0
i
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H4 =
1

6N

X

i

@3�fi(ai, y,Dit)(b�i � �i)⌦ (b�i � �i)⌦ (b�i � �i)

vi :=
1p
T

X

t

Zit
1p
T

X

s

Z 0
is ḟ(y) = @�fi(�, y), f̈(y) = @2�fi(�, y)

We proceed as following steps. Step 1, show
P4

d=1 Hd is negligible. Step 2, estimate

the bias Evi and compute the debiased estimator, and show that the bias estimation

is negligible.

step 1. Write Fi(y) = 1
2
p
N
tr
h
f̈i,�(y)(vi � Evi)

i
. Then H1 = 1

T
p
N

P
i Fi(y). We

now show
P

i Fi(y) = OP (1) uniformly in y by showing it is asymptotically tight. For

any ⌘ > 0, and a > 0,
X

i

E sup
y

|Fi(y)|1{sup
y

|Fi(y)| > ⌘}  1

⌘

X

i

E sup
y

|Fi(y)|21{sup
y

|Fi(y)| > ⌘}

 1

4Na/2⌘1+a

1

N

X

i

E sup
y

h
f̈i,�(y)(vi � Evi)

i2+a

 C

Na/2⌘1+a

1

N

X

i

[E [vi � Evi]4](2+a)/4 = o(1)

provided that Ev4i and maxi E supy kf̈(y)k4/3 < C.

Next, for every y1, y2 2 Y ,
X

i

E|Fi(y1)� Fi(y2)|2 
C

N

X

i

(Ekf̈i,�(y1)� f̈i,�(y2)k4)1/2(Ekvik4)1/2

 C|y1 � y2|2.

For every � > 0, and ⇢(y1, y2) = C̄|y1 � y2|, for su�ciently large C̄,

sup
⌘>0

X

i

⌘2P

 
sup

⇢(y1,y2)<�
|Fi(y1)� Fi(y2)| > ⌘

!

X

i

E
 

sup
⇢(y1,y2)<�

|Fi(y1)� Fi(y2)|2
!

 C

N

X

i

(E sup
⇢(y1,y2)<�

|f̈i,�(y1)� f̈i,�(y2)|4)1/2(Ekvik4)1/2  �2.

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are

verified. Thus
P

i Fi(y) = OP (1) uniformly in y. This implies supy H1 = OP (
1

T
p
N
).

In addition, it follows from the same argument that supy H2 = OP (
1

T
p
N
). Next, by

Cauchy-Schwarz inequality, uniformly in y,

H2
3  OP (1)

1

N

X

i

ke�ik2 +OP (1)

0

@ 1

N

X

i

"
1

T

X

t

Zit

#41

A
1/2

1

N

X

i

h
kRi,4 +Ri,5k2 + ke�ik2

i
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+OP (1)

 
1

N

X

i

h
b�i � �i

i4
!1/2

1

N

X

i

h
kRi,4 +Ri,5k2 + ke�ik2

i
= OP (

1

T 3
+

L2

T 4
).

Together, provided that N = o(T 2) and NL2 = o(T 3),

sup
y

|H1 +H2 +H3| = OP (
1

T
p
N

+
1

T 3/2
+

L

T 2
) = oP (

1p
NT

)

sup
y

H4  sup
y

C

N

X

i

kb�i � �ik3 = OP (
1

T 3/2
) = oP (

1p
NT

).

Step 2. Bias correction. Because  is(y) is a martingale di↵erence,

Evi =
1

T

X

t

EZitZ
0
it.

The e↵ect of bias correction is: uniformly in y,

1

2NT

X

i

tr

"
@2�fi(b�i, y)

1

T

X

t

bZit
bZ

0
it

#
� 1

2NT

X

i

tr
⇥
@2�fi(�i, y)Evi(y)

⇤

 1

2NT

X

i

tr
h
@2�fi(b�i, y)� @2�fi(�i, y)

i 1

T

X

t

bZit
bZ

0
it

+
1

2NT

X

i

tr@2�fi(�i, y)

"
1

T

X

t

bZit
bZ

0
it � Evi

#

 1

T
(
1

N

X

i

kb�i � �ik4)1/4OP (1) +
C

T
(
1

N

X

i

k 1
T

X

t

bZit
bZ

0
it � Evik2)1/2

= OP (
1

T 3/2
) = oP (

1p
NT

).

⇤

Proposition I.2. We have

bG1(·)�G1(·)
sNT (·)

) G(·)

where G(·) is a centered Gaussian process with covariance kernel

H(yk, yl) = lim
T

�2
T (yk, yl)

�T (yk)�T (yl)
.

Proof. For notational simplicity, we write d ,i = d1,II
 ,i and d�,i = d1,II

�,i . Write

@�fi(y) := @�fi(�i,✓i, y). Then uniformly in i  N , (E.7) implies

b✓i � ✓i =
1

NT

X

jt

Zjt,iw
0
jSwz +

1

N

X

j

�j,iw
0
jSwz + oP (⇣NT (y)).
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By the Taylor expansion up to the second order,

1

N

X

i

fi(b�i, b✓i, y)�
1

N

X

i

f(�i,✓i, y) = D0 + ...+D3 +R1

D0 :=
1
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This implies
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We now verify the three conditions in Assumption E.1.

Assumption E.1 (i)(ii) hold by the assumption.

Assumption E.1 (iii). Let A := 1
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P
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Next, d ,j(y) can be expressed in a more compact form. Let

@✓f(y)
0 = (@✓f1(y)

0, ..., @✓fN(y)
0), Z̄jt = vec(Zjt,1, ...,Zjt,N), ēj = (0, ...,0, I|{z}

j th block

,0...).
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Then
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Also, it is our assumption that
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Hence Assumption E.1 is verified. Then based on (I.2), we have the weak convergence,

following from Proposition E.1.

⇤
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Proposition I.3. For all F 2 {F1, G1}, F is continuously di↵erentiable, whose

density Ḟ satisfies: there are C, c > 0 so that inf⌧ inf |y��(F,⌧)|<C Ḟ (y) > c.

Then
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and
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Proof. Similar to the proof of Lemma G.1, for F 2 {F1, G1} and bF 2 { bF1, bG1},
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From here, establishing the weak convergence can be done via applying Proposition

E.1, where all conditions in Assumption E.1 are straightforward to verify.

The bootstrap convergence for cQE
⇤
1(⌧)�cQE1(⌧) follows from the same argument.

⇤
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